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The efficacy of terahertz time-domain spectroscopy (THz-TDS) as a noninvasive electric
propulsion plasma diagnostic is evaluated and preliminary electron density measurements
with the Georgia Tech THz-TDS system are presented. The THz-TDS system operates in a
standard pump-probe configuration in which THz radiation is generated by an ultrashort
laser pulse striking a low temperature-grown GaAs photoconductive antenna and detected in
the time domain by electro-optic sampling with a ZnTe crystal. The system bandwidth spans
0.2 to 3 THz, thereby enabling line-integrated electron density measurements in electric
propulsion plasmas with densities on the order of 1017 to 1022 m-3. A plasma density of 5 ± 0.2
× 1018 m-3 is measured by THz-TDS in an argon 13.58 MHz radio frequency inductively
coupled discharge operating at a pressure of 100 mTorr and discharge power of 200 W.
Insertion of an obstructing 0.25 in-thick M26 grade boron nitride sample into the THz beam
path results in a measured plasma density of 3 ± 0.2 × 1018 m-3. The difference between the two
measurements are believed to be caused by day-to-day variations in discharge operation and
not by the presence of boron nitride in the THz beam path. This preliminary study finds THzTDS to be a promising diagnostic for noninvasive internal Hall thruster plasma investigations.
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I. Introduction

T

HERE is still much to be learned about the plasma physics governing the interior of Hall thrusters and other
electric propulsion (EP) devices. However, nonperturbative optical diagnostics used in the EP field, such as laserinduced florescence (LIF), microwave interferometry, Thomson scattering, and optical emission spectroscopy (OES),
are unable to directly measure electron properties in plasmas shielded from optical access by boron nitride. The dearth
of reliable experimental work investigating electron dynamics in the thruster interior has inhibited verification of
theoretical and computational efforts attempting to explain plasma processes, such as anomalous electron mobility,
that have thus far eluded complete characterization.
Terahertz time-domain spectroscopy (THz-TDS) is a novel optical diagnostic with the capability to make these
previously infeasible direct electron density measurements in plasmas contained by boron nitride. The technique
utilizes broadband pulsed THz radiation that is transmittable through boron nitride to measure electron densities on
the order of 1017 to 1022 m-3 in a line-integrated fashion. It is relatively insensitive to mechanical vibrations and
applicable in plasmas featuring magnetic fields as high as 10 T and electron temperatures up to 1 keV. Previous work
has shown THz-TDS can be used to assist in determination of electron density distribution and, owing to its
picosecond-scale pulse durations, enables nanosecond-scale time-resolved plasma evolution measurements.1-11 This
paper reviews the necessary theory, details the THz-TDS system at the Georgia Tech High-Power Electric Propulsion
Laboratory (HPEPL), and demonstrates the capability of THz-TDS to make electron density measurements through
M26 grade boron nitride.

II. Measurement of Electron Density with THz-TDS
A. Review of Standard THz-TDS Analysis Technique
In the classical description of the interaction of electromagnetic radiation with a medium, the electric field of the
incident light wave induces charged particle oscillations in the medium, which, in turn, generate an electric field that
interferes with and alters the incident light wave. In the simplified case of monochromatic light, the effect of passage
through a medium is to produce a resultant electric field of the same frequency but altered wavelength and amplitude.
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Figure 1. Illustration of interaction between electric field and medium
Changes to the wavelength and amplitude are quantified in terms of the medium refractive index (𝑛) and absorption
coefficient (𝛼), respectively, by Eq (1) after propagation through some distance (𝑧) of the medium. The symbols 𝜆𝑓
and Λ𝑓 are the resulting wavelength and amplitude, respectively, and 𝜆0 and Λ0 are the incident wavelength and
amplitude, respectively.12
𝜆𝑓 =

𝜆0
𝑛

−𝛼
Λ𝑓 = Λ0 exp (
𝑧)
2

(1)

THz-TDS measures the frequency-dependent refractive index and absorption coefficient of the sample through
which broadband THz radiation is transmitted.13-16 The electric field of the THz radiation is measured with and without
the sample in place to establish sample and reference electric fields, respectively, in the time domain. These fields
(𝐸𝑠𝑎𝑚 and 𝐸𝑟𝑒𝑓 ) are converted to the frequency (𝜔) domain by a Fourier transform (indicated by ̂) and compared in
the form of a transfer function in Eq. (2).
𝐸̂𝑠𝑎𝑚 (𝜔)
= 𝐴(𝜔) exp[𝑖Φ(ω)]
𝐸̂𝑟𝑒𝑓 (𝜔)

(2)

The frequency-dependent magnitude (𝐴) and phase (Φ) of the spectral ratio are related to the sample refractive
index and absorption coefficient by Eq. (3), where 𝐿 is the length of radiation propagation through the sample and 𝑐
is the speed of light.
𝐴(𝜔) = exp [−

