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Abstract

The parallelization and validation of an MHD code, that was developed for the simulation of propulsive
plasma flows, are described. The physical model, along with the initial and boundary conditions imposed
on the numerical solver are described. A discussion of the code structure, and a description of how it
works in a parallel computing environment, are included. The results of the simulation are compared with
experimental measurements in a self-field magnetoplasmadynamic thruster (MPDT). The simulation
depicted a number of salient features of the flowfield. With 11 processors, the parallel code obtained the
converged solution 7.5 times faster than the earlier serial code.

Nomenclature
ρ Total mass density
u Velocity of the fluid
B Magnetic induction
p, ¯̄p Gas pressure, isotropic pressure tensor
¯̄BM Maxwell stress tensor
E Electric field strength
E′ Electric field seen by the plasma
¯̄Eres Resistive diffusion tensor
E Energy density of the plasma
j Current density
kB Boltzmann’s constant
¯̄kth Thermal conductivity tensor
ke,i Electron/ion thermal conduction coefficient
me Mass of an electron
ne Electron number density
Th, Te Heavy species/electron temperature
η Resistivity

1 Introduction

The goal of this paper is to demonstrate the valid-
ity of a new parallel MHD code that was developed
by the authors, for the simulation of plasma flows
in MPD thrusters. This code, developed based on
the principles of using a conservation formulation,
with characteristics-splitting, and flux-limited anti-
diffusion to solve the governing equations, was in-
troduced by the authors in ref.[1], and is described in
detail in ref.[2]. In this paper, we focus on the de-
velopment of a parallel version of that code, and its
validation by comparing the results of its simulations
with experimental measurements.

In §2, we will describe the governing equations
and the physical models used in this simulation.
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Then, in§3 we will describe the initial and bound-
ary conditions imposed on the solver described in
ref.[2] to obtain solutions of the flowfield in self-field
magnetoplasmadynamic thrusters (MPDTs). In§4,
we will follow that with a discussion on the paral-
lel computing algorithm used, and describe the code
structure. In§5 we will look at the results from the
simulation of plasma flows in a real thruster, and
compare the results to experimental measurements.
Finally, a calculation of the speedup obtained by the
parallel code with respect to the old serial version of
the code is presented.

2 Physical Model

The governing equations for a MHD flow problem
can be written in the form [3]:

∂

∂t




ρ
ρu
B
E


+ ∇ ·




ρu
ρuu + ¯̄p− ¯̄BM

uB − Bu
(E + p)u− ¯̄BM · u


 = S. (1)

The right hand side of the equation,S, contains the
dissipative effects that are physical in nature,

S = ∇ ·




0
0

¯̄Eres

q


 . (2)

The energy equation is written in terms of the
energy density (energy per unit volume),E , which
includes the internal energy, kinetic energy and the
energy in the magnetic field.

The dissipative flux of energy,∇·q, contains the
Ohmic heating (written in terms of divergence of the
Poynting flux), and thermal conduction,

∇ · q = ∇ ·
[
B× E′

µ0
+ ¯̄kth · ∇T

]
.

In addition to the total energy equation, sepa-
rate species energy equations are needed to account
for the disparity between electron and ion tempera-
tures. The conservation relations for the internal en-

ergy density of electrons,Ee, can be written as,

∂Ee

∂t
+∇·[Eeu]+pe∇·u = ηj2−∆Ėie+∇·(ke∇Te) ,

(3)
and that of ions,Ei, as,

∂Ei

∂t
+∇·[Eiu]+pi∇·u = ∆Ėie+∇·(ki∇Ti) . (4)

In the above expressions,pe andpi are the pres-
sures of the electron and heavy species respectively,
andηj2 is the Ohmic heating term, and∆Ėie is the
energy exchange term to be discussed later.

Since experimental data suggest that the dispar-
ity between the two temperatures is less than an order
of magnitude, only one of eqns.(3) and (4) is needed.
We have verified that the internal energy of the other
species can be obtained, without significant error, by
subtraction from the total energy.

In eqns.(3) and (4), the rate of exchange of en-
ergy per unit volume between the electrons and the
ions, through collisions, can be estimated as,

∆Ėie =
3ρeνei

Mi
kB (Te − Ti) , (5)

whereρe is the electron mass density, andνei is the
average collision frequency between electrons and
ions. Energy losses due to radiation are important
in many types of plasmas. However, earlier work by
Boyle[4], Villani[5], and Bruckner[6] suggests that
the relative magnitude of this sink is not significant.
Consequently, radiation losses will be ignored in the
current model.

