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Abstract: In this paper we present a model that improves several aspects for Hall thruster simulations using a
two-dimensional fluid formulation and describe several directions in which the current state-of-the-art can be
advanced. The magnetic mirror effect is studied in the channel of a Hall thruster. It is shown that gradients in
magnetic field affect the presheath structure and electric potential distribution. The length of the radial
presheath region decreases in the presence of a magnetic field gradient. The two-dimensional potential shape
can be affected by proper choice of the magnetic mirror ratio. In particular, it is possible to obtain a concave
shape of the potential profile in the channel even in the case of a primarily radial magnetic field. This in turn
can be used to effictively control the ion dynamics in the acceleration region. A new formulation of the
original near-wall conductivity model that takes into account an axial electric field in the sheath is presented.
It is shown that in the specific case of small ratio of the secondary electron temperature to the bulk electron
temperature, the near wall conductivity can be significantly enhanced.

I.

A

Introduction

HALL thruster is a propulsion device in which ions are accelerated in a quasi-neutral plasma. An electric field
in the Hall thruster discharge is sustained across the magnetic field. Because of this feature, Hall thrusters offer

a much higher thrust density than other types of ion thrusters. Most of the potential drop in this configuration is
concentrated in the region of large magnetic fields. This electric field is responsible for ion acceleration. Typically,
the radial component of the magnetic field dominates in the acceleration region. Consideration of only the radial
component of the magnetic field leads to a one-dimensional picture of the plasma flow in the Hall thruster channel.
However it is an accepted notion that a concave shape of the magnetic field leads to many advantages in thruster
operation.1 A recent study further explored advantages of using a plasma lens configuration in which the magnetic
field has a concave shape in the channel.2 A plasma lens magnetic configuration leads to an additional effect of
increased magnetic field magnitude near the channel walls in comparison with the channel centerline, the so-called
magnetic mirror effect.3 However, it is not understood how the magnetic mirror effect will affect the potential
distribution and ultimately the ion dynamics in the Hall thruster. Very recent study of interior potentials structures in
Hall thruster operation on xenon and krypton revealed some interesting unexpected features related to magnetic field
effect.4
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Recently, many models were developed to describe various features of Hall thruster operation5,6,7,8,9,10,11,1213,14.
Generally, models can be divided into three categories, namely fluid, particle and hybrid particle-fluid. Despite
significant progress in modeling Hall thrusters, many key issues remain still unresolved that limits applicability and
practical usage of the modeling in general. Among others, this list includes the electron transport mechanism across
the magnetic field, wall interactions, and plume divergence mechanism. Many similar assumptions are employed in
these different models, thus advancing some of the basic formulation in the framework of any existing model will
help general advancement of all modeling. In this paper we improve several aspects for any model using a twodimensional fluid formulation and describe several directions in which the current state-of-the-art can be advanced.

The magnetic field distribution is extremely important in Hall thrusters since the electric potential is governed by the
magnetic field so that equipotential contours tend to line up with the magnetic field lines.15 Indeed, with a correction
of a logarithmic factor due to the possible density variation along the magnetic field, this is the case in most
conventional Hall thruster channels.16,17 In addition, it was recently shown that the electric potential may deviate
from the thermalized potential due to radial gradients of magnetic field and electron temperature.10,18 Other factors,
such as segmented electrodes, can also affect the potential distribution inside the channel.19 Understanding the
coupling between the potential and magnetic field distributions has tremendous implication for our understanding of
Hall thruster operation and may help to formulate any Hall thruster model. Current state-of-the-art Hall thruster
models rely on certain assumptions about the potential distribution and therefore most predictions are limited to
simplified cases.

In this paper, we attempt to develop a more general formulation for the potential distribution in a Hall thruster taking
into account the magnetic mirror effect on the electron dynamics. Two related effects are considered, namely, the
effect of the magnetic field gradient on the presheath structure in the 1D radial presheath formulation, and
dependence of the 2D potential distribution in the Hall thruster channel on the magnetic field gradient. In addition, a
new formulation of the original near-wall conductivity model that takes into account an axial electric field in the
sheath will be presented. It will be shown that under certain conditions, i.e. small ratio of the secondary electron
temperature to the bulk electron temperature, the near wall conductivity can be significantly enhanced.

