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Abstract: We propose a new method for reduction of the radiation power degradation
of a spacecraft solar array (SA) during a combined geostationary orbit insertion using a
booster and an electric propulsion system. The essence of the method is to optimize the
shape of the orbit transfer trajectory and the perigee argument of the intermediate orbit.
The Pontryagin maximum principle is applied to the problem for optimization of the SA
electrical power at the end of the spacecraft operational lifetime (EOL). The radiation
SA power degradation is described with an additional phase variable and a corresponding
differential equation of motion. The solution to the adjoint equation for SA relative power
is obtained in closed form. Calculation of radiation SA power degradation was carried out
using the models of charged particle fluxes of the Van Allen radiation belts, AE8 MAX and
AP8 MAX. Depending on the intermediate orbit parameters we manged to increase the
EOL SA power by 0.16—0.73% of the initial SA power at the beginning of the transfer. The
additional costs of the characteristic velocity relatively to the minimum time trajectories
do not exceed 400 m/s.

Nomenclature
SA = solar array
BOL = beginning of the operational lifetime
EOL = end of the operational lifetime

GEO = geostationary orbit

EPS = electric propulsion system

j? discrepancies vector of the boundary value problem
4 vector of the unknown parameters

a position of the spacecraft

z phase variables vector

1 adjoint variables vector
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I. Introduction

E consider the combined scheme of a spacecraft geostationary orbit (GEO) insertion using a chemi-
Wcal Fregat-like booster and an electric propulsion system (EPS). The spacecraft is considered to be
equipped with triple-junction solar cells, which generate power for the electric propulsion system. After
the intermediate orbit insertion with the booster the spacecraft continues the transfer to GEO with help
of the electric propulsion only. During this many revolution operation the spacecraft passes the Van Allen
radiation belts, which can result in substantial solar arrays output electric power degradation®. In order to
compensate solar cells radiation power degradation and to guarantee the necessary power level at the end
of the spacecraft operational lifetime (EOL), it is necessary to design the excess of solar arrays power at the
begin of spacecraft lifetime (BOL). The increase in the initial solar array power will result in an increase
of the solar array mass, the spacecraft complexity and cost. As an alternative variant to reduce the SA
radiation degration one could increase the SA coverglass thickness, which will also result in SA total mass
increase.

The another way to cope with this problem is to consider the problem of minimizing the EOL solar cell
radiation degradation by spatial GEO insertion trajectory variation. This approach is described in several
papers?>~6. In this paper we propose to use necessary optimality conditions in a form of the Pontryagin
maximum principle in the spatial trajectory variation approach.

II. Problem Statement

The following scheme is considered for launching a spacecraft into GEO. At the first stage, a Soyuz-type
launch vehicle launches the spacecraft with a booster similar in characteristics to a Fregat booster into low
intermediate orbit. Then, the booster delivers the spacecraft to intermediate orbit and is separated from
the spacecraft. At the final stage, the spacecraft using the EPS is transferring along the many revolution
trajectory to GEO.

We suppose that at the beginning of the final stage the spacecraft is located at the perigee of an inter-
mediate orbit and has mass mg. The perigee altitude of an intermediate orbit is hr o, the apogee altitude
is ha,0 and the inclination of an intermediate orbit is iy. The argument of perigee and longitude of the
ascending node of the intermediate orbit are wy and g, respectively. The target orbit of the spacecraft will
be considered as GEO with altitude hgro = 35793 km, zero eccentricity, and an inclination. The angular
position of the spacecraft in the final orbit is not fixed. For given fixed values A0, hqa,0 %0, wo, 20 and mg
we will find such transfer trajectories so that the degradation in the maximum SA electrical output power
due to the influence of cosmic radiation during the transfer would be smallest. Since during the EOL the
SA power only decreases and during the design of a spacecraft it is necessary to guarantee a sufficient level
of energy input at the end of EOL, then it is reasonable to include SA degradation on GEO until the EOL.
Then, the considered problem can be written as follows: AN = Ny — Ngor — min, where N is the initial
SA power and Nggoy is the EOL SA power. For the fixed Ngoy, this problem is equivalent to the problem
of maximizing the SA relative power at the EOL

NEor
Ny

BrorL = — max.