2.1 Ionization Processes

The plasma in a self-field, quasi-steady MPDT is
generally in a state of ionizational nonequilibrium
[7]. Though some numerical simulations (such as
refs.[8, 9]) have used finite-rate ionization models,
they do not include higher levels of ionization that
have been observed experimentally [6, 10]. In the
present work, like in refs.[11, 12], we use a multi-
level equilibrium ionization model. Although many
of these simulations depict some of the main features
of the flowfield, the validity of this assumption re-
mains to be verified. In equilibrium, irrespective of
the manner in which the species are created, the



SANKARAN, et al.: PARALLELIZATION OF AN MHD CODE 3

Table 1: Energy levels and statistical weights in argon and argon ions (obtained from refs. [13], [10] and
[14])

Ar I Ar II Ar III Ar IV

E0
l (eV) g0

l E+
l (eV) g+

l E++
l (eV) g++

l E+++
l (eV) g+++

l

0.000 1 0.059 6 0.111 29 0.000 4
11.577 8 13.476 2 1.737 6 3.478 16
11.802 4 16.420 20 4.124 2 14.671 24
13.096 24 16.702 12 14.214 6 31.133 24
13.319 12 17.177 6 17.856 1 35.568 40
14.019 48 17.688 28 17.964 10
14.242 24 18.016 6 19.460 14
14.509 24 18.300 12 20.066 1
14.690 12 18.438 10 20.222 8

densities of the electrons,ne, ions,ni, and the neu-
trals ,no, are related by the Saha[15] equation,

nine

ni−1
=

2 (2πmekBT )3/2

h3

∑
l g

i
l e

−εi
l/kBT∑

l g
i−1
l e−εi−1

l /kBT
= Ki ,

(6)
whereεil is thelth energy level of the species of ion-
ization leveli, andgi

l is the corresponding statistical
weight.

Similar expressions can be written for higher ion-
ization levels, with the energy levels scaled to a com-
mon ground. The propellant considered in this work
is argon, due to the existence of wide experimental
data with that propellant. The first, second and third
ionization potentials of argon are 15.755 eV, 27.63
eV, and 40.90 eV respectively. The relevant energy
levels of argon atom and its ions, and their statistical
weights are given in Table (1).

Even in the presence of thermal nonequilibrium
between electrons and ions, a modified Saha equa-
tion can be applicable. As shown in refs.[16] and
[17], in such situations, due to the high mobility of
the electrons, the temperature in eqn.(6) can be re-
placed with the temperature of the electron fluid, and
the resulting modified Saha equation is an accurate
model.

For a model withN levels of ionization, the
electron number density can be obtained by find-
ing the single positive root of the polynomial (from

Heiermann[18]),

nN+1
e +

N∑
l=1

[
nN−l

e (ne − lno)
l∏

m=1

Km

]
= 0 ,

whereno is the total number density of all nuclei,
and the equilibrium constant,Km is from eqn.(6).

2.2 Equation of State

For monatomic propellants, the relationship between
pressure, density and temperature is of the form[19]

p = NkBT
∂ lnQel

∂V
. (8)

The partition functions for many elements of interest
can be found in references, such as ref.[20]. Based
on this work, Choueiri[21] derived expressions to ob-
tain the temperature from pressure and density, for
argon. As shown in Fig.(1), it is clear that at temper-
atures above104K, the deviations from the ideal gas
model are significant.
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Figure 1: Deviation from ideal gas behavior for argon
(calculated from data in ref.[20])

As energy is deposited into the internal modes,
the ratio of specific heats also changes. Once again,
this can be calculated from the partition functions.
As seen in Fig.(2), the deviation from the ideal value
of 5/3 is severe at temperatures above104K, which
is consistent with Fig.(1).

Figure 2: Variation of the ratio of specific heats for
argon (calculated from data in ref.[20])

2.3 Transport Phenomena

The transport coefficients in our model are electron
and ion thermal conduction, classical electrical re-
sistivity with Hall effect and∇p effects, and anoma-
lous transport due to momentum exchange between

microinstability induced waves and particles in the
plasma. Effects of viscosity are not currently in our
model. Detailed expressions for these coefficients
will be given below.

