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The low frequency longitudinal mode of Hall thrusters is investigated using both a linear
perturbation model and a non-linear model. Parametric investigations led with the linear
model allow to identify the influence of some key parameters such as the magnetic field
strength, the channel length and the discharge voltage. Various traveling and standing
waves are identified, confined to specific regions of the thruster. The non-linear model is in
turn used as a fundament for the derivation of a simplified model where only the dynamic
of electrons and neutrals are described. This simplified model indicate that the breathing
mode results from the interplay between a current instability and the axial motion of the
ionization front.

I. Introduction

The low frequency, so called breathing mode, is the longitudinal mode that is the most systematically
observed in Hall thrusters,! characterized by strong discharge current oscillations in the 10 — 30 kHz band.

Most theoretical studies performed so far have consisted in deriving classical dispersion relations applied
to gradient-induced instabilities,>* an approach that has been shown to be mathematically inconsistent.?
Despite the lack of consensus on a detailed theory, the essential role played by ionization has been ac-
knowledged by a large majority of recent numerical and theoretical studies,* 5® with the sole exception of
Ref. 9.

This paper reports a cooperative effort aimed at investigating the origin and properties of the low-
frequency mode. A linear model, based on previous work by Ahedo et al.,'® and a non-linear model are
studied. The two models use somewhat different, assumptions and highlight therefore different aspects of the
oscillation mechanism, providing at the same time useful indications about the role of various hypotheses
and equations on the oscillatory response of the discharge.

Section II introduces the linear perturbation model, which assumes Bohm-type diffusion while neglecting
wall effects. A linear stability study is performed, showing the influence of various parameters on the stability
of the mode. Section III investigates a non-linear model similar to that of Ref. 8, that is with a pressureless
Ohm’s law, an empirical wall interaction model and a simplified energy equation. Later on, a small subset
of this model is studied with the aim to identify the main processes at play.
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IT. Linear stability

A. Model formulation

This analysis is based on the models of Ahedo et al.'® and Molina at al.'! The time-dependent equations
for the quasineutral plasma (i.e. n. = n;) are

B %(nﬂ%) ni(vi — V), (1)
EY %(mv@) nl(yi Vw)? (2)
ony, 15}
o 9 (P vn) ni(Vi — V), (3)
0 0 9
g(minivi) + %(mlnml) = —em% + myn; (Von — V), (4)
o 73 0 5 - 120) /
a <§nzT5) + % <§T5n'ﬂ}5> = 1y (61}6% - VlEi - Vw5T5)7 (5)
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0~ eni 52 = () — oo, 22, (6)
v, = const. (7)

Here, m,, n, and v, (a0 = 1, e, n) are the particle mass, density and azial velocity of each species, respectively;
¢ is the electrical potential; T, is the electron temperature (in energy units); w. = eB/m. is the electron
gyrofrequency; v; = n, R;(1.) is the ionization frequency, with R;(7.) the effective ionization rate; F is the
effective ionization energy cost per ion (K] ~ 25 — 30eV for Xenon); v, represents the plasma recombination
frequency at the lateral walls; v = aanowe + Ven + Vwm, 1S the total electron collision frequency, with
contributions of anomalous diffusion, electron-neutral collisions, and wall collisionality (Vym); and vye is the
effective frequency for electron energy losses. Expressions for these magnitudes can be found in Refs. 12 and
13. Electron heat conduction is omitted in this model.

The channel area A is assumed constant, thus neglecting the plume divergence. Anode and cathode are
placed at the channel ends, 24 = 0 and zp = L. The mass flow (at the anode) is 7 = Am; (v, + nev;)
and the discharge current is Iy = Aen.(v; —v.). From Egs. (1) and (2), the discharge current is independent
of x, Id == Id(t).

We consider stationary solutions consisting of an electron-repelling anode sheath AB, of negligible thick-
ness in the quasineutral scale (zp = z4 = 0); an ion backstreaming region; the ionization region; and the
acceleration region; these are regions BD, DS, and SP, respectively, in Fig. 1 below. The sheath potential
drop, ¢sn = ¢p — da, satisfies'?