𝛼(𝜔)𝐿
]
2
(3)

𝐿𝜔
[𝑛(𝜔) − 1]
Φ(ω) =
𝑐
Derivations of Eqs. (2) and (3) are provided in the Appendix.
B. THz-TDS of Plasma
1. Interaction of THz Radiation with Plasma
In plasmas relevant to EP, the propagation of THz radiation depends exclusively on the number density and
collision frequency of plasma electrons. The amplitude and phase of the spectral ratio introduced in Eq. (2) are related
to the spatially dependent plasma frequency (𝜔𝑝 ) and collision frequency (𝜈) of a low temperature plasma by Eq. (4)
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if applied magnetic fields are small and if the plasma properties do not vary significantly on the scale of the radiation
wavelength. Derivation of Eq. (4) is provided in the Appendix.17
𝐿
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The plasma frequency (in rad/s) is related to the electron number density (𝑛𝑒 ), electron charge (𝑒), permittivity of
free space (𝜖0), and electron mass (𝑚𝑒 ) by Eq. (5).
𝑛𝑒 (𝑧)𝑒 2
𝜔𝑝 (𝑧) = √
𝜖0 𝑚𝑒

(5)

The assumptions of low temperature and low applied magnetic field are good in plasmas for which Landau
damping is negligible and the electron cyclotron frequency is lower than the radiation frequency. These conditions are
strongly satisfied for THz radiation if the plasma electron temperature is less than 1 keV and the applied magnetic
field is smaller than 10 T.17
2. Determination of Electron Density from Phase Information Alone
Simplifying assumptions are typically made to enable determination of the electron density from phase information
alone. Under the assumptions that 𝜈 ≪ 𝜔𝑝 and 𝜔𝑝 < 𝜔, in which case the plasma acts as a low-loss dielectric with
little absorption, the expression inside the first square root in the expression for the phase in Eq. (4) can be expanded
2
to first order with the binomial theorem and assessed in the limit of 𝜈 2 ≪ 𝜔2 − 𝜔𝑝2 and 𝜈 2 ≪ 𝜔2 (𝜔2 − 𝜔𝑝2 ) ⁄𝜔𝑝4 to
yield Eq. (6).
𝐿

𝜔𝑝2 (𝑧)
𝜔
Φ(ω) = ∫ [√1 −
− 1] 𝑑𝑧
𝑐
𝜔2

(6)

0

The expression inside the square root of Eq. (6) can be further expanded to first order with the binomial theorem
in the limit of 𝜔𝑝2 ≪ 𝜔2 to yield Eq. (7).
𝐿

1
∫ 𝜔𝑝2 (𝑧)𝑑𝑧
Φ(ω) = −
2𝜔𝑐

(7)

0

Further assumption that the plasma is uniform enables simple computation of the electron density with Eq. (8), the
relation used most widely in the microwave interferometry literature.18 Both the plasma frequency and radiation
frequency are in units of rad/s, and the sign preceding Φ depends upon the chosen sign of the exponent in Eq. (2).
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𝑛𝑒 = −Φ(ω)

2𝜖0 𝑚𝑒 𝑐𝜔
𝑒2𝐿

(8)

The assumption of uniform density can be relaxed, as it has been in microwave interferometry work in the EP
field, if an appropriate inversion is applied to chordal measurements made in a radially symmetric discharge.19-23
However, because THz-TDS provides phase information at multiple frequencies, a first-order approximation of
electron density profile shape (such as that provided by Langmuir probe data or imaging of plasma fluorescence) can
be iteratively optimized by RMS minimization with the measured phases at each THz frequency to determine the
electron density profile across the radiation path. In this way, previous work has employed THz-TDS to determine the
density profile without need for assumption of symmetry.2