2.3.1 Classical Transport

Our method for the calculation of classical trans-
port coefficients relies on momentum transfer dur-
ing elastic collisions. The energy-weighted average
of the momentum transfer collision frequency be-
tween the electrons and speciess, is given by (cf.
refs.[22, 18]),

νes = nsQes

√
8kBTe

πme
. (9)

If the species in consideration is an ion of chargeq,
then,

Qeq =
π

4

(
Zqe

2

4πεokBTe

)2

ln

(
1 +

144π2 (εokBTe)
3

nee6Z2
eff (Zeff + 1)

)
.

(10)

The electron-neutral collision cross section for argon
isQeo ' 4.0×10−20m2, and the ion-neutral collision
cross section isQio ' 1.4 × 10−18m2. The ion-ion
collision frequency is estimated by[22]

Qii =
5.845 × 10−10

T 2
h

ln 1.239 × 107

√
T 3

h

ne
. (11)

From the abovementioned relations for collision
frequencies, the coefficient for the electron thermal
conductivity can be estimated as

ke = 3.20
k2

BneTe

me
∑

s νes
, (12)

while that of the ions is

ki =

√
πk3

BTh

8Mi

(
ni

niQii + noQio

)
. (13)
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The electrical resistivity is defined as

ηo ≡ me
∑

s νes

nee2
, (14)

and the electron Hall parameter is

Ωe =
ωc,e∑
s νes

=
eB/me∑

s νes
. (15)

2.3.2 Anomalous Transport

It is known that the current can drive microinstabil-
ities in the thruster plasma which may, through in-
duced microturbulence, substantially increase dissi-
pation and adversely impact the efficiency. The pres-
ence of microinstabilities in such accelerator plasmas
has been established experimentally in the plasma of
the MPDT at both low and high power levels[23],
[24]. Choueiri[25] has developed a model to esti-
mate the resulting anomalous transport and heating
in terms of macroscopic parameters. Under this for-
mulation, apart from the classical collision frequency
of the particles, there exists additional momentum
and energy transferring collisions between particles
and waves. The resulting anomalous collision fre-
quency is important whenever the ratio of electron
drift velocity to ion thermal velocity,ude/vti ≥ 1.5
. Above this threshold, the ratio of anomalous col-
lision frequency to classical collision frequency was
found to depend on the classical electron Hall pa-
rameter,Ωe, and the ratio of ion to electron temper-
atures,Ti/Te. A polynomial expression for the ratio
of anomalous to classical collision frequencies was
derived in ref.[25] to be,

νean

νecl

=
(
0.192 + 3.33 × 10−2Ωe + 0.212Ω2

e (16)

−8.27 × 10−5Ω3
e

)
+
Th

Te

(
1.23 × 10−3

−1.58 × 10−2Ωe − 7.89 × 10−3Ω3
e

)
,

where νecl
is the classical electron collision fre-

quency computed in eqn.(9), andνean is its anoma-
lous counterpart representing the momentum ex-
change between electrons and microturbulence fluc-
tuations.

As a result, the effective resistivity of the plasma
can be expressed as

ηeff =
me (νecl

+ νean)
e2ne

. (17)

3 Numerical Solution

The techniques for the numerical solution of eqns.(1-
3) are described in ref.[2], and in this section we will
only describe the initial and boundary conditions im-
posed on that solver, to obtain solution for the flow-
field in a self-field MPDT.

3.1 Boundary Conditions

The set of governing equations (eqns.(1-3)) describe
the evolution of many types of drastically different
plasma flows. It is the role of the boundary condi-
tions to distinguish one problem from another. This
section will discuss the estimation of the convective
and dissipative terms at various boundaries.

