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We present a Particle-Particle (PP) model for simulating droplet acceleration in a colloid
thruster. This model explicitly models each individual droplet as a spherical particle with
a finite radius, calculates the electrostatic force between each droplet pair directly from
the Coulomb’s law, and eliminates the typical constrains from mesh resolution and domain
size from a particle-mesh based approach. The model is first validated against both the
analytical solution and 3-D particle-in-cell simulations of 1-D space charge flow. Then,
the model is applied to simulate a typical colloid thruster using CH3NO as propellant.
Simulation results show that droplet acceleration is dominated by the interactions between
droplet and the applied electrostatic field, as expected, and the modification from droplet
space charge on the applied electric field is minimum. Due to both the large initial droplet
acceleration by the electric field at the Taylor cone tip and the 3-D beam effect. the
current that can be transmitted by charged droplets in a colloid thruster can be orders of
magnitude larger than the space charge limit predicted by the 1-D Child-Langmuir law.

I. Introduction

Colloid thrusters are valued for their high thrust density, high specific impulse, and high efficiency,
and can provide the extremely precise propulsion capability required for many small spacecraft based

missions7. Droplet acceleration is one of the most fundamental aspects in colloid thruster design and oper-
ation. While there have been extensive colloid thruster developments in recent years, the understanding of
droplet acceleration is still limited due to the difficulties involved to accurately measure the process and a
lack of accurate numerical simulation models5.

The ion acceleration process in electric thrusters has been modeled extensively using the particle-in-cell
(PIC) model10−14. However, PIC15 may not be the most efficient method for simulating droplet acceleration.
To model the droplet acceleration process, one needs to resolve both highly collisional region near the Taylor
cone tip and the more rarefied region near the extractor. As the size of the Taylor cone jet is much smaller
than the characteristic scale of the acceleration region, a PIC model would require the use of an extremely
fine mesh resolution near the Taylor cone16,17, thus leading to significant computation time/resource spent
on solving the electrostatic field. Moreover, the limitations of using macro-particles to represent finite-sized
droplets in a PIC approach are also unknown. Thus, we are motivated to explore a different simulation
approach.

This paper presents a simulation study of droplet acceleration using the Particle-Particle (PP) model9,18.
In this model, each individual droplet is explicitly modeled as a particle with a finite size, and the Coulomb
interactions between droplets are calculated directly from the Coulomb’s law between each particle pair.
Typically, the PP method is not as computationally efficient as PIC because its computing time scales as
N2, where N is the number of particles in the simulation. However, since the PP approach does not use
a mesh system and thus eliminates the computations related to particle-mesh interpolation and solving the
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elliptical Poisson’s equation, it can be computational advantageous for those applications with constrains
from mesh resolution and domain size. Moreover, the PP simulation algorithm is simple and straightforward.
When implemented using shared-memory parallel computing techniques, the simulation can be speeded
up significantly and the parallel efficiency can be extremely high, especially with the utilization of GPU
accelerators.

This paper is organized as follows. Sec.II presents the PP simulation model. Sec. III compares the PP
simulation against analytical solution and PIC simulation of a 1-D space charge flow as well as PP simulation
against PIC simulation of a 3-D beam. Sec. IV presents a PP simulation study on droplet acceleration with
a focus on the space charge effect. Sec. V contains a summary and a discussion of future study.

II. The PP Simulation Model

Figure 1. Schematic diagram of a colloid thruster and the simulation domain.

The simulation model focuses on the droplet acceleration region between the propellant needle outlet
and the accelerator grid (shown by the green shaded region (ABDC) in Fig. 1. In Fig. 1, the origin of
the coordinate system is the point O on the accelerator gird surface, the z-axis is the symmetric axis of
the needle pointing toward the needle outlet), d denotes the distance from the tip of the Taylor cone to the
accelerator grid, and d0 denotes the distance from the location where the jet breaks to the accelerator grid.