II.

Magnetic mirror effects

We start by formulating a model of the plasma flow between two dielectric walls for a Hall thruster taking into
account magnetic field variation in the radial direction as shown schematically in Fig.1. We consider the magnetic
mirror effect by taking into account only the radial component of the magnetic field.
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Figure 1. Schematic of the Hall thruster. In the enlarged area the simplified magnetic field geometry is
shown.
Increase of the magnetic field magnitude from the channel centerline towards the wall leads to an additional force
that acts on the electrons. Let us consider a weakly divergent magnetic field, i.e radial magnetic field variation along
r independent of z as shown schematically in Fig. 1. In this case, the adiabatic invariant is conserved along the
magnetic field that leads to the so-called magnetic mirror effect. Under these conditions it is simple to show that the
additional force acting on the electrons depends on the electron energy.20 In this case the electron momentum
equation along the magnetic field in the absence of current along the magnetic field can be written as follows:

0 = en∇ϕ − nkTe

1
∇B − ∇(nkTe )
B

(1)

where n is the electron density, ϕ is the potential, B is the magnetic field, and Te is the electron temperature. In the
case of small density gradient, the potential drop is such that the potential is more positive in the high magnetic field
region21

ϕ max − ϕ min =

kTe Bmax
ln
e
Bmin

(2)

Based on this effect a so-called End-Hall ion source was developed.20 Let us start from analysis of the quasi-neutral
plasma (presheath) problem in the Hall thruster. It was shown previously that the presheath scale length becomes
comparable to the channel width under typical conditions of the Hall thruster plasma flow.8 Thus, a model for the
quasi-neutral plasma region is extended up to the sheath edge in order to provide boundary conditions at the plasma-
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sheath interface as shown in Fig. 1. In this model, we will consider a 1D presheath structure in the radial direction
between the plasma bulk and the dielectric wall.

The presheath model is based on the assumption that the quasi-neutral region length (i.e. the channel width, Fig. 1)
is much larger than the Debye radius and therefore we will assume Zini=ne=n, where Zi is the ion mean charge, ni is
the ion density and ne is the electron density. For simplicity, only single charge ions are considered in this paper (Zi =
1). A condition that the magnetic field has only a radial component, Br = B, is imposed. In the hydrodynamic model
it is additionally assumed: (i) the system reaches a steady state, (ii) the electron component is not inertial, i.e.
(Ve∇)•Ve=0, (iii) ionization is neglected. Under these assumptions, the following system of equations describes the
ion component of the quasi-neutral plasma:

nmi (Vi ∇)Vi = enE − ∇Pi − nmiViν c

(3)

∇(nVi ) = 0

(4)

where Pi is the ion pressure and νc is the total ion collision frequency. By combining Eqs. 1,3,4 one can obtain the
equation for the ion velocity in the presheath:

(V −

C s2 dV
kT 1 dB
)
= −ν cV − e
V dr
mi B dr

where Cs is the Bohm velocity, C s =

(5)

kTe
. Along the magnetic field, the equation for the potential distribution
mi

reads:

0=

dϕ kTe dB kTe dn
−
−
dr eB dr en dr

(6)

We use the following normalized variables: u=V/Cs, φ=eϕ/kTe, α=νcρe/Cs, ρe.=meCs/(eB), χ=r/ρe. After
normalization, the system of equations will have the following form:

d ln B
1 − u 2 du
= αu +
dχ
u dχ

(7)

dφ d ln B d ln n
=
+
dχ
dχ
dχ

(8)
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In the solution of the system of equations (7-8), the plasma cannot overcome the ion sound speed as follows from
Eq. 7. Therefore, the system of equations (7-8) determines the plasma parameter distribution in the presheath up
until the presheath-sheath interface.