III. HPEPL THz-TDS System
THz-TDS can be performed entirely with commercially available equipment. This section reviews the THz-TDS
setup at Georgia Tech HPEPL, briefly discusses the physics of operation, and gives system measurement capabilities.
A. System Overview
Diagrammed in Fig. 2, the HPEPL THz-TDS system generates and detects THz radiation in a pump-probe
configuration: one beam pumps a photoconductive antenna (PCA) to produce the THz field while the other probes a
zinc telluride (ZnTe) crystal to electro-optically detect the THz pulse.
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Figure 2. HPEPL THz-TDS system diagram (fs: femtosecond).
The laser beam is provided by a Coherent Vitara-T HP modelocked Ti:Sapphire laser that provides ultrashort
pulses with 800 nm center wavelength at a repetition rate of 100 MHz and average power of 1.2 W. The beam then
travels through a half-wave plate and polarization-dependent beam splitter to give adjustable control of power inputted
into the setup. Next, the beam is guided through a pulse compressor and then recollimated with a pair of lenses before
it is split into pump and probe paths by a fixed ratio beam splitter.
The pump beam passes through an optical chopper and then reflects from a hollow corner cube retroreflector
mounted on a delay line before reaching the PCA mount. THz radiation emitted from the PCA is collimated to a beam
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diameter of approximately 1.4 in and steered into the plasma by a parabolic mirror. After passage through plasma, the
THz radiation is focused onto the ZnTe crystal by a second parabolic mirror.
The probe beam is routed through a second half-wave plate to control polarization orientation and then focused
through a hole in the second parabolic mirror and onto the ZnTe crystal so that it propagates collinearly with the THz
radiation at identical polarization. After passage through the crystal, the probe beam is recollimated and guided
through a neutral density filter, quarter-wave plate, and Wollaston prism. The two beams exiting the Wollaston prism
are focused onto the two photodiodes of a balanced photodetector. The output of the photodetector is read by a lockin amplifier connected to a desktop computer running custom LabVIEW software. The optical table is electrically
grounded and all instruments are housed in an environmentally controlled enclosure.
B. Physics of Operation
1. Ultrashort Pulse Considerations
The Vitara-T HP provides ultrashort laser pulses with measured temporal full width at half maximum (FWHM) of
approximately 30 femtoseconds (fs) at the laser output. The uncertainty principle dictates that such pulses are
necessarily spectrally broad and not monochromatic. In this setup, for instance, the measured spectral FHWM is 60
nm. For such pulses, group velocity dispersion (GVD) can have a major impact on temporal pulse width and must be
accounted for in the optics setup. GVD occurs because the refractive index of each optical component (and even air)
varies as a function of frequency. As a laser pulse travels through a setup, each of its spectral components experiences
a different refractive index and therefore travels at a different speed. GVD therefore spectrally separates the pulse in
time and thus increases the overall temporal pulse width.24 Failure to account for GVD in a standard THz-TDS setup
can result in pulse lengthening of more than three orders of magnitude.
GVD is mitigated in this setup by use of specially coated low GVD ultrafast mirrors, lenses, beam splitters, and
wave plates designed for ultrashort pulses centered at 800 nm. GVD pre-compensation is provided by a Coherent CPC
II pulse compressor. Before the beam is split into pump and probe paths, it undergoes multiple reflections from
negative GVD-coated mirrors and makes four passes through prism elements in the CPC II. These events serve to
lengthen each laser pulse in the opposite manner as the rest of the optical setup: the pulse compressor accelerates the
shorter wavelength components ahead of the longer wavelength components to compensate for the tendency of other
optics to accelerate longer wavelength components ahead of shorter wavelength components. As illustrated in Fig. 3,
the pulse compressor therefore serves to lengthen the pulse duration so that the other optical components provide
recompression. Though the pulse width lengthens somewhat through the setup, the aforementioned GVD
compensation schemes ensure the measured FHWM temporal pulse width remains less than 50 fs at both the PCA and
nonlinear crystal.
Stretched Pulse
after Passage
through CPC II

Recompressed
Ultrashort Pulse

Energy

Original
Ultrashort Pulse

Time

Figure 3. Illustrated ultrashort pulse broadening and recompression.
2. THz Radiation Generation
The PCA used for THz emission is a Menlo Systems TERA8-1 low temperature-grown gallium arsenide (LTGaAs) wrapped dipole antenna adhered to a printed circuit board. The photoconductive substrate consists of a thin (~
1 micron) LT-GaAs buffer layer grown atop a much thicker (~380 micron) semi-insulating gallium arsenide (SI-GaAs)
region. Gold electrodes patterned onto the LT-GaAs form a 5 micron dipole gap, across which a DC bias of 30 V is
applied. The pump beam is limited to an average power of 7 mW to avoid damaging the PCA and is focused onto the
gap with an aspheric lens positioned with sub-micron precision by a custom mount assembled with commercially
available optomechanical components. Figure 4 features a magnified image of the PCA taken with an Olympus LEXT
OLS4100 microscope.
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Figure 4. Magnified image of PCA (LT-GaAs: low temperature-grown gallium arsenide).
The ultrashort laser pulses in the pump beam act as a fast switch for the PCA’s electrical circuit. Photons impinging
on the surface of the antenna are absorbed by the LT-GaAs substrate and excite electrons from the semiconductor’s
valence band into its conduction band. These newly freed photoelectrons accelerate across the dipole gap in response
to the applied voltage bias and thereby produce a transient current that, in turn, alters the local electric field and
generates pulsed THz radiation. The process is dependent upon the temporally short nature of both the 50 fs incident
laser pulses and 0.2 – 0.3 picosecond (ps) average photoelectron lifetime.14, 15, 25, 26 Because the dipole gap is much
smaller than the THz wavelength, the radiation is highly divergent and therefore coupled to air with a precisely
positioned hyper-hemispherical high-resistivity float-zone silicon lens pressed against the SI-GaAs.27 Figure 5
illustrates the THz generation process from a side view of the PCA.
LT-GaAs
Gold
Electrode

