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Analytical models as well as experimental observations have indicated the possibility of a
coherent ion acceleration by a spectrum of beating electrostatic (ES) waves propagating trans-
verse to a uniform magnetic field. This acceleration mechanism, unlike other ion acceleration
schemes using ES waves, does not require the ion energy to be above a certain threshold and
thus has a promise for application in plasma propulsion. In this paper we study in detail the
interaction between twooff-resonancewaves and an ion.Regularas well asstochasticion dy-
namics is explained with the aid of reduced phase diagrams in terms critical points. The criteria
for stochasticacceleration is derived analytically and validated with numerical simulations. It
is shown that ions with initial velocities0.5ν to ν, where ν is normalized wave frequency, will
not be able to gain much energy.

I. INTRODUCTION

One of the drawbacks of most RF plasma heating
schemes is that they rely on resonant wave-plasma
interaction. This restricts energy transfer from the
waves to only those particles lying close to the res-
onance. The new scheme proposed by Benistiet al.
[1] does not rely on resonant energy transfer and may
prove advantageous in plasma heating for propulsion
purposes.

Stochastic heating of a magnetized ion in pres-
ence of a single obliquely as well as perpendicularly
propagating electrostatic (ES) wave has been exten-
sively studied [2–5]. Using first-order perturbation
theory Karney [6] was able to derive the analytical
expression approximating overall dynamics of ions
interacting with such a wave. Skiffet al. validated
these calculations experimentally [7]. Another im-
portant result shown by Karney was the existence of
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the energy threshold below which the particle can
not gain energy from the ES wave. This threshold
amounts to nonlinearly attenuated resonance condi-
tion between ion thermal and wave phase velocities.
In other words, the threshold separates two regions of
the phase space:regular region of low energies be-
low the threshold andstochastic- above the thresh-
old.

In 1998 Benistiet al. suggested radically new
scheme for nonlinear wave-particle interaction [1, 8].
The scheme requirespairs of ES waves such that
their corresponding frequencies differ by an inte-
ger number of the cyclotron frequency of the gy-
rating ion. In essence these waves create a beat-
ing wave that interacts with the ion. Under such
conditions the threshold disappears andregular and
stochasticregions become connected allowing ions
with arbitrary small initial velocities to obtain high
energies. Consequently, the above proposed beat-
ing wave-particle interaction is much more efficient
than the single wave-particle interaction. This new
acceleration scheme is the most probable cause for
the ionospheric ion acceleration observed by Topaz
3 rocket [9].
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In this paper we adopt the approach used by Kar-
ney [4] for single wave-particle interaction to an-
alyze beating wave-particle interaction. We study
the behavior of the entire generalized phase space
(Poincaŕe cross-section) instead of looking at a sin-
gle ion trajectory. This approach allows us to im-
prove our understanding of ion dynamics by finding
the critical points of motion, as well as to define par-
ticle’s dynamics in terms of location of these critical
points. With that in mind, we combine both analyti-
cal as well as numerical solutions, and use them to in-
vestigate the nature of ion motion for a wide range of
parameters involved. Specifically we focus on find-
ing the criteria for the transition to stochastic accel-
eration.

This paper is organized as follows. In section II
we overview the analytical formulation of the prob-
lem. Then in section III we summarize the results
of the single wave case. We introduce multiple wave
interaction in section IV. In section IV A we explain
ion dynamics under such interaction when no beating
wave is created. Finally, in section IV B we contrast
that with the case of a beating wave and show how
an ion can gain significant energy from the wave.

II. ANALYTICAL FORMULATION

We first proceed to define the problem in math-
ematical sense. Fig. 1 shows the coordinate system
setup.

Here we have a single ion of massm and charge
q in a constant and homogenous magnetic field Bẑ.
This ion interacts with a spectrum of electrostatic
waves that propagate in positivex direction. The
wave number ki as well as the electric field direc-
tion of each of these waves is parallel to the x-axis.
The motion of the single ion in Fig. 1 is described by
the following equation of motion, [1]

d2x

dt2
+ ω2

cx =
q

m

∑

i

Ei sin(kix− ωit + ϕi), (1)

whereωc = qB/m is the ion cyclotron frequency
equal to andϕi is the phase shift for each wave. The
corresponding Hamiltonian for the system is [1]

H̄ = ρ2/2 +
∑

i

εi

κi
cos(κiρ sin θ − νiτ + ϕi). (2)

FIG. 1: A single ion of chargeq and massm in a constant
homogenous magnetic field B̂z interacts with a spectrum
of electrostatic waves whose wave number and electric
field direction is parallel to x-axis.