In this model, droplet extraction from the accelerator grid is not modeled due to the very different sizes
between the accelerator region and the holes on the grid. The extractor grid is treated as a transparent
surface. Droplets that pass through the grid are deleted from the simulation. Note that the PP model does
not use a mesh system and thus does not have a domain boundary in the radial direction.

The current carried by the ionic liquid jet I can be obtained from1

I = f(ε)(
γKV̇j
ε

)1/2, (1)

where ε is relative permittivity, K the conductivity, γ the surface tension, V̇j the volume flow rate, and f(ε)
an empirical parameter1, f(ε) ' 18 for ε > 40. We assume that the liquid jet is a cylinder with a radius Rj ,
and all the droplets are spherical ones. The droplets that break up directly from the jet have a radius Rd.
Rd and Rj are related from2,3

Rj =
Rd

1.89
=

r∗

1.89
[

3

f(ε)
]2/3, (2)

where ε0 is the vacuum permittivity, and r∗ = (εε0V̇j/K)1/3 is the “characteristic dimension” of the cone-
jet transition region2,3. Note that Eq. (2) uses the factor 3 instead of 6 because experiments have shown
that the droplets produced by electrospray streams are charged to about 1/2 of their Rayleigh limit. From
these assumptions, the droplets broken off from the jet have a volume of Vd = 4πR3

d/3, an emission rate of

Ṅd = V̇j/Vd, a charge of Qd = I/Ṅd, and a mass of Md = ρVd.
During each simulation time step ∆t, the droplets are injected one by one into the simulation domain.
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We consider that all the droplets have the same initial axial velocity as that of the jet

vd =
V̇j
πR2

j

. (3)

In the simulation, the injected droplets are randomly placed in an cylindrical injection volume, which has a
height H = vd∆t from the jet front, and a radius Rj . The positions of the injected droplets are set to be
random inside the injection volume:

x = Rj

√
U sin (2πU ′),

y = Rj

√
U cos (2πU ′),

z = d0 − U ′′H,
(4)

where U , U ′, and U ′′ are three independent random numbers uniformly distributed in the interval (0, 1).
The droplet breakup during the flow is not considered in this work.

The droplet dynamics is described by

Md
d2r

dt2
= Md

dv

dt
= F = Fpp + Facc = Qd(Epp + Eacc), (5)

The force F on a droplet includes two contributions: Fpp is the Coulomb force due to all other droplets,
and Facc is the electrostatic force from the applied external electric field. Epp and Eacc denote the electric
field due to the charges from other droplet and the applied field at the droplet location, respectively. The
equation of motion is integrated using the Verlet algorithm4.

The electric field due to all other droplets at the location of the ith droplet is calculated from

E(i)
pp =

Qd

4πε0

N∑
j=1,j 6=i

rij
|rij |3

, |rij | ≥ 2Rd (6)

where rij is the distance vector pointing from the center of the jth droplet to that of the ith droplet, and N
denotes the total number of simulated droplets at that time. Since all the droplets in the acceleration region
are positively charged and we assume that the droplets do not undergo deformation, the center-to-center
distance between any droplet pairs in the simulation is always larger than 2Rd.

Figure 2. The prolate spheroidal coordinate system used for the analytical solution of the Taylor cone.

Fig. 2 shows the prolate spheroidal coordinate, (ζ, η, ϕ), used to solve the applied electric field involving
a Taylor cone. Here

ζ = (r1 + r2)/a,

η = (r1 − r2)/a,
(7)

r1 = [x2 + y2 + (z + a/2)2]1/2,

r2 = [x2 + y2 + (z − a/2)2]1/2,
(8)
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where a is the half focal length of the hyperboloids, and ϕ is the azimuthal angle about the line FF ′. In the
simulation model, the surface η = 0 represents the accelerating plate, and the surface η = η0 represents the
liquid surface, i.e. the Taylor cone surface.

We take the potential on the Taylor cone surface (η = η0) to be a constant φacc = φ0, and the potential
on the accelerating plate (η = 0) to be φacc = 0. Then the solution for φacc will only depend on η.