SIGaAs

Silicon
Lens

_
Pump
Pulse

E
+

THz Pulse

Figure 5. Illustrated THz generation process (not to scale; LT-GaAs: low temperature-grown gallium arsenide,
SI-GaAs: semi-insulating gallium arsenide).
3. THz Radiation Detection
After passage through the plasma, the THz radiation is focused onto a 1 mm-thick <110> ZnTe crystal oriented
such that propagation is along the [110] axis and polarization is in the direction of the [1 1̄ 0] axis. The probe beam
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has the same polarization as the THz radiation and is focused onto the ZnTe so that it propagates collinearly through
the crystal with the THz beam.28
Because ZnTe possesses non-zero electro-optic coefficients, the electric field of the THz radiation induces
birefringence in the crystal. This induced birefringence causes the originally linearly polarized copropagating probe
pulse to become slightly elliptically polarized to a degree that is linearly proportional to the strength of the THz field.
The modified pulse is guided through a quarter-wave plate so that its polarization is shifted from nearly linear to nearly
circular and then through a Wollaston prism so that it is split into its two orthogonal polarization components. The
intensities of the two components are differenced by a Thorlabs PDB415A-AC balanced photodetector to determine
the ellipticity of the probe pulse, and, thus, the relative THz field strength.14, 15, 29-31 The evolution of probe pulse
polarization is illustrated in Fig. 6.
The pump beam is chopped at a typical rate of 1 kHz with a Scitec Instruments 300 CD optical chopper so that the
photodetector signal can be extracted from background noise by a Zurich Instruments MFLI lock-in amplifier
operating with a typical filter order of 3 and time constant of 61 ms. The high lock-in detection rate (which can be
extended up to the 100 MHz output of the laser with appropriate equipment) makes the system relatively insensitive
to mechanical noise.
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λ/4