6(bsh _ lln T@B —. (8)
T.B 2 2mmevig

Since we are interested in small temporal fluctuations of stationary solutions, temporal derivatives may
be considered as small forcing terms of the spatial problem. Then, Eqs. (1)-(7) are easily manipulated to
obtain explicitly the spatial derivatives in terms of the set of plasma variables and temporal derivatives. For
instance, the explicit equation for h, =Inn, is

oh. G (9)
dz  Puv.’

with P =T, — 3mivi2/5,

2 3 yw? /3 3 N T
G = Vi gEl +T5 - gmive(2vi _vn) — U, V_e (gmivevi _Te) Vi +T5Vw5+ gmive (vihe _vi) + gTe - gTehm
and dots mean time derivatives. Hence, the spatial problem presents singular points where v; = £+/57./3m;,
that is when the isentropic Mach number for ions is equal to 1. Sonic points are regular or singular depending
on G # 0 or G = 0, respectively.14
Equations (1)-(7) require seven boundary conditions distributed between points B and P. These are:'?
(i) Eq.(8); (ii) point B is sonic, v;g = —+/5Tep/3my; (iil) a regular, forward sonic point (point S) exists

2
The 29t International Electric Propulsion Conference, Princeton University,
October 31 — November 4, 2005



200 140 400

120
150 100 300
— > g0 <
9 400 CX 2 200
@ 2 60 ©
50 40 100
20
0 0 0
0 10 20 0 10 20 0 10 20
Xx(mm) x(mm) x(mm)
10" 10% 25
o 20
10
—~ o 15
§ 10" 5 10" € 10 s
= S %
S 2 =
< fgd ) 5
10" D
0
10" 10" -5
0 10 20 0 10 20 0 10 20
Xx(mm) x(mm) x(mm)

Figure 1. Steady-state solution for V; = 308eV, i = 4.8mg/s, L., =19.77mm, B,, = 160G, L,, = 5mim, 2,,=18mm,
T.p=10eV, and v, =400 m/s. Points D and S correspond to zero and sonic ion velocity. Point B is the transition
to the anode sheath.

within the channel, which satisfies Gg = 0 and v;5 = —+/57.5/3m;; and (iv)-(vii) the mass flow 74, the
discharge voltage Vy; = ¢4 — ¢p, vy, and T.p are known. The profile of the magnetic field

B(z) = Bpexp [~(z —2m)*/L2] . (10)

with B,,, =, and L,, constant, is known too. Therefore, the plasma response in the channel depends on the
following vector of control parameters

C: [Vd7 mA7Lch7BM7LM7xM7TEP7vn]' (11)

Alternatively, the electric power Py = VI, can be imposed instead of V.

B. Linear stability analysis

Let us consider now the plasma response to a small temporal perturbation on the steady-state vector of
control parameters

() = Co+R{cre 1}, o] < (Gl

with w = wye +iw;m the (complex) frequency of the perturbation mode, and subscripts 0 and 1, representing,
for any variable, the steady-state and the perturbation terms, respectively. Within the linear approximation,
the vector of plasma variables is of the form

Y (1) = Yo(a) + R{Vi (@ w)exp(—iwt) }, Vil/|Vo] ~ |C1l/IC0). (12)

The linear equations for each perturbation mode in w are obtained from the first-order terms of the expansion
of Egs. (1)-(7) and the substitution of /9t by —iw. Like the stationary equations, the perturbation equations
can be singular at Py = 0 only. For instance, the equation for he; >~ nei/neo is

Ohe Ve P
Poveoa—gg1 =G — (ﬁ + F;) Go. (13)
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Figure 2. Solution of the dispersion relation for the case of Fig. 1. Modal frequencies are given by the
intersection of D;. =0 (solid lines) and D;;, = 0 (dashed lines).

The perturbation problem requires seven boundary conditions: (i) the perturbed anode sheath potential
is obtained from Eq. (8); (ii) in order to fulfill h.1g < heop, the singularity at point B for the perturbation
response cannot be of higher order than for the steady response, which implies that Pjg = 0; (iii) the
regularity condition at point S is . .

Gis — P1sGos/Pos = 0; (14)

and (iv)-(vii) the perturbations on control parameters are known.
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Figure 3. Influence of B,; on the first self~-mode. The remaining control parameters are as in Fig. 1. Asterisk
corresponds to the case of Fig. 1. The point marked with ’o’ corresponds to neutral instability.