The potential distribution in the presheath is shown in Fig. 2 with magnetic field gradient as a parameter. One can
see that the potential drop in the presheath decreases with increased magnetic field gradient. For instance when

1 dB
increases from 0 to 0.5 the potential drop decreases by a factor of 2. In addition, the length of the presheath
B dχ
decreases with increase of the magnetic field gradient as shown in Fig. 2.
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Figure 2. Potential distribution in the presheath.

It is important to note that the potential distribution along the magnetic field can be determined from Eq. 6. This is
the generalized form of the so-called “thermalized” potential introduced by Morozov.14,15 It is important to
understand how the magnetic field gradient affects the potential distribution along the magnetic field, since it
directly affects the ion dynamics in the Hall thruster channel.

In order to study this effect, we use a two-dimensional model of the plasma flow in a Hall thruster described
elsewhere8 and having the following features. A hydrodynamic model is employed in a 2-D domain assuming that
the system reaches a steady state. In order to simplify the problem without missing the major physical effects, we
consider one-dimensional flow of the neutrals. The momentum and mass conservation equations for ions and
neutrals and energy balance are considered. Electron conductivity is specified to be governed by Bohm type
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anomalous conductivity across the magnetic field.8 We modified this model by taking into account the magnetic
field gradient along the magnetic field. In this case the 2D potential distribution is calculated according to Eq. 6.

Figure 3. 2D potential distribution in the Hall thruster channel. L is the length of the Hall thruster channel. a)
Bw/Bo=1; b) Bw/Bo=2.5; c) Bw/Bo=6;

Calculated 2D potential distribution in the Hall thruster channel is shown in Fig.3 with magnetic mirror ratio (ratio
of the magnetic field near the wall to the magnetic field in the center of channel, Bw/Bo) as a parameter. One can see
that the magnetic field gradient significantly affects the potential distribution. A higher magnetic field gradient leads
to more positive potential in the high magnetic field region. In turn, this changes the shape of the equipotential lines.
Usually, the magnetic mirror ratio is about 2-3 (Refs. 2,3). However taking into account the concave shape of the
magnetic field (i.e. extending our consideration beyond the simplified case with only radial magnetic field
component) the magnetic mirror ratio can be up to 6 along a magnetic field line.2,3 It should be noted that a high
magnetic mirror ratio leads to a concave potential profile even in the case of a perfectly radial magnetic field.

In addition, a model of the plasma flow in a Hall thruster channel was developed that takes into account the twodimensional current conservation effect and relies on some experimental input parameters, such as magnetic field
and electron temperature distribution.10

The model was an attempt to explain the experimentally found non-

uniform potential distribution across the thruster channel. This effect was explained by the change of the electron
mobility across a magnetic field due to the magnetic field gradient and due to the electron current along the
magnetic field driven by the electron temperature gradient.10

In the next section, the electron transport mechanism in Hall thrusters is studied. A new formulation for near-wall
conductivity is proposed that takes into account details of the near wall sheath.
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III.

Near-wall conductivity

The idea of near wall conductivity (NWC) stems from the fact that typically, in the Hall thruster channel, the mean
free path for electron neutral collisions is about 1 m, while the distance between walls is about 1 cm. Therefore
electron collisions with the wall happen much more often than collisions with neutral particles (the same conclusion
is true for electron–ion collisions, electron-electron collisions since ionization degree is about 0.01 or less). Without
the presence of the axial electric field,electron reflection in the sheath is mirror-type and therefore cannot contribute
to the conductivity. This makes the axial electric field one of the most important factors in determining the electron
transport.