ZnTe

Probe pulse
polarization is
linear

THz field applied to
ZnTe induces
ellipticity in probe
pulse

WP

λ/4 converts
polarization from
nearly linear to
nearly circular

WP splits beam
into polarization
components

Figure 6. Evolution of probe pulse polarization in THz detection process (ZnTe: zinc telluride crystal, λ/4:
quarter-wave plate, WP: Wollaston prism).
Depending on the application, relevant information in the THz field is contained in a duration of 5 to 300 ps. The
ultrashort probe beam must therefore be scanned across the duration of the THz pulse for acquisition of the entire
field. Scanning is achieved with a Newport DL325 delay line that delays arrival of the pump beam to the PCA, thereby
delaying the arrival of each THz pulse to the ZnTe relative to each pulse in the probe beam. The guaranteed position
accuracy of the delay line translates to THz field resolution of better than 20 fs, but resolution is ultimately limited in
this setup to 50 fs by the temporal FWHM of the ultrashort pulse. Scanning proceeds as follows: the delay line is
moved to the desired position; software waits for the lock-in amplifier output to reach its 99% settling time; the signal
is acquired as the average of a selectable number of samples over a selectable sampling time; the delay line moves to
its next position. Depending on necessary noise suppression and desired scan resolution and length, measurements of
the ps-scale THz field require between 10 seconds and 30 minutes of real time. All measurements taken in this paper
averaged 1000 samples at each delay line position and required a total time of 5 minutes to resolve the entire THz
field. Further work will seek to determine lower limits on required measurement time. Real-time measurement
constraints notwithstanding, the short nature of the THz pulse enables extremely high temporal resolution
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measurements in repeatable or oscillating plasmas. In these cases, temporal resolution is limited by gating electronics
and can be achieved at a nanosecond scale. 1, 2
C. Measurement Capabilities
A sample pulse generated and detected by the system at HPEPL is shown in Fig. 7. It consists of resolvable
frequencies ranging from 0.2 to 3 THz and features a peak signal-to-noise ratio of approximately 170 to 1. Deviations
from an ideal THz pulse are caused by electron screening in the PCA, reflections in the ZnTe, and the presence of
water vapor in the pulse path, but these do not greatly impact THz-TDS measurement capability and are common in
THz-TDS systems.14, 15, 32
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Figure 7. THz pulse generated and measured by HPEPL THz-TDS system.
The maximum electron temperature and applied magnetic field limits required for application of Eq. (4) are much
higher than those typically found in Hall thrusters and other EP plasmas.33 Further assumptions that the plasma
frequency is much larger than the electron collision frequency and that the THz radiation frequency is larger than the
plasma frequency are also generally satisfied. In fact, only at plasma densities as large as 1022 m-3 does THz radiation
experience plasma cut-off effects.17 Eq. (7) and, if the plasma can be considered reasonably uniform along the THz
path, Eq. (8) are therefore applicable.
Though the theory does not preclude THz-TDS measurements in most EP plasmas, practical considerations place
a limit on the lower electron density at which a measurement can be resolved. The smallest resolvable phase (in rad)
at each THz frequency is equal to the temporal resolution of the THz field multiplied by the THz radiation frequency
(in rad/s). Under the assumption of a uniform plasma, Eq. (8) can be combined with the relation for smallest resolvable
phase to determine the lowest resolvable electron number density at each frequency. Figure 8 provides the result of
this calculation for the HPEPL system for a plasma length of 10 cm. At the minimum resolvable frequency of 0.2
THz, the lowest resolvable electron density is 1.5 × 1017 m-3 across a length of 10 cm. It should be noted that, for
shorter plasma lengths, lowest resolvable electron density increases; reducing the plasma length to 1 cm, for instance,
increases the lowest resolvable electron density to 1.5 × 1018 m-3. These minima are similar to those of other plasma
THz-TDS systems.8
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Figure 8. Minimum detectable electron density for a plasma length of 10 cm
D. Estimation of Measurement Uncertainty
Though no published efforts to-date have performed a comprehensive study of uncertainties associated with THzTDS electron density measurements, a first-order effort to quantify measurement uncertainty is made here. Major
expected sources of uncertainty include theoretical resolvable electron density limits, inaccuracies in plasma length
measurement, and shot-to-shot variations of the THz pulses caused by changes in lab environment or delay line jitter.
Assessment of the uncertainties related to the assumption of uniform plasma required for use of Eq. (8) are not
considered here.
Theoretical electron density limits are quantified above and are a function of THz frequency. Because all resolvable
frequencies in this work with small enough minimum detectable electron density for use in the RF ICP measurements
discussed in Section V measured the same electron density, within their respective resolution limits, the lowest
resolvable electron density uncertainty is chosen to be that associated with the lowest resolvable frequency of 0.2 THz.
Across the plasma length discussed in Section IV, this uncertainty is approximately 1.1 × 1017 m-3.
Uncertainty of the plasma length measurement is conservatively set to 10% of the total measured length. Previous
work by the authors investigating shot-to-shot variation of THz pulses transmitting though the experimental setup
without the presence of plasma found differences between various data sets to produce negligibly small measurement
uncertainties (on the order of 1012 m-3). Therefore, only the impact of lowest resolvable electron density and errors in
plasma length measurement are expected to significantly impact measurement uncertainty. The combination of these
uncertainties produces a total uncertainty of approximately 2 × 1017 m-3.

IV. Radio Frequency Inductively Coupled Plasma Discharge
A RF ICP discharge provides the plasma testbed for THz-TDS electron density measurements. The discharge,
pictured in Figure 9 without its Faraday cage, consists of a quartz tube cross (2 in outer diameter, 16 in length, 5 in
width) connected to steel KF vacuum flanges by quick-connect couplings. A rotary vane mechanical pump evacuates
the discharge chamber to a base pressure of 1.4 mTorr. RF power is coupled to the plasma via a three-turn hollow
copper antenna wrapped around the glass tube. The unbalanced RF signal is generated by a YAESU FT-840
transceiver, amplified by an ACOM 2000A linear amplifier, fed through a Palstar HF-AUTO antenna tuner, and
converted to a balanced signal by a DX Engineering BAL450-H10-A current balun connected to the antenna. The
discharge is operated at a discharge power of 200 W at 13.58 MHz and pressure of 100 mTorr (corrected for argon).
At these conditions, the generated plasma is approximately 14 cm in length. An electrically grounded Faraday cage
surrounding the antenna prevents stray electromagnetic radiation or electrical arcs from interfering with THz-TDS
measurement equipment. The discharge viewports, manufactured by Torr Scientific, feature Z-cut crystalline quartz
10
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windows that, compared to standard amorphous quartz windows, exhibit relatively low absorption in the THz regime.
THz radiation is sent through the longer dimension of the quartz tube.