φacc(η) = φ0
tanh−1 η

tanh−1 η0
. (9)

The values of a and η0 can be determined from

a = 2d(1 +Rc/d)1/2, η0 = (1 +Rc/d)−1/2, (10)

where the radius of curvature is Rc = Rn/ cos θT , Rn is the needle radius, the Taylor cone angle is θT =
49.29◦. The electric field can then be solved from

Eacc = −∇φacc = −(
∂φacc
∂η

∂η

∂x
,
∂φacc
∂η

∂η

∂y
,
∂φacc
∂η

∂η

∂z
) (11)

Fig. 3 shows the potential of the applied field (i.e. the field when no charged droplets are present) used for
later simulations.
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Figure 3. The applied accelerating potential used in the simulation.

III. Model Validation

A. Code Validation: 1-D Space Charge Flow

1. The Child-Langmuir Law

We first validate the model by considering a simple 1-D space charge flow between two parallel electrodes
with a gap d and a potential difference φ0. At the space charge limit, the current that can be transmitted
between the electrodes is given by he Child-Langmuir law6.

JSCL =
4

9
ε0

√
2e

m

φ
3/2
0

d2
, (12)

If the flow is along the z direction from z = 0 to z = d, and the potential at z = 0 is φ(0) = 0, the potential
distribution is given by

φ(z) =
(3

2

)4/3(JSCL

ε0

)2/3(m
2e

)1/3
z4/3. (13)

The electric field distribution is

Ez(z) = −4

3

(3

2

)4/3(JSCL

ε0

)2/3(m
2e

)1/3
z1/3. (14)
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2. The PIC Model

First, we apply a 3D PIC model to simulate the space charge flow in a cubic domain. The fixed potential
boundary condition (Dirichlet) is applied on z = 0 and z = d, φ(0) = 0, φ(d) = φ0. Those particles that
travel out of the domain in the z direction are deleted. The periodic boundary condition is applied on x and
y directions for both the field and particles.

Figure 4. The potential distribution (left), the electric field distribution (right).

The parameters used are as follows. The potential difference is φ0 = 1 V. The separation of the two plates
is d = 1 m, which is the length of the simulation domain in z direction. So, the constant electric field without
space charge effect is E0 = φ0/d = 1 V/m. The length of the simulation domain in x and y directions are
also set to be d. Thus the simulation domain is a cubic box. The simulated particles are electrons with
charge −e and mass m, e = 1.6× 10−19 C, m = 9.1× 10−31 kg. The resultant space-charge-limited current
density is JSCL ≈ 2.332 µA/m2.

We consider the emission of an electron beam with J = −JSCL. The potential distribution and the
electric field distribution from the PIC simulation is shown in Fig. 4. In the plot, the potential and the
electric field are averaged using all grid points in x and y along z. Fig. 4 shows the PIC result matches well
against the analytical solution.

3. The PP Model

Next, we consider the PP model. The simulation parameters and the electron injection are the same as that
in the PIC model. For particles that travel out of the domain in x or y direction, we still apply the periodic
boundary condition.

One numerical issue in the PP method is that two macro-particles may approach very close to each
other within one simulation time step, thus resulting in a nonphysically large Coulomb?s force. This is not
an issue for the droplet simulation because the droplet are finite-sized particles. When PP is applied to
the simulation of electrons, the implementation of the Coulomb must be modified in the short range. The
approach is to consider that macro-particles rep[resenting electrons are also finite-sized rather than point
particles and apply a cut-off in the Coulomb force between the electrons when the positions between two
electrons overlap. This cutoff model was also used previously in a work to simulate ion beam neutralization18.

Fig. 5 compares the potential and the electric field distribution along the center line for PP, PIC, and the
analytical solution. The three solutions generally matches well, although there is a small deviation in the PP
result. We believe the small deviation may be a result of two factors. The first is the cut-off in the field model
described above. The second is that the PP model does not naturally allow a periodic boundary condition
and thus the implementation of the periodic boundary condition in the model is somewhat artificial.
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Figure 5. The potential distribution (left), the electric field distribution (right).

