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Abstract: Analyzing the unmagnetized ionization region in the Hall thruster, we demon-
strate the decrease of the propellant utilization with the decrease of the mass flow rate.
Inceasing the length of the ionization region improves the propellant utilization up to some
limit. The alternative way of increasing this utilization by increasing the intensity of the
magnetic field in the ionization region is shown to be accompanied by an undesirable in-
crease of the plume divergence. To prevent this divergence increase, a configuration in
which the magnetic field reverses its direction at the boundary between the ionization and
the acceleration regions is proposed. It is shown how to design the magnetic field so that
the ionization layer is positioned where the magnetic field vanishes.

Nomenclature
m = atom mass
v = ion flow velocity
n = plasma density
T = electron temperature
Ve = electron flow velocity
Ng = neutral-gas density
Vg = neutral-gas flow velocity
o = ionization cross section
Q€ = ionization energy cost
e = elementary charge
10) = electrostatic potential
m = propellant mass flow rate
S = channel cross-section
c = ion sound velocity
M = Mach number
Lion = length of the ionization region
Nion = ionization mean-free-path
v = particle radial-loss frequency
N, = propellant utilization
Tout;Tin = channel outer, inner radius
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I. Introduction

Two of the main difficulties in the employment of Hall thrusters' for space propulsion are the decrease
of the propellant utilization at low power and the large plume divergence. The low power Hall thruster
usually operates with a lower mass flow rate of the propellant. We present a model that shows the decrease
of propellant utilization in this case. Since the magnetic field is often weak near the anode, we model the
plasma in the ionization region as unmagnetized. This modelling is presented in Sec. II. A way to increase
the propellant utilization that is often considered, is to increase the ionizing-electrons residence time in the
ionization region, by increasing the intensity of the magnetic field there. Employing our previous analysis,?
we show that such an increase, achieved by flattening the profile of the magnetic field, should be accompanied
by an increased plume divergence. To avoid this divergence increase, we propose a configuration in which
the magnetic field reverses its direction at the boundary between the ionization and the acceleration regions.
If the ionization layer is located where the magnetic field is zero, the plume divergence due to magnetic-
field curvature should be minimal.? This analysis of the plume divergence due to magnetic-field curvature is
presented in Sec. III. First experiments stimulated by this suggestion are presented in another paper in this
conference.? In Sec. IV we present a modified version of our previous model of the flow in the Hall thruster,*
which we use for designing a configuration such that the ionization layer is positioned at the minimum of
the magnetic field intensity.

II. The propellant utilization

We assume the magnetic field in the ionization region near the anode to be so weak that the electrons
are unmagnetized. Momentum balance yields

mnv? +nT = const. (1)

Here m, n, and v are the ion mass, density, and velocity, and T is the electron temperature. The continuity

equation is
d d d

() = ——(nwe) = — = (nava) = fnan — vin, (2)

where 8 = (ovs), o being the ionization cross-section and the notation () represents averaging over the
distribution function of vy, the electron velocity. Also, v, is the electron flow velocity, and n, and v, are
the density and flow velocity of the neutral gas. The last term on the right hand side (RHS) of the equation
represents wall losses, v; = 2¢/ (rout — Tin), Where ¢ is the sound velocity and 7., and 74, the outer and
inner channel radii. Combining the two equations we obtain:

(T — mv2) dv
- — . 3
= [/ ()] (m2 T} dz e~V 3)
This equation has to be complemented with an energy equation:
d 5 do
@ 2 )| = - 4
P [nve <2T + azelﬂ env, 1 (4)

where «;€; is the energy cost for ionization, e the elementary charge, and ¢ the electrostatic potential. Here
we neglected the radial energy losses. Most of the potential drops across the acceleration region, while the
current is large in the ionization region. We assume that most of the work by the electric field is done on
the electrons in the acceleration region. We neglect the work of the electric field in the ionization region,
omit the term on the RHS of Eq. 4, and write

5
NV, (2T + aiei> = const. (5)

An additional relation is

(nv 4+ ngu,)S = ' ) (6)
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Figure 1. The propellant utilization as a function of normalized mass flow rate, for various values of the
normalized length of the ionization region, L;,,/)\;, which is also the ratio of the channel wall-area to channel
cross-section.

where m is the mass flow rate and S the channel cross-section. We assume that v, is uniform in the channel
and therefore Eq. (6) determines the value of the varying neutral density n, along the channel as a function
of the varying ion flux density nv. One final relation is for the discharge current density jp = e (nv — nv,.).