In writing equation (2) we have used the fact that
the system is periodic, and transformed the Hamilto-
nian into normalized action-angle coordinate system
[10] whereκi = ki/k1, νi = ωi/ωc, τ = ωct, εi =
(k1qEi)/(mω2

c ), ρ
2 = X2+Ẋ2, andX = k1x, Ẋ =

dX/dτ , so thatX = ρ sin θ, Ẋ = ρ cos θ. The
action-angle coordinate system is a special case of
polar coordinates. It is interesting to note thatθ cor-
responds to the angle measured clockwise from y-
axis, as indicated on Fig. 1, whileρ is the normalized
Lamor radius and in a constant magnetic field repre-
sents normalized velocity of the particle travelling in
the cyclotron orbits in thexy plane. The latter could
be seen by setting allεi to zero in (2) and remember-
ing thatH̄ is the energy of the ion.

Benisti et al. [1] defined a criterion for particle
acceleration by multiple ES waves. They showed
that for regular and stochasticregions to be con-
nected it is necessary to have at least one pair of ES
waves such that

ω2 − ω1 = nωc, (3)

where n is an integer. Consequently we reduce our
system to two wave case. In addition, Ref.[1] reports
that the maximum acceleration is achieved when all
waves are of the same amplitude, so we setεi = εj =
ε andκi = κj = 1. As stated in Ref.[1], the phases

2



Spektor,et al.: Ion acceleration by beating electrostatic waves

ϕi do not play role in the acceleration so we set all
ϕi = 0. With these simplifications Hamiltonian (2)
becomes

H̄ = ρ2/2 + ε[cos(ρ sin θ − νiτ) + (4)

cos(ρ sin θ − νjτ)].

Adopting the criterion described by Benistiet al. for
the two wave frequencies, we note that the Hamilto-
nian (4) could be viewed either as a time-dependent
system with one degree of freedom or as an au-
tonomous system with two degrees of freedom, since
the system is periodic [10]. We adopt the latter ap-
proach. In this view the Hamiltonian represents two
coupled oscillators: one being the gyrating ion and
second the ES waves. When the frequency ratio of
these two oscillators becomesp/q wherep andq are
relatively prime integers the system is said to be in
resonance [6, 11].

Two approaches are taken in this paper in ana-
lyzing the system above. Equation (4) is first solved
numerically. This is then compared to the analyti-
cal solution derived by applying second-order per-
turbation technique in conjunction with Lie trans-
formations [11]. A convenient way of representing
both numerical and analytical solutions is by plot-
ting Poincaŕe cross-section (which is a reduced phase
space diagram). In this paper Poincaré cross-sections
are plotted on aρ-θ plane at(ντ)mod 2π, or velocity
vs. angle. To construct a Poincaé cross-section we
plot point intersections of the ion trajectory in three
dimensions (ρ, θ, τ ) with ρ-θ plane. Random point
distribution on the Poincaré cross-section will cor-
respond tostochasticmotion while regular figures,
such as lines and ellipses, will tell us that the ion dy-
namics isregular. For example, if the wave ampli-
tude,ε, is zero, then equation (4) reduces to a simple
harmonic oscillator and for irrationalν its Poincaŕe
cross-section looks like a set of horizontal lines, indi-
cating constant velocity (which corresponds to a free
ion gyrating in a constant magnetic field.) Each of
these lines represents an invariant of motion for a
given set of initial conditions [11]. Whenε is not
zero we can treat the ion motion as a perturbation of
these invariants.