3.1.1 Flow Properties

Free Stream
The computational domain is taken to be large
enough (seven exit radii downstream of anode tip)
such that there are no normal gradients in any of the
flow properties at the free stream boundaries.
Solid Walls
The governing equations require the value of ther-
mal conduction between the wall and the plasma to
be specified. This can either be given explicitly (as
in the case of adiabatic walls, for which thermal con-
duction is zero), or can be computed by fixing the
temperature of the wall. In this simulation, the ther-
mal conduction is set to zero at insulators, and the
wall temperature is set to 2500 K at metallic bound-
aries, consistent with experimental data (cf.[26]), as
well as other simulations (cf.[12]).
Centerline
At the axis of symmetry, there are no radial convec-
tive fluxes. Moreover, there are no radial gradients.
Therefore, there is no thermal conduction across the
centerline.
Inlet
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At the inlet, a specified mass flow rate of the propel-
lant enters at a specified temperature at sonic con-
ditions. In reality, the propellant is injected as neu-
tral gas at room temperature, and it gets almost fully
ionized within a few millimeters from the inlet[10].
However, it is believed[27] that this ionization pro-
cess cannot be modeled by fluid theory. Therefore,
in this model, the inlet temperature is chosen to be
high enough such that the propellant is sufficiently
ionized. Effectively, the backplate of the numerical
model is not the true backplate, but a region located
few millimeters downstream of it.

On this issue, our simulation distinctly differs
from that of ref.[12], and ref.[28]. In both these sim-
ulations, the propellant is injected at close to room
temperatures, and ionization is allowed to develop
in a classical fashion. Therefore, in both ref.[12] and
[28], the plasma is only weakly ionized through most
of the thruster channel. However, experimental mea-
surements [10, 29] show that the propellant is fully
ionized upstream in the channel. Therefore, in our
simulation, the plasma is set to be fully ionized at
the inlet.

3.1.2 Field Properties

Free Stream
The computational domain is chosen to be large
enough such that all the current is enclosed within
the domain. Thus, from Amp`ere’s law, the magnetic
field at the free stream boundaries is zero.
Solid Walls
At all other boundaries, the magnetic field is com-
puted from Faraday’s law, which through Stokes’
theorem, can be written as,∫

A

∂B
∂t

· dA = −
∮
C

E · dl . (18)

In the cell-centered scheme used in this work,
eqn.(18) implies that the evolution of the magnetic
flux is specified by the contour integral of the electric
field around a cell. Therefore, the only information
required is the electric field drop along the bound-
aries.

From classical electromagnetic theory[30], the
jump in the magnetic field,H2 − H1, across an in-

terface between two media has to satisfy the relation,

n̂× (H2 − H1) = Js , (19)

whereJs is the surface current per unit length, and
n is the unit vector normal to the surface. Due to the
no mass flux condition, the potential drop at a wall is
entirely resistive, and is given by,

Ew = ηwjw . (20)

At conducting boundaries, all the current enter-
ing the discharge flows at the surface, at least in the
transient case. Therefore, even though resistivity,ηw,
for most conductors is very small compared to the
plasma resistivity,

ηplasma ∼ O (10−3 − 10−4
)

Ohm.m,

ηtungsten = 5.6 × 10−8 Ohm.m,
(21)

the surface electric field is significant, due to the
large current density in the transient case. In a true
steady state, after the magnetic field has diffused into
the conductor, the surface potential drop decreases to
zero.

At insulated boundaries, the magnetic field dif-
fuses into the wall instantaneously. Therefore, the
jump in the magnetic field, and subsequently the sur-
face current, is zero.
Centerline
Due to symmetry, the inductive component of the
electric field is zero, because there is no flow across
it. However, the resistive component is finite. This
can be obtained from the value of the magnetic field
at a point close tor = 0, through a simple Taylor
series expansion [3],

Ez|r=0 = E′
z

∣∣
r=0

= ηjz|r=0 = η
4 Bθ|∆r/2

µo∆r
.

(22)
Inlet
Since all the enclosed current is downstream of the
inlet (the backplate), the streamfunction,ψ = rBθ =
µoJtot/2π is a constant at any given time, as it de-
pends only on the total current. The electric field
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along the backplate, required for Faraday’s law, is

Er(r, 0) = Er(r,∆z) + ∆z
(

1
r

∂ψ

∂t
− ∂Ez

∂r

)
.

(23)

3.2 Initial Conditions

The governing equations (eqns.(1-3)) are time de-
pendent in nature, and require that the initial spatial
distribution of the quantities be prescribed. However,
in this work, we are interested only in the steady state
results. The time-dependent solutions obtained dur-
ing convergence to steady state are not to be taken as
representative of the evolution of the discharge.