Thus, further we will consider the problem of searching for trajectories of electric propulsion transfer with

the maximum value of EOL SA relative power for each selected set of values hy o, ha,o %0, wo, o and my.
For certainty we will suppose that the transfer from an elliptical intermediate orbit to the GEO is carried

out with the help of two SPT-140 thrusters with the total thrust of 0.58 N. The thrusters’ specific impulse is

assumed to be 1780s. It is assumed that after placing into GEO, the spacecraft spent at this orbit 15 years.

A. Equations of Motion

In order to avoid singularities near zero eccentricity and inclination, the equations in equinoctial elements” 10

will be used to describe the spacecraft motion in orbit. Equinoctial elements h, e, e, i, i, and F' can be
expressed through focal parameter p of the osculating orbit, eccentricity e, argument of the pericenter w,
inclination 7, longitude of the ascending node €2 and true anomaly v as follows: h = \/p/u, e, = ecos (2 + w),
ey = esin (U +w), iy = tg(i/2) cosQ, i, = tg(i/2)sinQ, F = v+ Q+w. Then equations of spacecraft motion
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can be written in the following form:

s (1)

% = g{axﬁsinF +ay [(E+1)cosF +e,] — azeyn} (2)
ddity = g{—axgcosF +ay [(E+1)sinF + e, + azegm} (3)
T —azg g cosF @)

% = azgfsinF (5)

C;—lz = %z + azgn, (6)

where ax, ay and ayz are radial, transversal and normal components of disturbing acceleration acting on the
spacecraft in orbit and y = 3.98600436 m?/s® is Earth’s gravitational parameter. Moreover, Eqs. (1)—(6) use
the following notations: £ = 1+e, cos F'+e,sin F', n = i, sin F'—i, cos F', and ¢ = 1—&-@'34—2'22/. To describe the
orientation of the EPS thrust vector we will use pitch and yaw angles. The pitch angle is the angle between
the projection of the thrust vector on the plane of the spacecraft osculating orbit and transversal direction.
The yaw angle is the angle between the thrust vector and plane of the spacecraft osculating orbit. Using
definitions of yaw and pitch angles and notion of a switching function §(¢) of EPS (for 6 = 0 the propulsion
system is switched off, for § = 1 it is switched on), we get the components of disturbing acceleration from
the EPS thrust and the second zonal harmonic of the expansion of Earth’s:

P
ax = d—sindcosy — Kg,, (7)
m
P
ay = d— cosvcosyp — Kgr, (8)
m
P
az =6—siny — Kgy, 9)
m
where 5 "
K:6J2RE§ g :£_3n2,

852 ﬁv T 4
gr = (i2 — i7) sin2F — 2igi, cos2F, gn =n(2— @),

as well as, Jo = 1.08263 x 1073 is the coefficient of the second zonal harmonic and Ry = 6378.14km is Earth’s
equatorial radius. To complete the equations of motion we introduce equation for a current spacecraft mass m

dm P

Y p 10
dt w’ (10)
where w = I;,g¢ is the exhaust velocity of EPS and gy = 9.80665 m/s2 is the standard value of gravity
acceleration on Earth’s surface.

B. Objective Function

There are several approaches for solar cell radiation degradation estimation. In this paper we use the equiva-
lent flux approach®. The idea of this method is to quantify damage from arbitrary space radiation spectrum
of protons and electrons in terms of one type particles flux with fixed energy and incidence direction, so
this flux can be easily recreated in a laboratory. The equivalent flux approach consists of converting an
omnidirectional flux of cosmic radiation protons and electrons through a set of coefficients into a monoen-
ergetic normally incident flux of electrons with the energy of 1 MeV, which will create the same amount of
single-type solar cell damage per unit time as the initial fluxes. Thus, the level of damage caused by cosmic
radiation to solar cells can be measured in an equivalent total amount (fluence) of 1 MeV electrons normally
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Figure 1.