The detailed derivation of the analytical solution
of a single wave-particle interaction could be found

in Ref.[6]. However, a more generalized solution
for multiple waves is obtained [1, 12, 13] through
Deprit’s modified Lie transformation in Ref. [11].
The resulting autonomous Hamiltonian derived from
equation (4) forν = integer to the second order in
the perturbation,ε, is

H = ε{Jνi(ρ) cos(νiθ) + Jνj (ρ) cos(νjθ)}
+ ε2{Sνi

1 (ρ) + S
νj

1 (ρ)
+ S

νi,νj

6 (ρ) cos[(νj − νi)θ]}, (5)

where,

Sνi
1 (ρ) =

1
2ρ

∞∑
m=−∞

mJm(ρ)J ′m(ρ)
νi −m

,

S
νi,νj

6 (ρ) =
1
2ρ

( ∞∑
m=−∞

mJm(ρ)J ′νj−νi+m(ρ)

νi −m
+

+
∞∑

m=−∞

mJm(ρ)J ′νi−νj+m(ρ)

νj −m

)
. (6)

J ′ represents the derivative of Bessel function with
respect to its argument. Whenνi is an integer the
summations are performed over allm 6= νi to avoid
singularities. Whenν 6=integer the first order terms
in equation (5) disappear [1].

The Hamiltonian in equation (5) is autonomous
and therefore itself is an invariant of motion. By plot-
ting curves of constant H we obtain a Poincaré cross-
section which gives us the complete analytical solu-
tion of the problem to the second order. We want to
compare the Poincaré cross-section of the analytical
solution to the one obtained through numerical inte-
gration of equation (4). To obtain the numerical solu-
tion we have developed a code based on the fourth or-
der symplectic integration algorithm (SIA4) derived
by Candy and Rozmus [14] who showed its superior-
ity over Runge-Kutta algorithm for the Hamiltonian
periodic problems.

As with most phase diagrams critical (or fixed)
points define the dynamics of motion. Since the sys-
tem is not dissipative we expect to find two types
of critical points: elliptic and hyperbolic. More-
over, these critical points represent the nonlinear res-
onances described above. As we will show later, crit-
ical points play the key role in determining whether
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ion motion isregular or stochastic. The task before
us is to find these critical points.

That can be achieved by setting the time deriva-
tive of ρ andθ to zero simultaneously [11, 15]. Uti-
lizing Hamilton’s equations of motion we get

ρ̇ =
∂H

∂θ
= ε{νiJνi(ρ) sin(νiθ) (7)

+ νjJνj (ρ) sin(νjθ)}
+ ε2(νi − νj)S

νi,νj

6 (ρ) sin[(νj − νi)θ] = 0,

θ̇ = −∂H

∂ρ
= ε{J ′νi

(ρ) cos(νjθ) (8)

+ J ′νj
(ρ) cos(νjθ)}

+ ε2{S′νi
1 (ρ) + S

′νj

1 (ρ)

+ S
′νi,νj

6 (ρ) cos[(νi − νj)θ]} = 0.

When both wave frequencies areoff-resonance
(νi, νj 6= integer), the equations above simplify be-
cause the first order terms drop out, and we are able
to obtain the position of critical points analytically.

We now explore particle dynamics as a function
of wave amplitude and frequency, and in terms of
the location of critical points on the Poincaré cross-
section. Using numerical solutions we will demon-
strate that when critical points are absent in the reg-
ular region of the Poincaré cross-section (as in the
single wave-particle interaction), the particle will not
gain energy.

III. SINGLE WAVE INTERACTION

In this section we summarize results obtained
by Kanrey [6] for the single wave-particle interac-
tion. When the wave frequency is exactly an integer
number of ion cyclotron frequency it is said to be
on-resonance, andoff-resonanceotherwise. In both
cases threshold value of

ρ = ν −√ε. (9)

separatesregular andstochasticregions [6, 16], see
Fig. 2. Below the threshold, indicated by the hori-
zontal thick dashed line, we observe lines represent-
ing the invariants of motion. This is where the ion
motion is regular and we can predict its behavior
well by means of perturbation theory at any value of

FIG. 2: Poincaŕe cross-section of numerical solution with
ε = 10, ν = 24. Particle interacting with a single
on-resonancewave. The threshold betweenregular and
stochasticdomains derived in Ref.[6] is shown as a hori-
zontal thick dashed line.