Figure 4. Schematic of electron interactions in the sheath

Possible electron trajectories in the sheath near the dielectric are shown schematically in Fig.4 dependent on the
initial velocity at the sheath edge. Two electron populations exist dependent on the electron energy distribution
function and sheath potential drop. Reflected electrons are the low energy population of the energy distribution
having energy smaller than the potential drop in the sheath. On the other hand, energetic electrons transit through the
sheath and collide with the wall thus leading to secondary electron emission (SEE) as shown schematically in Fig.4.
For typical Hall thruster parameters (electron temperature 20-30 eV, wall material is boron nitride) the SEE
coefficient is about 1. Therefore, the sheath reaches the space charge saturated regime associated with a nonmonotonic potential profile. In this case, the sheath voltage drop Uw is relatively small and is about Te. [22] In this
case, the fraction of electron current colliding with the wall is large. One should therefore consider the SEE effect on
the transport across the magnetic field. SEE electrons have an angular distribution that depends on the energy of the
primary electrons and angle of incidence. In the presence of the axial electric field in the sheath, the SEE angular
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distribution should change so that electrons would have some preferable injection in the direction of the electric
field. This effect should also contribute to electron transport across the magnetic field. The frequency of electron
collisions with walls can be estimated as:

ν ew = na < σVe > ~ < Ve > / h

(9)

where <Ve> is the average electron velocity and h is the distance between walls. Previously, Baranov et al.23
proposed to take into account that only a fraction of electrons will collide with walls due to reflection in the sheath,
i.e

ν ew =

⎛ ∆ϕ y
〈Ve 〉
exp⎜⎜ −
h
⎝ Te

⎞
⎟⎟
⎠

(10)

However, taking into account that electron reflection from the sheath boundary can also contribute to the near-wall
conductivity (as will be shown below), one can conclude that the collision frequency should be close to <Ve> /h. In
the next section, we describe the model of the near-wall conductivity taking into account details of electron
interactions in the sheath.

IV. Analysis of the near-wall conductivity in a Hall thruster channel

If the mean free path in the Hall thruster channel is much larger than the channel width, as happens typically in Hall
thrusters, the electron collisions with the channel wall start to play a significant role. Morozov developed a model
that calculates the near-wall current.24 The method consists in solving equations for integrals of motion for electrons
in a collisionless approach. The electron distribution function at the wall was chosen to be Maxwellian. The model
was further developed over the last decades.25,26 Recently, a new formulation of the NWC problem based on
Morozov’s approach was proposed27 taking into account ion neutralization near the dielectric wall. It was shown that
the resulting NWC current contains a correction factor and permits better quantitative agreement with experiment.
Indeed, recent two-dimensional simulations of the ion dynamics in the Hall thruster demonstrated a significant effect
of the ion neutralization near the walls.28

Phenomenologically, the NWC is the result of electron collisions with walls and consequent cycloidal motion along
the magnetic field. Spatially oscillating currents is the essence of the NWC. Electrons reflecting from the wall are
not monoenergetic and therefore the resulting current oscillation will rapidly decay with distance from the wall with
most electron current concentration in the near wall region giving the appropriate name for this effect, near wall
conductivity.

However, we want to point out an additional important effect that was not considered. Secondary electrons interact
with electric fields (both axial and radial) in the sheath and thus their energy distribution function (EDF) is modified.
In this section, the NWC problem taking into account this effect is formulated. It should be pointed out that EDF
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modification due to the radial electric field was very recently considered using a similar formalism. We adopt the
mathematical description proposed originally by Morozov23. The present model is based on the following
assumptions:
a)

plasma properties are spatially uniform

b) The EDF of the secondary electrons is Maxwellian with temperature Tw which is different from the bulk
electron temperature Te.
c)

Electrons are accelerated in the sheath by potential drops ∆ϕz and ∆ϕy in both axial and radial directions.

Let us describe the NWC mechanism taking into account SEE. The main idea is that the distribution function of the
emitted electrons is shifted by the electric field in the sheath. Since both axial and radial electric fields are present,
the distribution function is shifted in both directions and the EDF is centered along the direction of the electric field.
The electron dynamics can be fully described by the collisionless kinetic equation for distribution function f(t,r,V):

∂f
∂f e
∂f
+V
− ( E + V × B)
=0
∂t
∂r m
∂v

(11)

where E is the electric field, B is the magnetic field. The following distribution function of the emitted electrons
from the wall is assumed [23]:

f ( v ) = n0 (

m 3/ 2
mV 2
) exp(−
)
2πkTw
2kTw

(12)

where no is the electron density, Tw is the temperature of emitted electrons, which is unknown and remains a free
parameter of the problem. Further consideration is based on the fact that the distribution function is constant along
the characteristics, which are the equation of motion for electrons.[23] Assuming constant electric and magnetic
field, the solution of the equation of motion is the electron drift with constant velocity E/B along the x-axis and
cyclotron rotation. Let us use the following variables