The code is typically started with the entire do-
main filled with a background pressure of10−4 Torr
at a temperature of 300 K. Then, the inlet boundary
conditions, corresponding to a fully ionized plasma
entering at a specified mass flow rate, are imposed.
After the plasma has filled the thrust chamber, mag-
netic field effects are introduced by increasing the to-
tal current in the domain. For the calculations shown
in §5, the total current was increased from 0 to 15 kA
in ∼ 5µs.

Until this moment, the ionization is frozen at
Z=1, and the ratio of specific heats is fixed atγ =
5/3. After the current has permeated the thrust
chamber, the effects of multi-level equilibrium ion-
ization and non-ideal equation of state are slowly in-
troduced. For instance, letγ∗ be the calculated value
of γ at a time leveln+ 1, andγn be the old value at
time leveln. Then, the value ofγ used at time level
n+ 1 is:

γn+1 = {αγ∗} + {(1 − α) γn} , (24)

whereα is a relaxation parameter between 0 and 1.
A similar method is used for introducing ionization
effects. This sort of “relaxation” is helpful in making
the transition from an unphysical initial condition to
a more realistic flowfield.

3.3 Temporal Discretization

Unlike in neutral fluid mechanics, the equations of
MHD allow many different types of waves to ex-
ist. Even though physically the flow velocity is the

sought quantity of most interest to propulsion, nu-
merically the velocity of the fastest wave is what de-
termines the constraints on time stepping. In plasmas
of propulsion interest, the fluid velocity isO(104)
m/s. For a quasineutral plasma with a charge den-
sity of O(1021)/m3, a thermodynamic pressure of
O(10−1) Torr, and a magnetic pressure ofO(101)
Torr, the fast magnetosonic wave speed is typically
of the same order of magnitude as the flow velocity.
This indicates that an explicit time marching scheme
is suitable. From the CFL criterion[31], the time
step for such a problem (with∆r ' 1mm) would
beO(10−8 − 10−9) s.

Physical dissipation brings in different character-
istic time scales into the problem. They are:

Magnetic diffusion =
µo∆r2

η
∼ 10−10 s ,

Heat conduction =
nekB∆r2

ke
∼ 10−10 − 10−11 s .

As a result of this disparity in time scales, a time-
accurate simulation to steady state (∼ 200µs) would
require about2 × 106 time steps, and would take
about 2 weeks of CPU time (on a Pentium-II 450
MHz machine). In order to make this code a more
amenable tool for research, this time has to be re-
duced to≤ 1 day. Two different means of achieving
this can be identified:

1. instead of treating all the terms explicitly, treat
the time-limiting dissipative terms implicitly:
this allows a larger time step (closer to the con-
vective time scale) to be used for computation,

2. increase the computational power that is avail-
able for calculation, by using more than one
processor to perform the computations.

In this paper, we will discuss the latter approach,
whilst the former will be a topic of future work.

3.4 Spatial Discretization

Mathematically, the governing equations (eqns.(1-
3)) are mixed hyperbolic and parabolic partial differ-
ential equations. We use standard central differenc-
ing schemes for the discretization of parabolic terms.
For the hyperbolic terms, the fluxes in and out of
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a cell boundary are estimated using characteristics
splitting techniques, combined with flux-limited anti
diffusion. These principles are explained in ref.[2] in
detail.

Since the goal of this paper is to demonstrate the
validity of the newly parallelized code, only a simple
structured orthogonal grid is used here.

4 Parallelization

With the current trend in high performance com-
puter architectures being away from single proces-
sor scalar/vector machines, and toward the design
and construction of parallel machines, it is impor-
tant to exploit the strength of parallel computing
platforms (cf. ref[32]). For a given multiproces-
sor architecture, two distinct means of utilizing the
computational power to solve a given problem can
be identified: process decomposition, and domain
decomposition[33].

Process decomposition is the allocation of spe-
cific processors to specific portions of the algorithm.
For instance, for the problem at hand, the ioniza-
tion model can be computed by one processor, the
equation of state model by another, the convective
and diffusive fluxes by another, and so on. This is
the preferred choice of processor allocation under
the Parallel Virtual Machine (PVM) method of par-
allel computing[33]. However, this method would
encounter serious difficulties if the computer mem-
ory were distributed across various processors (as it
is in the case of the machine we are using: the SGI
Origin 2000 system). Moreover, there are difficulties
in ensuring that all the processors are utilized contin-
uously, and in transporting the code across systems
with different number of processors.