wave amplitudeε. However, as long as the ion’s ini-
tial velocity ,ρ0, is in that region it is clear that the ion
will not gain much energy from the wave. Therefore,
in the case of interaction with a single wave the ion
gains energy only chaotically when its initial velocity
ρ0 exceeds the threshold requirement,ρ0 > ν −√ε.
This is an important point and will be contrasted later
with the case of beating waves where, as we shall
see later the two regions of the phase space become
connected and a particle with an arbitrarily small ini-
tial velocity in theregular region can be accelerated
through the threshold to high values ofρ. Motion in
the stochasticregion of the phase space can be ap-
proximated by perturbation solutions when the wave
amplitude (perturbation strength),ε, is small [1, 6].

IV. MULTIPLE WAVE INTERACTION

One of the early investigations of two ES waves
interacting with ions was done by Chiaet al. [12].
They conducted analytical study of the interaction
to the first order in the perturbation and came close
to discovering the new acceleration mechanism by
noting that for the waves with even-even or odd-odd
combinations of frequencies (ν) there existed a ra-
dial separatrix allowing “infinite” heating. In 1998
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FIG. 3: Poincaŕe cross-section of numerical solution with
ε = 10, νi = 24, νj = 25.5. Particles with initial velocity
below the threshold defined by equation (9), shown as a
dashed line will not gain energy from the waves. This
figure is qualitatively similar to the single wave-particle
interaction, Fig. 2

Benisti et al. [1, 8] showed that to observe parti-
cle acceleration through the threshold boundary one
needs to use perturbation theory to at leastsecond
order. Then, the condition for the new acceleration
mechanism already given by equation (3) is

νj − νi = n. (10)

where n is an integer. It amounts to wave beating
condition.

A. Non-Beating Waves

We start with a case of particle interacting with
multiple waves, when equation (10) does not hold.
Fig. 3 shows a typical Poincaré section for numerical
solution withε = 10, νi = 24, andνj = 25.5. It is
qualitatively very similar to the single wave-particle
interaction, Fig. 2. Ions with energies below some
threshold do not gain much energy. Extrapolating
from a single particle picture to plasma velocity dis-
tribution function one expects that particles lying be-
low the threshold will remain unaffected. This pic-
ture changes qualitatively if condition (10) is satis-
fied.

FIG. 4: Poincaŕe cross-sections of numerical solutions
with νi = 24.3, νj = 25.3. Stochasticregion occupies
ever greater fraction of the phase space as the wave am-
plitude is increased.
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B. Beating Waves (Off-Resonance)

As we have shown in section II, in the case of
theoff-resonancebeating waves (bothνi are not inte-
gers) we can make approximations that greatly sim-
plify our analysis. Consequently, we will focus our
attention on those cases. Some qualitative analysis of
theon-resonancebeating waves is still possible and
will be done in the next section.

We show typical Poincaré sections for different
values ofε on Fig. 4. It shows numerical solutions
illustrating the effect of increasing wave amplitude
with νi = 24.3 andνj = 25.3. The phase diagram
consists of two regions,stochasticandregular, just
as for the single wave interaction. Now, the two re-
gions are ”connected”. The ions with low initial ve-
locities undergo first regular and then stochastic ac-
celeration, reaching high energies.

At low perturbation (low values ofε) the regu-
lar region extends to values ofρ approximately pre-
dicted by equation (9). However, asε is increased
the regular region quickly shrinks to the vicinity of
the elliptic critical point (designated E on the Fig.
5.) Eventually, as the wave amplitude is raised above
values shown on Fig. 4, the motion everywhere on
the phase diagram becomes chaotic.

Equation (4) could be rewritten as

H̄ =
ρ2

2
+ ε cos(

n

2
τ) cos[ρ sin θ − (2νi + n)τ ].(11)

It is obvious that a beating wave is created. The ar-
gument of the firstcosineterm tells us that the fre-
quency of the beating wave is half an integer value of
the ion cyclotron frequency (ωc). It is not surprising
perhaps that we will later find a critical point corre-
sponding to the resonance between ion gyro motion
and the waves atρ ' ν/2, see Fig. 5. We defer the
discussion of critical points to section IV B 2. For
simplicity we will now limit our discussion ton = 1.