VE =

Ez
m
; dw =
;
B
2kTw

We take into account that typically, in Hall thrusters, the electron Larmor radius is much larger than the Debye
length. Therefore, we neglect effect of the magnetic field in the sheath. The equations of motion for the electron
(characteristics) have the following form:

dV x
= −ωV z
dt

dV y
dt

(13)

=0

(14)

dVz
eE
= − z + ωV x
dt
m

(15)
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where ω is the electron cyclotron frequency. Using the above assumptions and conditions one can integrate the
equation for characteristics:

Vez = (Vex − VE ) sin(ωt ) + Vezo cos(ωt )

(16)

Vex = V E + (Vex − VE ) cos(ωt ) − Vezo sin(ωt )

(17)

o

o

Vey = Vey0 +

2e∆ϕ y

(18)

m

where Vex0 , Vez0 , Vet0 are the velocity at the wall. It was taken into account that electrons are accelerated across the
sheath having potential drop of ∆ϕy. The current density (z component) can be calculated as follows:
∞ ∞ ∞

jez =

∫ ∫ ∫ f (v)V dV dV dV
z

x

z

(19)

y

− ∞α y α z

where

αy =

2e∆ϕ y

and

m

2e∆ϕ z
. Now we substitute velocity components according to equation of
m

αz =

characteristics (Eq.16-18). In this case, one can arrive at the following expression for the electron current density:

jew

E⎛ m ⎞
⎟
= n0 ⎜⎜
B ⎝ 2πkTw ⎟⎠

1/ 2

e∆ϕ y
e∆ϕ z
exp(
) exp(
)
kTw
kTw

∞

mV y2

∫ exp( − 2πkT

2 e∆ϕ y

w

) sin(ω

y
)dV y (20)
Vy

m

Let us introduce the following new variables:

α=

Vy
2kTw
m

and s =

ωy

. In this case the a new function can be introduced which is the integral in Eq.

2kTw
α
m

20
∞

Q( s ) =

∫ exp( − α

2 e∆ϕ y

2

s
) sin( )dα

α

(21)

m

where s is the non-dimensional distance from the wall (y direction) and the function Q(s) determines the current
distribution as a function of that distance. In essence, this function is similar to one introduced originally by
Morozov23 with one exception, i.e. the potential drop in the sheath is taken into account. In that sense, the present
approach is similar to recent work of Barral et al.29. The difference is that, in addition, we take into account electron
acceleration in the sheath along the axial electric field component. The current density due to NWC can be
expressed as follows:
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1/ 2

jew

E⎛ m ⎞
⎟
= n0 ⎜⎜
B ⎝ 2πkTw ⎟⎠

exp(

e∆ϕ y
e∆ϕ z
) exp(
) × Q( s )
kTw
kTw

(22)

One can see that the function Q(s) provides the dependence of the current density on the distance from the wall.
The calculated dependence of Q(s) is shown in Fig. 5.
∆ϕy/Tw=0
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Fig. 5. Calculated function Q(s) as a distance from the wall with sheath potential drop as a parameter
One can see that current is concentrated near the wall in the simplest case of ∆ϕy=0. This case corresponds to
Morozov’s original solution [23]. One can see that, generally, the sheath voltage leads to decreased current
concentration near the wall and to more uniform current distribution across the channel between the two walls. This
was a reason that led some authors to conclude that NWC may be a misnomer [28].

However it was indicated by some authors that in this formulation, the NWC current underpredicts the measured
values [26]. Below we will consider additional an effect associated with electron interactions in the sheath that lead
to enhancement of the NWC current density. The main idea is that the electric field along the wall can affect the
near-wall current by producing an additional velocity shift in the axial direction. Typically in the Hall thruster
channel the axial electric field is Ez=2-3x104 V/m, which is smaller than the typical radial electric field in the sheath.
However it will be shown that in some cases the axial electric field can be an important factor contributing to NWC.