Viewport

Antenna

Viewport

Figure 9. RF ICP discharge

V. Results and Discussion
Demonstration of the HPEPL THz-TDS system as a plasma diagnostic is provided by measurement of electron
density in the RF ICP discharge. Because a unique advantage to THz-TDS is the transmissibility of THz radiation
through boron nitride, measurements are made both with and without M26 grade boron nitride in the THz beam path.
A. Unobstructed Electron Density Measurement of RF ICP Discharge
THz radiation is first transmitted through the evacuated discharge chamber to establish the reference signal and
then through the operating discharge to generate the sample signal. These two signals are shown in Figure 10 and an
image of the discharge in operation is shown in Figure 11. Applying Eq. (8) under the simplified assumption of a
uniform plasma yields a measured electron density of 5 ± 0.2 × 1018 m-3 across all resolvable frequencies from 0.2 to
0.5 THz. Minimum resolvable density limits associated with larger frequencies precludes their use in the density
calculation. The measured value is consistent with trends established in published THz-TDS measurements of other
ICP discharges operating at higher pressure and power.
It is also interesting to note that, as clearly demonstrated by Figure 10, transmission through plasma accelerates
the THz pulse ahead of the vacuum THz pulse. This effect occurs because the plasma refractive index is less than
unity. Though this result does imply a THz phase velocity greater than the vacuum speed of light, special relativity is
not violated because no photons or information travel faster than this universal speed limit through the plasma.
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Figure 10. Reference and sample THz signals for unobstructed electron density measurement

Figure 11. Argon RF ICP discharge operating at 100 mTorr and 200 W.
B. Obstructed Electron Density Measurement of RF ICP Discharge
The THz path to the RF ICP discharge is impeded by a 3 × 2 × 0.25 in sample of M26 boron nitride obtained from
Saint-Gobain Ceramics so that, as shown in Figure 12, the THz path is completely obstructed. M26 grade boron nitride
is 60% hexagonal close-packed boron nitride and 40% amorphous silica by weight and is used as wall material in Hall
thrusters. The sample is oriented such that the THz radiation is transmitted through the 0.25 in dimension and the
polarization of the THz radiation is parallel to one of the ordinary axes of the orthotropic boron nitride.
Boron
Nitride

Figure 12. Argon RF ICP discharge operating at 100 mTorr and 200 W with M26 boron nitride impeding THz
radiation path.
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As in the unobstructed measurement, sample and reference signals are recorded with and without the presence of
plasma, respectively, to determine the electron density with Eq. (8). The sample and reference signals are shown in
Figure 13 and the measured electron density is 3 ± 0.2 × 1018 m-3 across all resolvable frequencies from 0.2 to 0.5
THz. Signal-to-noise ratio is noticeably reduced by the presence of boron nitride in the THz beam path because of
absorption, etalon losses, and refraction of beam components away from the original THz path. However, the
measured electron density is still of the same order of magnitude as that measured without the impediment of boron
nitride. As the two measurements were taken on different days, differences between them are more likely caused by
lack of repeatability of the RF ICP discharge than the impediment of boron nitride.
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Figure 13. Reference and sample THz signals for obstructed electron density measurement.

VI. Conclusion
THz-TDS is a novel plasma diagnostic capable of providing line-integrated electron number density in Hall
thruster and other EP plasmas. This work has demonstrated the theoretical applicability of THz-TDS to EP plasmas
and provided a demonstration of the HPEPL THz-TDS system. Specifically, this work has shown that THz-TDS is a
viable tool for measuring electron density through boron nitride. The many advantages provided by THz-TDS,
including its insensitivity to mechanical vibrations, sub-nanosecond THz pulse duration, and transmissibility of THz
radiation through boron nitride will enable the technique to investigate plasma phenomena not presently accessible to
other optical diagnostics.
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Appendix
A. Derivation of Standard THz-TDS Relations
The electric field of the broadband THz pulse is modeled as a superposition of one-dimensional plane waves of
various frequencies transmitting through linear dielectric media with no reflections. The magnetic field is discarded
because, unless charged particles in the medium move at relativistic speeds, its impact is negligible. Represented in
the time (𝑡) domain at a position (𝑧) as 𝐸(𝑧, 𝑡), the electric field is cast to the frequency (𝜔) domain to 𝐸̂ (𝑧, 𝜔) through
the Fourier transform by Eq. (9).
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∞

𝐸̂ (𝑧, 𝜔) = ∫ 𝐸(𝑧, 𝑡) exp[−𝑖𝜔𝑡] d𝑡

(9)

−∞

If the pulse enters a medium at 𝑧 = 0 and propagates a distance 𝐿, the resulting and original electric fields in the
spectral domain are related by Eq. (10).

𝐸̂ (𝐿, 𝜔) = 𝐸̂ (0, 𝜔)𝐺(𝜔) exp[𝑖𝑘̆(𝜔) 𝐿]

(10)

𝐺 is the frequency response of the entire THz-TDS system. It is included in Eq. (10) because the THz spectrometer
is not a perfect measurement device and its response must be included as a convolution with the actual THz field. 𝑘̆
is the complex k-vector magnitude and is related to the real vacuum k-vector magnitude (𝑘) and sample refractive
index (𝑛) and absorption coefficient (𝛼) by Eq. (11).