Let’s now gauge how well the second-order per-
turbation analysis compares to the numerical solu-
tions. Fig. 5 indicates a good degree of agreement
between the two. Even though the detailed struc-
ture of the regular motion lines is not captured with
the analytical solution, it predicts the position of the
lower elliptic (E) as well as the hyperbolic point (H)

FIG. 5: Poincaŕe cross-section withε = 10, νi = 24.3,
νj = 25.3. a) Analytical solution showing the existence
of hyperbolic and elliptic points marked by H and E re-
spectively. b) Numerical solution showing that the posi-
tion of the critical points is as predicted by the analytical
solution.

rather well. In the analytical solution we observe
more critical points atρ > 20, Fig. 5. These don’t
appear in the numerical solution, instead they are
covered by stochastic motion. However, as shown in
Ref.[8], even in that region of phase space the over-
all ion motion could be approximated by first-order
orbits, for smallε.

1. Topology of the Phase Diagram

As with any phase diagram each line on the
Poincaŕe section corresponds to a given set of initial
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conditions. In the case of a particle interacting with
beating waves we are mainly concerned with the hy-
perbolic and an the elliptic critical points designated
H and E on Fig. 5. These points determine whether
the ion will gain energy from the waves. It is clear
by tracing trajectories in Figs. 4 and 5 that ions with
initial energies lying between points E and H do not
gain net energy from the waves. Instead these parti-
cles venture around the elliptic critical point E. From
the point of view of plasma acceleration we would
like to limit the amount of particles thus trapped. The
rest of the ions gain much higher energies through
first regular then stochastic acceleration, as shown in
Figs. 4 and 5. It is interesting to note that point E
lies exactly atθ = π. That corresponds to the mo-
ment when the ion is moving in negativex direction,
against the waves (see Fig. 1). At this resonance
point the energy exchange is minimum and the sit-
uation is equivalent to a ball bouncing between the
stationary walls at constant energy. In the immedi-
ate neighborhood of point E the ion energy can not
be altered sufficiently to push it into thestochastic
region. From numerical analysis (Fig. 4) the value
of ρ at point E can be estimated to be roughly half
of the single wave threshold condition (9). As it will
be shown in the next section, the analytical solution
predicts the position of point E asρ ∼ ν/2 missing
theε dependence.

When we chooseνi and νj to be both on-
resonance, the overall behavior becomes much more
complicated. Fig. 6 shows the case withε = 10,
νi = 24, andνj = 25. The major difference to the
off-resonancecases is that now we have two hyper-
bolic points which do not lie atθ = π. Also, the
analytical solution shows us much more complicated
chains of the critical points at largeρ. This is a hint
that analytical treatment of theon-resonancecases is
more difficult. This is why we choose to work with
theoff-resonancecases in the next section.

2. Critical Points

We want to answer the following question: What
fraction of the ions is accelerated by the beating

FIG. 6: ε = 10, νi = 24, νj = 25. Dealing with both
frequencies beingon-resonancecomplicates the topol-
ogy and therefore our analysis becomes less tractable. a)
Poincaŕe cross-section of analytical solution b) Poincaré
cross-section of numerical solution.
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waves? The answer is

1−
∫ HH

HE
fdv2

∫∞
−∞ fdv2

, (12)

whereHE andHH correspond to the Hamiltonian
values at elliptic point E and hyperbolic point H re-
spectively, andf is a specified velocity distribution
function. To evaluate the integral in the numerator
we need to knowHE andHH explicitly.

From Ref.[12] we find that forν 6= integer
Sνi

1 (ρ) term in equation (6) could be simplified as

Sνi
1 (ρ) =

π

8 sin νiπ
[Jνi+1(ρ)J−(νi+1)(ρ)

− Jνi−1(ρ)J−(νi−1)(ρ)]. (13)

We remind again that whenν is an integer the above
simplification does not hold and soon-resonance
case remains much less tractable analytically. Now
using the results derived in the Appendix we simplify
S

νi,νj

6 (ρ) term.

S
νi,νj

6 (ρ) =
ρ

νi
Sνi

1 (ρ) +
ρ

νj
S

νj

1 (ρ). (14)

We can express Hamiltonian (5) in terms of the sim-
plified Sνi

1 (ρ) function only.