Although the decrease of the electron temperature along the ionization region is important in determining
the ionization balance, we assume, for simplicity, that T is constant. The governing equation becomes

dM 1 A 2,
1—-M?) — = 1- 22 ) M2 41— —= M. 7
( ) dz Aion ( Al ) |: * (1 - )\ion/)\l) ( )
Here ¢ = /T /m, M = v/c, and n,,, = (nv), Sm/m is the propellant ionization. Here (nv), is the ion flux

density at the thruster exit, assumed to be the same as at the sonic plane at the end of the ionization region.
Also, Ajon = mSv,ce/frin and A\ = ¢/v; = (Tout — Tin) /2. Solving the last equation, we obtain the profile of
the velocity:

M — — 1 Aion
fonln(M2+17277M’)+2\/17772 arctan | ———" | — arctan [ —2— || = <1 >z
\/ 1-— 1’}2 1-— 772 /\ion /\l

Here n =1,/ (1 — Xion/A1).
we obtain a relation between the parameters by subtracting the values of the last equation for M =1
and M = —1.

1 /1— /1 Lion { N
—2+nln (ljz> +2y1—n? (arctan ﬁ + arctan 1J_FZ) = hy <)\w'n — 1) . 9)

Assuming that the temperature T" and the length of the ionization region L;,,, are specified, we show in Fig. 1
7,, as a function of the normalized mass flow rate A\;/ Ao for several values of Lion /A1 = 2Lion/ (Tout — Tin),
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the normalized length of the ionization region. The parameter L;,,/\; equals the ratio of the channel wall

area to channel cross-section. These results explain the experimental findings,® that one can compensate for

the decrease in propellant utilization due to a decrease of mass flow rate by increasing the channel length,

and confirm the suggestion that wall losses could limit this compensation.® We note that in our model we

have made the simplifying assumptions of specified electron temperature and length of the ionization region.
From the last relation we obtain a condition for plasma existence

Lion )\l Lion Lion
—1 -2 — —2. 10
)\l (Aion > - or )\ion )\l - ( )

This shows that one can retain a high propellant utilization by increasing L;,, while \;,, increases. However,
the accompanyng increase of L;,, /\; imposes a limit. A different way to avoid the decrease of the propellant
utilization is to reduce electron mobility towards the anode by flattening the magnetic field profile so that
the intensity of the magnetic field is increased there. Such a flattened magnetic field profile however, is
expected to have an undesirable effect, an increase of the plume divergence. We discuss this effect on the
plume divergence in the next section.

III. Magnetic field curvature and plume divergence

The focusing effect of the magnetic field curvature on the plasma flow has been long recognized and
configurations are designed in an attempt to take advantage of this effect.®=® In Ref. 2 we presented a
simple analytical description of this focusing effect. We derived an expression for the radial (denoted as x)
velocity of the ions as they reach the cathode:

. L
= -0l | wee OBz ;. (11)
mj; peak vB, 0z

In this expression, obtained within the paraxial approximation, x (z) = z( is the approximately constant
radial coordinate of the ions along their trajectory and zpcqr is the location of the ionization layer. Also,
B, (z) is the intensity of the radial magnetic field, v the electron collisionality, wee = eB,/me, me the

electron mass, j. = —env, and j; = env assumed constant in the acceleration region. Momentum balance,
in which plasma thrust results from magnetic-field pressure, yields
L 2
m w
vy = — / Je—=dz. (12)
MJi Jzpear Y

The divergence angle is therefore

o S5 Gew?, /vBy) (0B,/07) dz (13)
v _ |
v 0 S5 s, /)

We showed that when, as often it is assumed, the electron anomalous collisionality is v = v (B), as in
the case of Bohm diffusion, the last expression can be written as

B, (L)
Yz = —X me(zpeak)(wge/VBw)dBw (14)
— — 40 .
vo JE (W)

The net effect is divergence, if ions are born in the magnetized region while the cathode is localized outside
the magnetized region, B, (L) = 0.
Incidentally, if we assume further that the Hall parameter w.. /v is constant, the divergence angle becomes:
vy a(B;—By) aB

w o (A-4) " LB "

Here B is the average value of the magnetic field, B; and By and A; and Ay are values of the magnetic field
and of the vector potential at the beginning and at the end of the acceleration channel, a is half the distance
between the inner and outer walls, and we assume that By = 0.
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From the last equation it is clear that to the lowest order the plasma lens is symmetrical. Zero divergence
angle is obtained if B; = By. In particular, if the cathode is located outside of the magnetic field, B, (L) = 0,
the ionization layer should also be positioned outside the magnetic field at the anode side. However, this
contradicts the need to have a nonzero magnetic field near the anode for ionization improvement. We
propose, therefore, to employ a configuration in which the magnetic field reverses its direcion near the anode
and to force the ionization layer to be positioned at the zero of this cusp configuration. Such a configuration
should help in both increasing the ionization and reducing the plume divergence.