incident on solar cells. Knowing the value of the equivalent fluence of 1 MeV electrons, it is possible from
experimental data to estimate the value of the degradation of various electrical characteristics of solar cells,
including the maximum electrical power. To calculate the equivalent fluence from the spectra of the Van
Allen belts electrons and protons incident on solar cells, the EQFRUX program' was used. When calculating
the decrease in SA power, it was considered that the photosensitive elements of solar cells are behind a layer
of coverglass, which partially weakens the flux of energetic the Van Allen belts particles incident on the
solar cells. The thickness of the covergalss influences the conversion coefficients for calculating the equiva-
lent fluence. It was assumed when calculating that solar cells are located behind a layer of silica coverglass
with a thickness of 150 um and a density of 2.2g/cm?® (as in the report!). It was assumed that the back
surface of solar cells is covered with structural elements of SA with the same weakening properties as in
silica coverglass with a thickness of 500 um. According to report!, to consider the solar cell damage caused
by the particle flux falling from both the front and back SA surfaces, it is necessary to calculate separately
equivalent fluences for particles incident on the front and back surfaces of SA, and then add it together.

The integral equivalent fluence of 1-MeV electrons accumulated by the unit of solar cell area from the
beginning to the end of the transfer can be calculated as follows:

(T) = /U (r(s),i(s))ds, (11)

0

where T is the electric propulsion transfer duration, U (r(s),i(s)) is the equivalent flux of 1MeV electrons
depending on current time ¢ and position 7(¢) of the spacecraft in near-Earth space. The function U is
calculated numerically using the IRENE!'? software package as described above. In order to obtain the
necessary smoothness of the equivalent fluence function U we calculated equivalent flux on 1200 circular
orbits and fitted the obtained data with high order two dimensional spline. The data for the fit was obtained
as the mean equivalent flux on a circular orbit for several days. The resulting spline U(r, 7) is shown in Fig. 1.
According to the report!, for the relative EOL SA power we have the following semi-empirical formula
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N
Bror = —225 =1 - Cln <1+
Ny

®(T) + ®cro ) , (12)

D x
where C' = 0.1037 and ®x = 2.432 x 10cm~2 are the approximation constants for experimental data on
the solar cell degradation from the documentation of the solar cell manufacturer, ®gro = 3.5 x 10'*cm =2
is the equivalent fluence of 1-MeV electrons accumulated by solar cell after GEO insertion and until EOL.
The ®ggo is calculated using the IRENE software package for the period from January 1, 2021 to January 1,
2036. Combining Eq.(11) and Eq.(12), we have an additional equation for the spacecraft motion associated
with the SA output power

d 1-
P e oves <_05>’ B(0) =1-Cln(1+ 2aro/Px), (13)

where V(r,i) = U(r,i)/®x. Thus, as a objective function in this paper, we consider the value of relative
power of SA at the EOL 5(T).

III. Optimal control

The problem of maximizing the EOL SA relative power could be formalized as the minimum time orbit
transfer problem” with the additional phase variable 3(t) satisfying Eq. (13) and an additional constraint at
the end of the transfer:

B(T) = Pr. (14)

We consider a series of the minimum time problems with the constraint (14), where 7 is constant in every
problem, but gradually increasing from problem to problem. In practice there is always a maximum value
of Br for which there is still a solution to the boundary value problem. Thus, gradually increasing 8y and
solving the resulting boundary value problems it is possible to find the transfer trajectory with the highest
possible value of the EOL SA relative power. Similarly to the paper”, we use the Pontryagin maximum
principle to obtain an optimal in terms of transfer time control for the extended system of Egs. (1)—(13).
For the Hamiltonian of this system we have

P Ph
H=-1—-6—pp, +5EE (A;costVcostp + A, sindcosy) + Ay, sine) + Hp + Hyo + Hg (15)
w

where
A‘r = hph + [(f + 1) cos ' + ew]pea: + [(f + 1) sin F' + ey} Pey;

Ay :f(peacSinF*peyCOSF),

A, = n (em DPey — €y pez) + g (pim cos I’ + Diy sin F) +NpF
2 1-3 b
HF:pFﬁ7 HB:—pBCVeXp _7 ) HJQZ_KE <97A>a

G=(9r9m00)" , A= (A, A, A4,)".