The details of the numerical integration of this perturbation problem can be found in Ref. 10. Imposing
the boundary and matching conditions we obtain a matrix equation

M(w,Co)X = B(w, Cy)

where M is a square matrix, X groups the input parameters used by the integration scheme, and B depends
on the perturbations of the boundary conditions. Linear self-excited modes are solutions of the perturbation
problem for B = 0. The frequencies of the self-excited modes are the solutions of the global dispersion
relation

D(w;Cy) = 0, D =det M. (15)

The self-excited modes are unstable if w;,, > 0. Since C; = 0, subscript 0 is omitted hereafter on control
parameters.

Figure 1 shows the steady-state solution used as starting case for the rest of computations in this section.
Figure 2 plots, for that Oth order solution, the solution of the complex dispersion relation for the first three
self-excited modes. The real frequencies are 17.0 kHz, 51.9 kHz, and 88.7 kHz. Only the first mode is
unstable with a growing time of w; ' = 0.22 ms. Hence, this unstable mode seems to correspond to the
discharge oscillations or breathing mode observed experimentally.
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Figure 4. Stability regions in the parametric plane B, — L.;. The remaining control parameters are as in Fig.
1. Asterisk corresponds to neutral case of Fig. 3.
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Figure 5. Stability regions in the parametric plane B, —V,;. The remaining control parameters are as in Fig. 1.
Asterisk corresponds to neutral case of Fig. 3.

Figures 3 to 5 display results from continuation on the control parameters with the aim of identifying
the parametric threshold for stability of the above first self-mode. Starting from the case of Fig. 1, Fig. 3
displays the evolution of the frequencies of the first self-mode when the magnetic field strength is modified.
The self-mode is unstable in the range 62.2G < B,,, < 162.5G. This seems to agree with the results compiled
by Choueiri,! which show strong low-frequency discharge oscillations for an intermediate range of B,,. A
similar behavior was also found by Gascon and Dudeck.'®

Now, starting from one of the neutral stability cases of Fig. 3, figures 4 and 5 determine the stability
threshold in the parametric planes B,,-Vy and B,, — L. The stability region corresponds to high B,,, high
L., and low V. Nevertheless, notice that these trends are applicable in the threshold vicinity, since a second
stability threshold, corresponding to the second neutral case of Fig. 3 must still be computed. Gascon et
al.*® found strong oscillations for high V.

Figure 6 shows the spatial-temporal response of one neutrally-stable mode. A three-dimensional plot is
shown for n,,1/nn0. For the rest of variables we show projections of that response on the 2 — ¢ plane. These
plots are completed with Table 1, which yields the values of the maximum amplitudes of the plasma variables
for a perturbation 141/140 = € of the discharge current.

Table 1
Nt/ Mno 5.02¢
net/Meo 3.27¢
Te1/100eV 0.13¢
¢1/100V 0.17¢
v;1/(1000 km/s) 0.03¢
Ve /Ven 2.24e
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Figure 6. Spatial-temporal profiles of a neutrally-stable mode of frequency 12.5 kHz (normalized with I /I 0 =
1). Control parameters: L.;,=26.22 mm, B,, = 113G, and the remaining parameters as in Fig. 1. In the projected
profiles notice that ¢ advances from top to bottom.
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Points D (viop = 0) and S(v;0s sonic) are located at zp = 1.19mm and zs = 10.34mm. Different
traveling and standing waves are observed in the figures. Neutral perturbations form a backward traveling
waves, in the short ion backstreaming region, and are standing waves mounted on the stationary neutral
flow, in the rest of the channel. Ion perturbations of density and velocity form: backward traveling waves
in region BD: forward traveling waves in region DS, with a velocity of 200 — 250m/s, i.e. of the order of the
velocity of neutrals, v,, = 400m/s; and standing waves mounted on the stationary ion beam in region SP.
These results seem to indicate that the instability is mainly developed in the back region of the channel and
is associated to the traveling waves there. This would agree with computations made with the non linear
model of Ref. 11, where no instability were found for test cases with a totally supersonic flow (from anode
to cathode). This conclusion seems to be partially incompatible with the results of Sec. ITI, but the very
different stationary profiles suggest that a direct comparison between the two models is not straightforward.

0
T30 140 150 160 170 130 140 150 160 170
B, (G) B (G)

m m

Figure 7. Influence of neglecting temporal terms in the equation for temperature. Dashed line corresponds to
solutions without temporal terms in the equation for temperature. Remaining control parameters as in Fig. 1.