Configurations in which the magnetic field reverses its direction have been investigated. The above
analysis seems to explain certain observed improvement of performance.%”

The question arises how to determine the position of the ionization layer for specified parameters of the
Hall thruster. This is analyzed in the next section.

IV. The acceleration region

The structure of the flow in the Hall thruster includes an ionization layer, an acceleraion region and a
backflow region. This structure was first suggested in Ref. 9. A numerical description of the flow that
exhibited this structure as well as various analytical relations between the parameters was first presented in
a theoretical model by Ahedo et al.'® We derived a model that enables one to determine analytically the
flow structure in the regime of intense ionization at a narrow layer.* The existence of a backflow region and
an anode sheath in certain conditions was recently questioned.!!~13 We restrict this analysis to the case that
a backflow region does exist.

We use a simplified and somewhat modified version of our model.# In the acceleration region

5
iaT = eo, (16)

where « is a parameter that expresses electron losses. Such a linear dependence of the temperature on the
potential has been suggested theoretically in the past.!* Although a modified dependence that results from
secondary electron emission was also considered,'® we use here this linear dependence of the temperature on
the potential that also has been experimentally observed.'® When the electron energy is only affected by the
electric-field work, o = 1. The electron temperature in the Hall thruster that was found to vary linearly with
the potential'® did not seem to follow Eq. (16) with a = 1. Whether due to a certain amount of ionization!”
or to other reason, I assume the form (16), in which « > 1 expresses a certain amount of electron energy
losses in the ionization region.
At the sonic transition (which is different from the isothermal case of Sec. II):

m;v> 5
s =21, 1
2 6 (17)
and therefore
3 €¢A
Ty=——77-—"°"——. 18
10 (1/4 + 3a/4) (18)
Assuming an intense full ionization,'%* we write
ns (m;v} + T), = (nT) pear (19)
and also nsvs = m/Sm. We therefore obtain:
8 m
T = ———1p. 20
D pea = 577530 5 (20)

Momentum balance across the acceleration region yields:

8 m Me L
- ——— ) —vp = —4, dzvy . 21
( 5%1—1—304) 5V ejc/z 2v4 (21)

peak
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Figure 2. Reversing-direction magnetic-field profiles for various values of the maximal normalized electron
temperature 1/a = 5Tmax/2e¢ 4, designed so that the ionization layer is positioned at the zero of the magnetic
field.

Here vq = w?, /v and j.c is the constant electron current in the acceleration region. Similarly, through
momentum balance across the magnetized backflow region, we obtain

8
5v 1+ 3«

Here j. 4 is the constant electron current in the backflow region. This picture of a substantial magnetic-field
pressure across the thruster channel and a narrow current layer is different from the broad unmagnetized
layer analyzed in Sec. II.

For the energy balance in the ionization region (ionizations layer and backflow region) we assume the
same form as in Sec. II (5)

s Zpeak
%vo = % jeA/O dzvg. (22)

(Oéd)A + aiel—) = _JeeA Q€5 (23)

) e
NV, (T + aiei> = Jec
2 e

4

This simplified version of the more rigorous energy relations® is a reasonable approximation. From the last

three relations we obtain

(24)

Zpeak 1 L
devy = | d
/0 T 5T+ 3a/8 — 1) aedafaue; + 5y/I T 30/8 /0 v

This relation determines the location of the ionization layer. We assume anomalous electron collisionality
such that v is proportional to w... Then v, is proportional to |B].

We show how we design a thruster with a cusp configuration so that the ionization layer be located at
the plane (in the 1D picture) of zero magnetic field. We assume a magnetic field of the form:

B, = —Bysin [(71’ +p) (% — 1)} , (25)
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where for a cusp configuration 0 < p < 7/2. The magnetic field reverses its direction at zo/L = p/ (7 + p).
In order that zy = zpeqr We require that

1+cos(m+p) 1 (26)
34cos(m+p)  (5V/I+3a/8— 1) aep,/aie; + 51+ 3a/8

Figure 2 shows the magnetic field profles calculated from the last equation for three different values of
1/a. The value of « determines the maximal electron temperature in the channel through Thax/ep, =
2/ (5a). The last relation determines the value of p and therefore the presented magnetic-field profile. In
the calculation we assumed o;e;/e¢p, = 0.1.
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