The superscript T in the last two equations means the transposition operation. Thus, vectors ¢ and A
are column vectors. This notation will be used in a sequel. The control that maximize the Hamiltonian
in Eq. (15) have the following form

A A
§=1, cost) = —~r—e, sint = ——r—o-, 16
VAZ + A2 VAZ + A2 (16)
A2 4+ A2 A,
cosp= YA TA Gy An A AT AZT AT (17)
A A
Since 6(t) = 1, Vt € [0;T], we can omit the equations for m and p,, from the system and use closed

form solution for the mass dependence on time m = mg — (P/w)t. If we introduce vector notations & =
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(h, ez, ey, iz, z'y)T and p= (pmpempewpimpiy)T, then for the full system of equations of optimal motion we
get

% - p% (AT%AZ; +AT3541; +Ana$) + az;;’ (18)

At pry e, (19)

% = —CVexp (1_05>, (20)

e p[Shh (10 a2 )] O O s
% = 7p588—h;5 =pgV exp <lcﬂ> (23)

To improve numerical stability of a boundary value problem which will be formulated in the next section
we use the motion averaging method”. According to this method the true longitude F is a fast variable and
the other variables are slow. The equation for the fast variable could be omitted. The right parts of the
equations for the slow variables are time-averaged on a one revolution according the following formula

W) - & [ RGrsas= 1= [7GFs) S (24)

where i = (fT, ﬁ,ﬁT)T, t is current time, T, is the osculating period of revolution of the satellite, f; (7, F\t)

is the right parts of the equations of optimal motion, n = p~'h=3 (1 —e2 — 63)3/2 is the mean motion

and ds/dF = dt/dF = h3/¢?. Since the Hamiltonian of an averaged system of equations does not de-
pend on F| from Eq. (22) we have pr = const. Moreover, since the true longitude is not fixed at the
end of the orbit transfer, from the transversality conditions we have pp(T) = 0. Thus, for the averaged
system of equations pr = 0 and Eq. (22) could be omitted from the system, as well as, term Hp from the
Hamiltonian (15).

It is easy to prove that the adjoint Eq. (23) has a closed form solution. Indeed, one can notice that
Egs. (20) and (23) have common multiplier V exp (—(1 — 8)/C). Using this fact we obtain the solution with
the separation of variables method:

t)— B0
po(6) = pa(0) exp (-2, (25)
Substituting Eq. (25) into Egs. (21) and (15), we have the system of averaged equations of optimal spacecraft
motion dzr k 0A 0A 0A 0H
X T T n J2
—=P— (A Ar—— + A, —— =, 2
dt A(Taﬁ“L ap ap)+ o5 (26)
s 1-p
dp Ok k 0A, 0A, 0A, oV OHjs
D p| LA B4, 4, g, 20| NASe P
di [8f +A(Taf+ vz t ”85)} Ps(0)Co%z — 7 (28)
and the Hamiltonian .
Hopi = =1+ PkA = K (5. A) = ps(0)CoV, (29)
where Cy = C'exp(—(1 — 8(0))/C) = const.
6
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IV. Boundary Value Problem

To satisfy the conditions of the maximum principle, it is necessary to solve the boundary value problem
for the system of averaged equations of optimal motion (26)—(28) with the following boundary conditions at
the begining and the end of the transfer

#(0) = Zo, B(0)=1-Chn(l+ Pgro/Px), (30)

f(T) = fTv ﬁ(T) = ﬁTv Hopt(T) =0 (31)
where Zy and Zr can be expressed through the intermediate orbit parameters hr o, hq,0, 20, wWo, 0, Mo
and GEO altitude hgrpo = 35793km. The notation H,y(T) refers to the expression for Hamiltonian (29)
averaged according to the scheme (24) at the end of the electric propulsion phase of the transfer. Equa-
tions (31) contain the values of the equinoctial elements, the relative SA power, and the Hamiltonian at the
instant t = T'. To calculate them, it is necessary to numerically integrate the system of equations of optimal
motion (26)—(28) over interval ¢ € [0; 7] with initial conditions (30) and using the averaging scheme (24). In
order to perform this integration it is necessary to know the transfer duration 7" and the initial values of the
adjoint, variables 7(0) and ps(0). Let Z = (5(0),ps(0),T)T and f(Z,7) = (Z(T) — Zr, B(T) — Br, Hope(T))T
Then, the boundary value problem of the maximum principle could be reduced to the problem of solving a
system of nonlinear equations:

f(Z)=0 (32)
To solve the nonlinear system (32) in this paper, we use the method of numerical continuation of the

solution” 1112 According to this method the problem is reduced to solving the Cauchy problem for the
system of ordinary differential equations

. -1 S
iz [ofen) (- of e W o =
i lai"| <b+ 87’) . Tel0:1], Z(0) = %, (33)

where 7 is the continuation parameter, f (%) = b and function f in general case depends also on 7. The
Cauchy problem (33) is solving numerically using the Dormand-Prince method of 7(8) order. Therefore the
solution of (32) is just 2* = Z(1).

It is known that there are reliable methods” for solution the minimum time orbital transfer problems.
Thus, it is seems to be reasonable to use this solution as the initial guess Zy. Moreover, for pg(0) = 0
the averaged equations of optimal spacecraft motion (26)—(28) and the Hamiltonian (29) coincide with the
averaged equations of optimal motion and the Hamiltonian for the averaged minimum time problem. Thus,
as initial approximation we will use z = (5*(0),0,T*)7, where 5*(0) and T* are obtained from the solution
to the minimum time GEO transfer problem. Furthermore, in order to perform a continuous transition from
the minimum time problem to the problem with fixed EOL SA relative power, we set

ﬂT = (1 - 7—)ﬁminT + Tﬁma)ﬁ (34)

where Sy, 7 is the relative EOL SA power at the minimum time trajectory, and Phnax is a constant, such
that BminT < Bmax < B(0) < 1. Then, for the the derivative of f with respect to the continuation parameter
we have

of (z,7) _ . .
T_(O 00 00 5mmT_5max 0) (35)

V. Numerical results

Consider several intermediate orbits whose parameters are listed in Table 1. This table defines the energy
parameters of intermediate orbits, but does not fix for each orbit the longitude of ascending node €y and
the argument of perigee wp. In the minimum time orbit transfer problem (in the central field of Earth’s
attraction) for the transfer between non-coplanar elliptical and circular orbits, the optimal value of the
perigee argument of the intermediate orbit is wy = 0, but value Qg does not affect the transfer time. For the
averaged equivalent flux, due to symmetry relative to the axis of Earth’s rotation, value will not affect the
relative power at the end of EOL. Therefore, we will consider further the minimum time problem accounting
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Table 1. Intermediate orbits parameters

No. | SC mass | Apogee | Perigee | Inclination
mo, Kg | hro, km | hao, km | ig, degrees
1 2100 1300 82300 32.0
2 2200 800 76300 38.0
3 2250 800 77300 42.0
4 2300 800 71300 46.0
5 2400 800 55300 47.5
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Figure 2.

for the second zonal harmonic of the expansion of the Earth’s gravitational potential for each intermediate
orbit from Table 1 for and different values wg. Figure 2 shows the dependence of the averaged relative power
of SA at the end of EOL on the argument of perigee for all intermediate orbits from Table 1. A periodic
character of the dependence of the averaged relative power on the argument of the perigee of the intermediate
orbit is seen. The period of this dependence is 180 deg.

For each intermediate orbit from Table 1, the value of the perigee argument of the intermediate orbit
with the minimum relative EOL SA power on minimum time trajectory was chosen and the boundary value
problem was solved reduced earlier to Cauchy problem (33). The constant SBpax in all obtained boundary
value problems was assumed to be equal 0.906, which is less than 8(0) = 0.90679615. At a certain value of
the continuation parameter 7 = 7 < 1, a significant increase in the residuals at the right end was observed.
In this case, the corrector after each step could not vanish the residuals on the right end. At this point,
integration over the continuation parameter was interrupted. It should be noted, however, such interruption
of integration of system (33) does not guarantee that the increase in residuals at the right end occurred due
to the lack of solution to the boundary value problem for But, nevertheless, the obtained trajectories allow
us to estimate the maximum possible SA power at the EOL