A common approximation in numerical simulations consists in neglecting the temporal terms in the energy
equations.® %1% In order to evaluate the impact of this approximation, the frequency of the first self-mode
was computed for a system where the term 07./9t was dropped. The result is compared in Fig. 7 with
the case of Fig. 3. At least for this parametric region, the instability region is reduced when no temporal
variations of 7. are omitted.

Finally, we note that for the case of Fig. 7, there exist two stationary solutions for the same vector
of control parameters in the range 165.14 G < B,, < 165.74 G, at least, and no stationary solution for
B,, > 165.74 G. Mathematically, this is due to the differential problem having conditions imposed at the
two boundaries. The consequence is that an oscillatory response is mandatory for B,, > 165.74G. This
opens a second group of oscillatory problems, vet to be investigated.
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ITI. Non-linear model

One of the first detailed account of the breathing mode instability in a numerical model was given by
Boeuf and Garrigues using a 1D hybrid description of the plasma.® Despite obvious shortcomings of the
model, such as the use of a pressureless Ohm’s law, the main features of the breathing mode were recovered.
No interpretation of its results has been given, however, beyond a factual description of the motion of the
oscillation front.

In this section, a reference case computed with a fluid model derived from that of Ref. 8 is investigated
in a first step, and compared to the results obtained with a small subset of the initial equation system where
only the dynamics of neutrals and electrons is retained. This latter, simple model, suggests in turn a physical
interpretation of the ionization instability.

A. Reference model

The reference model is a translation of the hybrid model of Ref. 8 within a fully fluid formalism,

on,, on,,
T 0, S = —R(&)nane, 1
ETR Ri(E)npn (16)
= Vs - i\Ce ) TinTle, 1
pr + B (niv;) Ri(&E)nnn (17)
9 2 ¢
o (m’bnivi) + 5= (mznﬂ}l) = _enl% + Rz(ge)nnnevru (18)
One 15}
It + % (TLEQJ@) = Ri(ge)nnn67 (19)
W2
— - elle 5—67 2
0 €N 5 — MMt o T (20)
d d 5} w
g (ne€e) + E (nevele) = enevea—j — BIRi(E)npne — VyeneEe eXp (—;—6> , (21)
Ne = Ty, (22)
v, = const (23)
where the energy of electrons & = %TE is computed from a simplified energy equation that includes a

phenomenological wall loss term with a constant electron-wall collision frequency vy.. For the sake of
simplicity, the pressure tensor for electrons is neglected in both the momentum (Ohm’s law) and energy
equations for electrons, hence the convective term in %neveTe instead of %nev@Te for energy. This equation
is in essence equivalent to the one of Ref. 8, except that it retains the temporal term and assumes a constant
ionization cost E;. Note that for the test case investigated, the temporal terms of the energy equation had
almost no impact on the solutions. Notwithstanding the use of a fluid description for ions, the remaining
equations are strictly those of the original model.

Consistently with previous notations, point A shall denote the anode (z = 0) and point P the end of the
domain (z = L). The various parameters and boundary conditions are listed below:

Ry, = 2510 Bs tm 3,
2
_ge_ i
R, = max(O7 R?;—ﬁ/>7
2.+ B
R) = 410 s 'm?
E; = 25eV,
€ = 5GV7
ew = 20eV,
Ve = 02107871
L—z\2
B - Bm _16 2
exp[ < L >
B, = 200G,
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L = 40mm,

v, = 300m- 8717
[vi]A = Up
], = 5mg-s,
el = 107m 3,
€]y = 106V,
Va=1[¢l4—[¢lp = 240V.

It can be verified that the quasi-periodic solution of this model, shown on Fig. 8, is qualitatively identical to
the results of the original hybrid model for the same conditions.® The frequency is 18.2kHz, versus 17.5 kHz
in the hybrid model.