Due to the abovementioned difficulties, we have
chosen to follow the domain decomposition method
of parallel computing. In this technique, the domain
is divided into smaller domains, and these smaller
domains are assigned to each of the available proces-
sors. Each processor only computes the solution in
the domain it is assigned. If the domain of each pro-
cessor is roughly of the same size, then all processors
will finish one time step at roughly the same time,
and if necessary, communicate with each other about

the updated solution. This feature, often termed as
“load balancing” ensures maximum utilization of the
available computing power. Moreover, with domain
decomposition, transporting the code across comput-
ers with varying number of processors is a relatively
easy task.

Under domain decomposition, in order to esti-
mate the values at timet near the boundaries, proces-
sors require knowledge of variables (at timet− ∆t)
that lie just outside the boundaries of their domain.
Under the current discretization scheme, each pro-
cessor needs exactly one row of cells from each of
its neighboring processor’s domain, as illustrated in
Fig.(4). In this work, we use the Message Passing
Interface (MPI) standard [34] to handle these inter-
processor communications.

1 2

3 4

Figure 3: Information sent and received by a proces-
sor

There are certain parts of the code (such as
input/output, convergence checks, and estimating
global time steps) that are not amenable to paral-
lelization. This constitutes an overhead, and we as-
sign a separate processor (termed MASTER) to han-
dle this. All the other processors (termed WORK-
ERS) are exclusively involved in computation of the
solution within their assigned domains, or are com-
municating with other processors for this purpose.
The schematic of the calculations in our code is
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shown in Fig.(4).

Start

Mass flow rate, J, Geometry,
          Grid size, Time

    Initial
Conditions

Update conserved
        variables

Compute fluxes

Estimate local 
     time step

Exchange ghost cell values
with other

workers

Compute secondary variables
and transport coeffs.

Estimate global 
      time step

Convergence
      check

Intermediate
    outputs

End

Generate Grid

Final Output

To 
Master

To 
Workers

MASTER WORKER

Distribute
Initial Conditions

Receive
Initial Conditions

Mass flow rate, J, Geometry,
          Grid size, Time

Generate Grid

t += deltaT

Done?

Done?

t += deltaT

Send intermediate results
to MASTER

Send final output
to MASTER

End

No

No

Figure 4: Flow chart of the parallel MHD code
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4.1 Parallelization Results

In order to verify the effectiveness of the MPI algo-
rithm with domain decomposition for parallelization,
the 2-D heat diffusion heat equation

∂T

∂t
= ∇2T , (25)

was solved on a 500× 500 grid. This domain was
decomposed into several parts, and the speed up from
a single processor calculated was noted. The results
from these tests are shown in Table (2).

Then, the problem at hand, the simulation of
plasma flows in a MPDT, was run with 11 pro-
cessors. This parallelized code was 7.5 faster
than our serial code, for the same problem. The
comparison of this speedup with the speedup of
the heat diffusion equation is shown in Table (2).

Table 2: Parallelization

# CPUs Heat eqn. MPDT
4 3.8 ?
11 10.5 7.5
20 17 ?
30 22 ?
64 30 ?

5 MPDT Simulation Results

The geometry chosen for this simulation was one of
the series of constant area coaxial thrusters, used by
Villani[5]. We chose such a constant area thruster
due to its simplicity and the availability of current
contours and floating potential data. In this particular
case, the cathode and the anode radii were 0.95 cm
and 5.10 cm respectively. The cathode and the anode
lengths were 26.4 cm and 20.0 cm respectively. The
propellant mass flow rate is 6.0g/s of argon, and the
total current was 15.0 kA.

In this section, we present some of the results of
the simulation. Because of the simple grid adapted
here (structured orthogonal), the rounded corners of
the anode, and the tip of the cathode, are represented
as a sharp corner, and a flat tip, respectively, in the

simulation.
In order to verify convergence, the maximum and

averagevalue, and the maximum and averagechange
of the conserved variables (mass, momentum, en-
ergy, and magnetic field) were monitored. The cri-
terion used for establishing convergence was that the
average change be less than10−7.