The values of Z(7) obtained during solution (33), were used to integrate the non-averaged equations of
optimal motion (19), (26)—(28) and calculate the non-averaged relative EOL power of SA using the IRENE
software package. Figure 3 presents the results of the calculation of the averaged and non-averaged relative
EOL SA power on the obtained non-averaged trajectories. All calculations presented in Fig. 3 correspond to
the choice of wy with the minimum relative EOL SA power on the minimum time trajectory. The averaged
relative power is presented on all graphs of Fig. 3 by light lines, non-averaged by dark lines. The caption
of each graph in Fig. 3 indicates the inclination and the selected value of the perigee argument of the
intermediate orbit. On the abscissas of the figures, the value of the additional characteristic velocity for EPS
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transfer compared to the minimum time trajectory for the selected parameters of the intermediate orbit is
plotted. All figures show a monotonous increase in relative power with increasing costs of characteristic
velocity. The maximum increase in the EOL power of SA varies from 0.16% to 0.73% of the SA power in
the initial orbit depending the parameters of the intermediate orbit. The additional characteristic velocity
do not exceed 400 m/s. The increase in the SA power at the end of electric propulsion transfer is 0.33-1.6%
of the initial SA power.

Figure 4 shows the dependences of the required thickness of the protective glass on the duration of the
flight at various relative fixed powers of SA at the end of EOL. The relative power values fixed at the end of
the EOL are indicated on isolines. The graph is obtained by varying the thickness of the front safety glass of
SA on the trajectories obtained for the case of transfer from the intermediate orbit with inclination iy = 46°
and argument of perigee wg = 180°.

Figure 5 shows how the flight trajectory changed from the intermediate orbit with inclination iy = 46°
and argument of perigee wy = 180° as the continuation parameter increased and, accordingly, the relative
SA power increased by the end of EOL. The trajectories for each value of the continuation parameter are
represented in the radius-inclination axes. The two dashed lines in each graph show the dependence of the
altitude of the perigee and apogee on the inclination on the minimum time trajectory. Two continuous lines
correspond to the dependence of the altitude of the perigee and apogee on the inclination on the trajectory
obtained for a given value of the continuation parameter. The grayscale on each graph shows the value of
the equivalent 1 MeV electron flux incident on SA. The graphs show a tendency for the perigee sections of
the trajectory to be made higher than the boundary of the internal the Van Allen belts, as well as to an
increase in the maximum altitude of the apogee. It can be also noted in Fig. 5 that as the final relative
power of SA increases, the orbital inclination changes less and less in the area of intersection of the internal
the Van Allen belts by the spacecraft trajectory and more and more outside this area. This fact partially
confirms the correctness of the calculations, since it is clear that with decreasing inclination the equivalent
flux inside the radiation belts increases, and therefore it is more efficient in terms of radiation damage to
cross the Van Allen belts (in other words, to increase altitude) in the area of large inclinations.

VI. Conclusion

Using the approach of spatial variations of the transfer trajectory and the Pontryagin maximum principle
we managed to increase the EOL SA power by 0.16-0.73% of the initial SA at the intermediate orbit.
depending on the parameters of intermediate orbits. The additional costs of the characteristic velocity
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increased relative to the minimum time trajectories by no more than 400m/s. The increase in the SA power
at the end of electric propulsion transfer is 0.33-1.6% of the initial SA power. A relatively small increase
in the final power of SA is due to the higher radiation resistance of triple-junction solar cells compared to
silicon ones. The another fact that could explain the obtained small effect is that most of the transfer time
the spacecraft spents in a region with small equivalent flux, since only the internal the Van Allen belt has
significant effect on the degradation of triple-junction solar cells. The paper considers the formulation of the
problem, where the radiation degradation of the EOL SA power is described with an additional ordinary
differencial equation, added to the spacecraft equations of motion. The maximum principle is applied to the
obtained problem. The adjoint equation to the EOL SA relative power is solved in a closed form.
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