Ny, [101° m—3) ne [10'° m~?]
200 1.50 200 2.00
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Figure 8. Quasi-periodic solution given by the reference model: density of neutrals, plasma density, electron
current, electron energy, plasma potential and discharge current. V; =240V.
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B. Simplified model
1. Governing equations

We investigate now the following subset of the former model, where only the dynamic of neutrals and
electrons is accounted for, reducing the space of variables to (7, ne, £):

any, any,
% n vna—’; = CRi(E)nmne, (24)
One 15}
ot + % (neve) = Ri(ge)nnn67 (25)
0 0 B O¢ , €w
g (ne€e) + . (nevele) = GHEQJE% — ElR;(E)nnne — vyenes €Xp <_5_e> , (26)

assuming time-independent profiles of the potential and electron axial velocity:

¢ = o

ve = Te(x)

where ¢ and @, are the stationary solutions of the model of Sec. A. The assumption on ¢ is justified in view
of the small displacement of equipotential lines with time, in comparison to the motion of the ionization
front. Assuming that v, is stationary is admittedly a strong assumption. As will be seen, however, this
approximation turns out not to be so crucial for reproducing the breathing mode, because the oscillation
mechanism appears mostly related to mass and energy transfers, while momentum equations only set the
convection velocity. The oscillation of the velocity of electrons has thus mostly an effect on the transit times
than on the magnitude of the convected mass and energy fluxes.

2. Boundary conditions

In order to close the system, we neglect the ion flow at anode (point A), so that the discharge current is
simply given by

Iy = —eAlneve], . (27)

Additionally, the quasineutrality assumption allows us to write the plasma density in the exit plane as

14

[nelp = Afor — vy’ (28)

where v, is known (imposed), while the ion exhaust velocity can be reasonably approximated by

2€Vd
ol ~ (29)
Combining Eqs (27-29), one gets:
1
[7%”6]13 = o 11 [ne”e]A7 (30)
where
2eVy
&, = [neve] 4 — [neve] p _ [Pevi] p PO L (31)
[neve] p [neve] p ve|p

is a constant representing the number of electrons (or ions) produced inside the channel for each electron
introduced at point P in the stationary case. It will be later on referred to as the stationary electron
multiplication ratio. Eq. (30) is obviously only an approximation resulting mainly from the fact that we
consider v, as stationary, but it does captures an essential mechanism of the Hall thruster discharge, inasmuch
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as the magnitude of the electron current inside the low electron mobility region (high magnetic field) can be
shown to be tightly coupled to that of the discharge current.
Summarizing, the boundary conditions of the simplified model read

[nn”n]A - mnA7 (32)
1

[nevez]p = T 11 [7157}61],47 (33)

Eelp = & (34)

n 1019 m—3
s | 1.50] 200

150

100

t [us]

50

200

z [cm]

Figure 9. Simplified model with stationary profiles of ¢(z) and v.(z): density of neutrals, plasma density,
electron current and energy of electrons. V; =240V.

3. Results and interpretation

The results obtained in the same conditions as previously with the simplified model are shown on Fig. 9.
Despite some quantitative differences regarding the amplitude of oscillations and, to a lesser extend, their
frequency (16.1 kHz instead of 18.2kHz earlier), the main features of the instability appear qualitatively
unchanged. The mechanism at play would therefore involve an interaction between neutrals and electrons,* 7
rather than an interaction between ions and neutrals.® The interpretation of the breathing mode based on
an electric field instability”? appears in any case extremely difficult to justify in the light of these results.
Phenomenological insight into the ionization instability can be obtained by analyzing the ionization
process in the stationary case. Leaving aside wall interactions, Eq. (26) raises the total ion production rate,

: P
—— S ﬁ{

k3

F ¢ P
A encvem—dr — AneveEe]y o - (35)
A ox

The total energy flux of electrons An.v.E. is typically small at point P, but amounts to [4€./e at point A. &,
at point A is usually of the order of the ionization threshold energy ¢;, which is to be compared to the total
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ionization power, typically of order I;E]/e. Assuming that ¢; < K}, we may thus also neglect the electron
energy flux An.v.E: at point A in the total energy balance to obtain the following approximate law,

AP0
Z—i ~ %?/A ne‘v@a—jdx. (36)
Physically, this approximation consists in neglecting the energy of electrons introduced by the cathode and
the energy deposited by electrons on the anode.

Eq. (36) makes it clear that ionization is enhanced when the magnitude of n.v. is already large where
—d¢/dz is large, that is, if the ionization zone is located in a high electric field region. Indeed, those
electrons resulting from ionization can then gain additional energy from the electric field, allowing in turn
more neutrals to be ionized. Such an increase in ionization efficiency is therefore not strictly a consequence
of a greater heating of each single electron, but rather proceeds from the fact that more secondary electrons
are heated. It is interesting to note that the supplemental electron Joule heating is actually drawn at the
expense of ion acceleration: the potential drop seen by ions is indeed lower when ionization takes place inside
the high electric field region. The approximation of Eq. (29) remains qualitatively valid, however, since the
ionization power involved is only of the order of I;E!/e while the ion acceleration power is of the order of
the total power, I;V};.