B. PIC vs. PP: 3-D Beam

We next compare PIC and PP on the simulation of a 3-D beam. We consider the injection of electrons from
a circular emission surface centered at (0.5, 0.5, 0) m on the z = 0 plane, and with a radius R = 0.25 m. We
still choose the emitted current density J = −JSCL, thus the current changes to I = JπR2 ≈ −0.458 µA.
Other parameters are still the same, except those that are related to the current will be changed accordingly.

Fig. 6 shows the PIC and PP simulation results of the potential and electric field distributions. For
comparison, the 1-D Child-Langmuir law is also plotted. We find that PP and PIC match each other.
However, the electron beam diverges due to the space charge of the beam. Hence, the Child-Langmuir law
does not apply in this case.

Figure 6. The potential distribution (left), the electric field distribution (right).

Fig. 7 further shows the magnitude contour of the electric field component Ez in the y = 0.5m plane.
Overall the PP results match with that of PIC. However, the electron beam expansion in the PP result is
slightly larger than that in PIC. Again, this is because the force cut-off model used in the PP is not exactly
the same as that in PIC.

IV. PP Simulations of Droplet Acceleration

The simulation results presented here consider a colloid thruster using CH3NO as the propellant. The
parameters for the propellant and specific thruster design are shown in Tab. 1. Here, we assume that the jet
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Figure 7. The electric field distribution of PIC (left), the electric field distribution of PP (right).

Figure 8. Top left: r-z spatial plot of droplets. Top right: Potential in volts only due to droplets. Bottom left:
z-vz phase space plot of droplets. Bottom right: z-vr phase space plot of droplets. vz and vr are normalized
by the expected final speed (2Qdφ0/Md)

1/2.

breaks into droplets immediately at the Taylor cone tip for simplicity. This assumption is reasonable because
the characteristic length L of the cone-jet transition region is much less than the length of the acceleration
region5: L ≈ 2R0V̇j/V̇0 ≈ 24.22 nm � d0, where 2R0 = [γε20/(ρK

2)]1/3, V̇0 = γε0/(ρK). Hence, in the
simulations presented in this paper, d = d0. Based on the propellant and thruster design parameters in Tab.
1, the other physical parameters for simulation input can be calculated and are shown in Tab. 2.

The simulation results are shown in Fig. 8. From the r-z spatial plot, we can see the beam expands
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Propellant Parameters

Conductivity K = 1 S/m

Relative permittivity ε = 100

Surface tension γ = 0.059 N/m

Mass density ρ = 1130 kg/m3

Empirical current factor f(ε) = 18

Thruster Parameters

Volume flow rate V̇j = 7× 10−15 m3/s

Needle radius Rn = 15 µm

Distance between needle tip and accelerator grid d = 1 mm

Distance between jet front and accelerator grid d0 = 1 mm

Accelerating voltage φ0 = 5 kV

Table 1. Propellant and thruster parameters

Current I = 36.58 nA

Cone-jet transient dimension r∗ = 18.37 nm

Jet radius Rj = 2.94 nm

Droplet radius Rd = 5.56 nm

Droplet mass Md = 8.15× 10−22 kg

Droplet charge Qd = 3.77× 10−18 C

Droplet initial speed vd = 257.18 m/s

Droplet emission rate Ṅd = 9.71× 109 s−1

Radius of curvature Rc = 19.79 µm

Half focal length a = 2.02 mm

Taylor cone parameter η0 = 0.99

Table 2. Physical parameters for simulation input

radially while being accelerated along the −z direction. From the z-vz phase space plot, we can see that all
droplets are accelerated mainly in the upstream region near the jet, due to the strong accelerating electric field
there. The z-vr phase space plot is also shown, which indicates that droplets gain their final radial velocity
around z = 0.8 mm, and after that they expand with a constant radial velocity. Therefore, the particle-
particle interactions (collisions) near the jet dominates the radial expansion. The potential distribution due
to the space charge of droplets is also shown, from which we can see the magnitude is only about 1.5 V based
on the mesh resolution (100× 100) used to generate this plot.