𝑘̆(𝜔) = 𝑘(𝜔) + 𝑘(𝜔) [𝑛(𝜔) − 1] + 𝑖

𝛼(𝜔)
2

(11)

The real vacuum k-vector magnitude is defined by Eq. (12), where 𝑐 is the speed of light.

𝑘(𝜔) =

𝜔
𝑐

(12)

When THz-TDS is performed, a reference pulse, 𝐸̂𝑟𝑒𝑓 (𝜔), is measured after propagation through vacuum and a
sample pulse, 𝐸̂𝑠𝑎𝑚 (𝜔), is measured after propagation through the sample of interest. Using Eq. (10), the measured
reference and sample pulses can therefore be expressed by Eq. (13).
𝐸̂𝑟𝑒𝑓 (𝜔) = 𝐸̂𝑔𝑒𝑛 (𝜔)𝐺(𝜔) exp[𝑖𝑘(𝜔) 𝐿]
(13)
𝐸̂𝑠𝑎𝑚 (𝜔) = 𝐸̂𝑔𝑒𝑛 (𝜔)𝐺(𝜔) exp[𝑖𝑘̆ (𝜔)𝐿]
Taking the ratio of the two resulting complex spectra yields Eq. (14) and effectively eliminates measurement
dependence on the generated THz radiation and THz spectrometer response.
𝐸̂𝑠𝑎𝑚 (𝜔)
= exp [𝑖𝐿[𝑘̆(𝜔) − 𝑘(𝜔) ]]
𝐸̂𝑟𝑒𝑓 (𝜔)

(14)

Substituting in the expression for 𝑘̆ from Eq. (11) and re-arranging yields Eqs. (2) and (3) above.14

B. Derivation of THz-TDS Relations for Propagation through Plasma
Consider an infinite, uniform, and unmagnetized Lorentz plasma in which electrons are assumed to move through
a stationary “fluid” of ions and neutrals and may only interact with each other through collective space charge. Further
14
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assume that the interaction between electrons and the background fluid may be approximated as viscous damping,
properties dependent upon electron temperature can be neglected, and the motion of a single electron is representative
of the behavior of all electrons in the plasma. Under these assumptions, the spatial displacement of an electron (𝜉),
under forcing from a spatially invariant electric field (𝐸) can be modeled as a damped harmonic oscillator by Eq. (15).

𝑚𝑒

𝜕 2 𝜉(𝑡)
𝜕𝜉(𝑡)
+ 𝜈𝑚𝑒
= −𝑒𝐸(𝑡)
2
𝜕𝑡
𝜕𝑡

(15)

𝑚𝑒 and 𝑒 are the mass and charge, respectively, of the electron and 𝜈 is the damping coefficient, which can be
interpreted physically as the average plasma momentum transfer collision rate. Assuming all quantities oscillate in
time as exp(−𝑖𝜔𝑡), the Fourier transform allows for the steady-state solution to be determined in the spectral domain
by letting 𝜕⁄𝜕𝑡 → −𝑖𝜔 as in Eq. (16).

𝑚𝑒 (−𝑖𝜔)2 𝜉(𝜔) + 𝜈𝑚𝑒 (−𝑖𝜔)𝜉(𝜔) = −𝑒𝐸(𝜔)

(16)

Re-arranging produces Eq. (17).

𝜉(𝜔) =

𝑒𝐸(𝜔)
𝑚𝑒 𝜔(𝜔 + 𝑖𝜈)

(17)

The resulting complex current density, ( 𝐽̆), can be determined through multiplication of the charge density (−𝑛𝑒 𝑒)
and the electron velocity in the spectral domain (−𝑖𝜔𝜉) and is given by Eq. (18), where 𝑛𝑒 is the electron number
density.

𝐽̆(𝜔) = −𝑛𝑒 𝑒(−𝑖𝜔)𝜉(𝜔) =

𝑖𝑛𝑒 𝑒 2
𝐸(𝜔)
𝑚𝑒 (𝜔 + 𝑖𝜈)

(18)

The complex dielectric constant (𝜀̆) is therefore given by Eq. (19), where 𝜎̆ is the complex conductivity and 𝜖0 is
the permittivity of free space.

𝜀̆(𝜔) = 1 + 𝑖

𝜎̆(𝜔)
𝐽̆(𝜔)
𝑛𝑒 𝑒 2
=1+𝑖
=1−
𝜔𝜖0
𝜔𝜖0 𝐸(𝜔)
𝜔𝜖0 𝑚𝑒 (𝜔 + 𝑖𝜈)

(19)

Written in terms of the plasma frequency (𝜔𝑝 ), Eq. (19) becomes Eq. (20).

𝜀̆(𝜔) = 1 −

𝜔𝑝2
𝜔(𝜔 + 𝑖𝜈)

Splitting the real and imaginary parts of the complex dielectric constant yields Eq. (21).