11
The 29th International Electric Propulsion Conference, Princeton University,
October 31 – November 4, 2005

⎛ ∆ϕ z
⎝ Tw

The current density increases by a factor of exp⎜⎜

⎞
⎟⎟ as can be seen from Eq.20 in which we have to know the
⎠

potential drop ∆ϕz in the axial direction. In order to estimate the effective potential drop in the axial direction, let us
consider in some detail the electron motion in the sheath. It was stated above that typically, in a Hall thruster
acceleration channel, the saturated space charge sheath occurs.30 In this case, the potential distribution in the sheath
has a minimum. In the location of the minimum, the corresponding (y) component of the electric field is zero. On
the other hand, there is an axial electric field component which arises from the axial potential distribution in the
plasma bulk. The presence of the axial component was discussed previously.31 It was suggested that the electric field
along the dielectric is close to the electric field in the plasma bulk due to high dielectric strength of the wall material.
The potential distribution in the axial direction can be obtained from the electron momentum equation as

ϕ z = zE z = E z2

y
Ey

(23)

The total potential drop that electrons are experiencing while being in the sheath can be estimated as follows:

∆ϕ z = E

y max

2
z

∫

ymin

L
dy
≈ E z2 D
E y ( y)
Ey

(24)

In the last expression, it was assumed that the sheath thickness is about Debye length. However, since the space
charge limited sheath is considered, the electric field is not uniform in the y direction. The largest influence of the
axial electric field is near the potential well, since typically the electric field in the y direction is much larger than in
z, i.e. Ey/Ez>>1, except near the potential well where Ey/Ez ≤ 1. The spatial extension of the potential well is about
Debye length LD (Ref.32). Thus, the potential drop can be estimated with satisfactory accuracy as

∆ϕ z ≈ E z LD

(25)

⎛ E z LD
⎝ Tw

Taking Eq. 25 into account, one can estimate the NWC current enhancement ( exp⎜⎜

⎞
⎟⎟ ), which depends on
⎠

the bulk to wall electron temperature ratio as shown in Fig. 6. In typical conditions in the Hall thruster channel, we
can find that this factor may be about 10.
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Figure 6. Enhancement of the NWC by axial electric field effect. The typical conditions are considered:
Ez=3x104 V/m; no=1017 m-3.
If we take into account possible enhancement factor due to axial electric field in the sheath, the predicted NWC
current will be close to that experimentally measured.[26] Thus it can be concluded that, in general, NWC can
explain the high electron mobility in a Hall thruster. However, it is quite interesting to point out that higher NWC
current is expected in the case of small Tw as follows from Fig. 6. On the other hand, according to this model
prediction, this is the case in which NWC current is not decaying from the wall as shown in Fig. 6, thus putting a
question mark on the near wall nature of the current. Bearing this in mind, we can conclude that the full picture of
electron transport in the Hall thruster is far from completion and further investigation is needed. One approach
would be to use more detailed analysis of the plasma instabilities with application to a specific thruster
configuration.

IV.

Conclusions

In this paper, we considered an effect of the magnetic mirror on several aspects of the plasma flow in a Hall thruster
channel. The magnetic field gradient affects several important flow characteristics, such as the radial presheath
potential drop, the presheath length, and the two-dimensional potential shape in the channel. In particular, it was
shown that a concave shape of the potential can be obtained even in the case of a primarily radial magnetic field.
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This effect is important for ion dynamics since ions follow the electric field in the absence of collisions as happens
typically in the acceleration region. Consideration of the magnetic field gradient in the model formulation represents
an important departure from the current state –of-the-art modeling level for Hall thrusters.

A new formulation of the original near-wall conductivity model that takes into account an axial electric field in the
sheath was presented. It was shown that under certain conditions, i.e. small ratio of the secondary electron
temperature to the bulk electron temperature, the near wall conductivity can be significantly enhanced.
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