Having shown that the ionization efficiency strongly depends upon the location of the ionization front,
let us now examine the electron avalanche process in more details. Obviously, the total instantaneous ion
production rate is equal to the total electron production rate, that is,

The

Me

P
= A/ Ri(E)npnedx (37)
A

The instantaneous electron multiplication ratio, that is the number of electrons produced at a given instant
for each electron introduced at point P, is in turn given by

Me/Me ﬁfRi(ge)nnnedx

Aneve]p [Pete] p

Qe = (38)
Therefore, if . comes to exceed the stationary value @, the current collected at the anode (point A) grows
above the stationary value and induces via Eq. (30) a growth of the electron current at point P that further
increases ionization and the current collected at point A. In effect, the multiplication of electrons inside the
channel, together with Eq. (30), constitutes a closed loop with positive feedback, the amplification of which
is g:ﬁ For a. > a., an electron avalanche occurs that results in a backward motion of the front of neutrals,
thus displacing the ionization zone toward the region of low electric field. Eventually, «. drops below a.,
ionization rapidly slows down and the repletion of neutrals resumes until a.. crosses the threshold again. The
positive feedback instability is confirmed by synchronous plots of I; and o, on Fig. 10.

30
20
V ]
!
10 | -
O I | | | ]
91 T T T
<6f
T 3|
O [ T L L L
0 50 100 150 200
¢ [us]

Figure 10. Electron multiplication ratio a. and discharge current /; in the simplified model. It can be seen
that the slope of the discharge current is directly influenced by the crossing of the stationary multiplication
ratio a. (dashed line).
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The process involves therefore two time scales: (i) the time delay incurred by the transit of electrons to
close the feedback loop, i.e. to transmit information from the cathode (point P) to the anode (point A) and
(ii) the transit-time of neutrals, which determines the time needed to replete the channel. On the one hand,
the predator-prey mechanism suggested earlier® appears quite insightful if applied to electrons and neutrals,
at least from a qualitative point of view. On the other hand, the instability is obviously deeply affected
by the features of the positive feedback loop which in turn depend on the axial distribution of the various
plasma parameters such as the electric field, making a classical predator-prey model inapplicable.

IV. Conclusion

The results reported here are preliminary, but hopefully open the way for a better understanding of the
breathing mode.

The linear study brings the following provisional conclusions concerning the parametric behavior and the
main characteristics of the instability:

¢ The stability character of the self-modes depends on the strength of the magnetic field, with unstable
waves existing only for an intermediate range of B,,, which seems in qualitative agreement with some
experiments.

¢ The channel length discharge voltage affect the stability thresholds.

¢ Temporal terms in the energy equation for temperature should not be neglected for low magnetic fields,
since they are then of dominant order and increase the instability region.

¢ Self modes present a different behavior in the ion-backstreaming, ionization and acceleration regions.
Different traveling and standing waves coexist.

¢ Multiple stationary solutions exist for certain operation conditions, which unveils another class of
oscillatory solutions.

The non-linear model highlights in turn some key processes of the breathing mode, namely:

e The oscillation directly involves only electrons and neutrals, consistently with the conjecture formulated
by some authors,*” with a mechanism reminiscent of that of predator-prey systems.

¢ The destabilizing mechanism results from a positive feedback current loop, whereas the ionization-
induced multiplication of electrons flowing from the low mobility region generates, with some delay,
an electron current at anode (~discharge current) which itself synchronously sets the electron current
flowing in the low mobility region.

¢ The stabilizing mechanism is related to the displacement of the front of neutrals, which tends to
displace the ionization zone back or forth such as to bring the electron multiplication ratio to values
that oppose the effect of the current instability

It remains unclear, however, how the conclusions of the linear study apply to the non-linear model. Con-
versely, the mechanism suggested by the non-linear model still needs to be unambiguously identified within
the linear model. The resolution of these issues will be the object of future works, which will hopefully
eventually lead to the formulation of a simple analytical model of the breathing mode.
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