5.1 Density

The electron number density contours within the
chamber are shown in Fig.(8), where we note thatne

increases from the anode to the cathode. This may be
attributed to the radial pumping force,jzBθ, which
pushes the plasma away from the anode, towards the
centerline. This trend has been observed in experi-
ments and in previous simulations[8].

5.2 Ionization Levels

The effective ionization fraction is shown in Fig.(9).
The presence of Ar-III and a small amount of Ar-IV
in the plume is in agreement with experimental ob-
servations (cf. ref.[6]) for these operating conditions.

5.3 Velocities

The contours of axial velocities in the domain are
shown in Fig.(10). They fall in the range of measured
values of local velocities reported in ref.[35], for an
operation of an MPDT with a different geometry, but
same operating conditions.

The velocity streamlines (where the velocity vec-
tor is a tangent at every point) are plotted in Fig.(7),
and show the increase in the radial component of ve-
locity that occurs downstream of the anode.

5.4 Enclosed Current and Electric Potential

The contours of enclosed current are shown in
Fig.(5). The calculated values are in general agree-
ment with the measurements within the thruster
chamber. The convection of the current lines beyond
the anode exit plane, in the simulation, are somewhat
less than that observed by experiments. This may be
because of possible current attachment in the outer
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surface of the anode in the experiment, which is pre-
cluded in the simulation. This could be also due to
some details of the physical models, or may also be
influenced by the artificially high value of the electric
field at the sharp corner of the anode.

In this simulation, we did not have a model for
the sheath voltage drop. This simulation predicts a
voltage drop across the plasma of 30.83 Volts (cf.
Fig.(6)). The true voltage drop is 56 Volts [5], and
the difference can be attributed to the 25 Volts of an-
ode drop that was indeed measured. To aid compari-
son with measurement, the calculated potential con-
tours were shifted by that amount. These contours
are shown in Fig.(6), where a generally good agree-
ment can be noted.

5.5 Thrust & Efficiency

By definition, the thrust is computed using the fol-
lowing relation,

T =
∫
A

uz (ρu · dA) , (26)

where the integral is performed over all the bound-
aries. Using eqn.(26), the code predicts a thrust of
42.9 N. Although no thrust measurement exists for
this geometry, it is well known[36] that the thrust
of self-field MPDTs operating in a overwhelmingly
electromagnetic acceleration regime, can be esti-
mated by the Maecker’s law

T =
µo

4π

(
ln
ra
rc

+A

)
J2, (27)

whereA is a dimensionless constant, estimated to
be 0.15[5]. For the present case, eqn.(27) predicts a
thrust of 41.2 N.

With the calculated value of potential difference
(30.83 Volts), and the measure anode fall (25 Volts),
the thrust efficiency (which was not measured) was
calculated to be 18.3%.

6 Concluding Remarks

In this paper, we described the parallelization of our
MHD code that was developed for the simulation of

propulsive plasma flows. We discuss the physical
models: the two-temperature MHD equations, with
suitable transport properties, ionization and equa-
tion of state models. We discuss the techniques
for obtaining a numerical solution of the governing
equations, with specific emphasis on the initial and
boundary conditions.

We discussed the functioning of the code in a
parallel computing environment. Specifically, we
describe the domain decomposition technique, with
MPI based parallel computing, that was used to uti-
lize multiple processors. By this method, we cut
down the time required for simulation by a factor
of 7.5 over our serial code, by using 11 processors
(10 workers + 1 master). Further investigation into
parallel computing techniques could improve the ef-
ficiency of the speedup even more.

To validate this code, we compared the results
of the simulation with experimental measurements
in a quasi-steady, self-field MPDT. The results of the
simulation were in general agreement with measure-
ments for many quantities, including species densi-
ties, velocities, current and potential contours. The
value of thrust predicted by the simulation was in
good agreement with the result from Maecker’s law.
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Figure 6: Measured (top) and calculated (bottom) potential contours

Figure 7: Velocity stream lines in the flow for argon atṁ=6.0 g/s, and J = 15.0 kA
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Figure 8: Distribution of electron number densities (in #/m3) for argon atṁ=6.0 g/s, and J = 15.0 kA

Figure 9: Distribution of ionization levels for argon atṁ=6.0 g/s, and J = 15.0 kA

Figure 10: Distribution of axial velocities (in m/s) for argon atṁ=6.0 g/s, and J = 15.0 kA
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