15
The 36th International Electric Propulsion Conference, University of Vienna, Austria
September 15-20, 2019

(20)

𝜀̆(𝜔) = 1 −

𝜔𝑝2
𝜔𝑝2 𝜈
+𝑖(
)
2
+𝜈
𝜔[𝜔 2 + 𝜈 2 ]

(21)

𝜔2

The complex dielectric constant is related to the complex index of refraction by Eq. (22).

𝜀̆(𝜔) = 𝑛̆2 (𝜔)

(22)

Letting 𝜀𝑅 and 𝜀𝐼 be the real and imaginary parts of 𝜀̆, respectively, and 𝑛𝑅 and 𝑛𝐼 be the real and imaginary parts
of 𝑛̆, respectively, Eq. (23) holds.

(𝑛𝑅 + 𝑖𝑛𝐼 )2 = 𝜀𝑅 + 𝑖𝜀𝐼

(23)

Equating the real and imaginary parts in Eq. (23) yields the system in Eq. (24).
𝑛𝑅2 − 𝑛𝐼2 = 𝜀𝑅
(24)
2𝑛𝑅 𝑛𝐼 = 𝜀𝐼
The real and imaginary parts of the complex refractive index can therefore be expressed in terms of the real and
imaginary parts of the complex dielectric constant by Eq. (25).
𝜀𝑅 + √𝜀𝑅2 + 𝜀𝐼2
𝑛𝑅 = √
2
(25)
−𝜀𝑅 + √𝜀𝑅2 + 𝜀𝐼2
𝑛𝐼 = √
2
Substituting Eq. (21) into Eq. (25) yields Eq.(26), which gives the complex refractive index in terms of the plasma
parameters and applied electric field.
2

2

𝜔𝑝2
𝜔𝑝2
𝜔𝑝2 𝜈
1
1
√
𝑛̆(𝜔) = √ (1 − 2
)
+
(1
−
)
+
(
)
2
𝜔 + 𝜈2
2
𝜔2 + 𝜈2
𝜔[𝜔 2 + 𝜈 2 ]

(26)
2

2

𝜔𝑝2
𝜔𝑝2
𝜔𝑝2 𝜈
1
1
+ 𝑖 √− (1 − 2
) + √(1 − 2
) +(
)
2
2
2
𝜔 +𝜈
2
𝜔 +𝜈
𝜔[𝜔 2 + 𝜈 2 ]
The complex refractive index is related to the complex k-vector magnitude by Eq. (27).
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𝑘̆(𝜔) =

𝜔
𝑛̆(𝜔)
𝑐

(27)

Substituting Eq. (26) into Eq. (27) yields Eq. (28).
2

𝑘̆ (𝜔) =

2

𝜔𝑝2
𝜔𝑝2
𝜔𝑝2 𝜈
𝜔 1
1
√ (1 −
) + √(1 − 2
) +(
)
2
2
2
𝑐 2
𝜔 +𝜈
2
𝜔 +𝜈
𝜔[𝜔 2 + 𝜈 2 ]

(28)
+

𝑖𝜔
1
√− (1 −
𝑐
2

𝜔𝑝2
)
𝜔2 + 𝜈2

1
+ √(1
2

2
𝜔𝑝2
− 2
)
𝜔 + 𝜈2

2
𝜔𝑝2 𝜈
+(
)
𝜔[𝜔 2 + 𝜈 2 ]

Substituting Eq. (28) into Eq. (14) and re-arranging to the form of Eq. (2) yields Eq. (29).
2

𝐴(𝜔) = exp −

2

𝜔𝑝2 (𝑧)
𝜔𝑝2 (𝑧)
𝜔𝑝2 (𝑧)𝜈(𝑧)
𝜔𝐿
1
1
√− (1 −
√
)
+
(1
−
)
+
(
)
𝑐
2
𝜔 2 + 𝜈 2 (𝑧)
2
𝜔 2 + 𝜈 2 (𝑧)
𝜔[𝜔 2 + 𝜈 2 (𝑧)]

[

]
(29)
2

Φ(ω) =

2

𝜔𝑝2 (𝑧)
𝜔𝑝2 (𝑧)
𝜔𝑝2 (𝑧)𝜈(𝑧)
𝜔𝐿 1
1
√ (1 −
) + √(1 − 2
) +(
) −1
2
2
2
𝑐
2
𝜔 + 𝜈 (𝑧)
2
𝜔 + 𝜈 (𝑧)
𝜔[𝜔 2 + 𝜈 2 (𝑧)]
[
]

Relaxing the assumption of a uniform plasma and instead assuming the plasma properties do not vary significantly
on the scale of the radiation wavelength enables use of the Wentzel–Kramers–Brillouin (WKB) approximation.
Expressions for the amplitude and phase are converted to integrals along the THz path and become Equation (4) given
above.17
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