It is interesting to compare the emitted current with the 1-D space charge limit current emission. In
this simulation, the emitted current is I = 36.58 nA, the jet radius is Rj = 2.94 nm, thus the emitted
current density is J = I/(πR2

j ) ≈ 1.344 × 109 A/m2. Using the droplet charge Qd = 3.77 × 1018 C, mass

Md = 8.15 × 10−22 kg. accelerating potential φ0 = 5000 V, and the tip-to-plate distance d0 = 1 mm. the
1-D space charge limit current is

JSCL =
4

9
ε0

√
2Qd

Md

φ
3/2
0

d20
≈ 133.8 A/m2.

Hence, the emitted current density is seven orders of magnitude larger than JSCL. However, the simulation
result shows that the space charge effect is minimum in the beam.

One reason for this is that the droplets are emitted from the tip of the Taylor cone. The electric field at
the Taylor cone tip is about ET = 8.506 × 107 V/m. This electric field provides a large initial acceleration
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to the droplet than the electric field at the surface of a planar electrode. Another reason is the 3-D effect.
Due to the extremely small radial size and beam expansion, the Child-Langmuir law derived from 1-D space
charge flow obviously does not apply in the situation considered here.

Figure 9. The electric field distribution.

One way to evaluate the difference between a 1D and a 3D beam is to apply the image charges in the 3D
PP simulation. When calculating the Coulomb field, some image charges in the x and y directions are also

involved. The electric field at the location of the ith particle E
(i)
pp can be evaluated from

E(i)
pp =

1

4πε0

∑
n

N∑
j=1

′ qj(ri − rj + nL)

|ri − rj + nL|3
, (15)

where L is the domain length in the x and y direction, nL = n1Lx̂ + n2Lŷ denotes an arbitrary repeat
vector, n1 and n2 are arbitrary integers, the ′ symbol is to exclude the term j = i if and only if n = 0. This
calculation refers to the basics of Ewald summation21,22.

To illustrate the 3-D effects, we rerun the droplet acceleration simulation with a reduced acceleration
potential of 0.1mV and a reduced macro-particle weight of NW ≈ 2.46. All other parameters are kept the
same. We use Eq. (15) to evaluate the electric field Ez along the z-axis, on 100 uniformly distributed points
from z = 0 to z = 1 m. The electric field distribution of two runs are plotted in Fig. 9. The curve of n = 0
is a run without the image particles, while the curve of n = 5 is a run with five image particles in each
of the x, −x, y, and −y directions. Namely, for every simulated particle, there are 10 × 10 corresponding
image particles. From Fig. 9, we can see that a larger n leads to a Ez distribution that is closer to the
Child-Langmuir law. In the n = 0 run, i.e. the 3D situation, the space charge effects are much less than
that in the 1D situation.

V. Summary and Conclusions

A Particle-Particle (PP) model is developed to simulate droplet acceleration in a colloid thruster. The
PP model explicitly models each individual droplet as a spherical particle with a finite radius, and calculates
the electrostatic force between each droplet pair directly from the Coulomb’s law. Simulation results confirm
the expected droplet acceleration process in a colloid thruster. The droplet acceleration is dominated by the
interactions between droplet and the applied electrostatic field, as expected. The space charge modification
on the applied electric field is minimum. In a colloid thruster, the current that can be transmitted by charged
droplets can be orders of magnitude larger than the space charge limit predicted by the 1-D Child-Langmuir
law. This is due to both the large initial droplet acceleration by the electric field at the Taylor cone tip and
the 3-D beam effect.

Future study will investigate droplet acceleration in other operation regimes and further exam the space
charge effects. Future work will need to explicitly model the droplet breakup process and droplet extraction
from the accelerator grid. Additionally, more cross-comparisons between this PP model and other relevant
PIC models are also needed.
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