H = ε2

{
(1 +

ρ

νi
cos[νi − νj ]θ)Sνi

1 (ρ)

+ (1 +
ρ

νj
cos[νi − νj ]θ)S

νj

1 (ρ)
}

. (15)

Here we dropped the first-order terms as they were
shown to be negligible by Benistiet al. [1, 8] in the
regionρ < ν − √ε. Takingρ/νi ∼ ρ/νj and drop-
ping the subscripts inSνi

1 (ρ) we have

H = ε2

(
1 +

ρ

νi
cos[νi − νj ]θ

)
×

(
Sνi(ρ) + Sνj (ρ)

)
. (16)

Finally, we substitute equation (13) for each of the
Sνi

1 (ρ) functions. Remembering equation (10) with
n = 1 and expressing everything in terms ofνi we

get

H =
ε2π

8 sin νπ

(
1 +

ρ

ν
cos θ

)
(17)

(
− Jν−1(ρ)J−(ν−1)(ρ) + Jν(ρ)J−ν(ρ)

+ Jν+1(ρ)J−(ν+1)(ρ)− Jν+2(ρ)J−(ν+2)(ρ)
)

,

where we have replacedνi with ν.
We now proceed to find the position of points E

and H. This will enable us to find the value of Hamil-
tonian at these points. From Figs. 4 and 5 we see that
these points lie atθ = π. That reduces equations (7)
and (8) to

∂

∂ρ
(1− ρ

ν
)L(ρ) = 0, where, (18)

L(ρ) = −Jν−1(ρ)J−(ν−1)(ρ) + Jν(ρ)J−ν(ρ)
+ Jν+1(ρ)J−(ν+1)(ρ)− Jν+2(ρ)J−(ν+2)(ρ).

From equation (18) we can expressρ as a function of
L(ρ) andL′(ρ), where prime denotes the derivative
with respect toρ.

ρ

ν
= 1− w, where, (19)

w =
L(ρ)

νL′(ρ)
.

This could then be solved graphically forρ. Con-
dition (19) gives us the position of all critical points
at θ = π. For a wide range ofν the values ofw
at points E and H are shown in Table I. We see
clearly thatwE remains relatively constant. If we
takewE = 1/2, then from equation (19)ρE ∼ ν/2.
We also see thatwH varies slightly more over the
range, butwH = 0.1 gives reasonably good approxi-
mation leading toρH ∼ 0.9ν. Even better agreement
with numerical calculations is achieved when we set
ρH ∼ ν −√ε. It is remarkable that the single wave
interaction threshold predicts the position of the hy-
perbolic point H for multiple wave interaction. Once
ρE andρH are obtained we can proceed to find the
corresponding Hamiltonian values,HE andHH and
answer the question posed in the beginning of this
section. While the above derivation is strictly valid
only for ν 6= integer, equation (19) can be used to

8
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ν ρE wE ρH wH

9.7 4.68 0.52 6.30 0.35
12.1 5.92 0.51 10.68 0.12
24.3 12.66 0.48 21.87 0.10
33.8 17.57 0.48 28.33 0.16
43.9 22.70 0.48 36.81 0.16
55.2 28.41 0.49 52.54 0.05
62.4 32.03 0.49 58.65 0.06

TABLE I: Values ofwE andwH are determined by roots
of equation (19)

predict the position of point E for cases ofν = inte-
ger as well. The position of the hyperbolic points for
integer wave frequencies, however, is not captured in
this approach.

V. CONCLUSIONS

In this paper we presented analytical as well as
numerical study of a magnetized ion interacting with
a spectrum of electrostatic waves propagating per-
pendicular to the magnetic field. We discussed how
the interaction with a beating wave is different from
that of a single wave as well as multiple waves that
do not create beat. We further specified the con-
ditions under which the ions could be accelerated
to high energies. We showed that if elliptic critical
point exists in the lower regions of the phase space,
some particles will be trapped.

We developed analytical approach to find the
fraction of the particles trapped. To that extend we
simplified previously derived expression for Hamil-
tonian and derived the condition for trapping. This
condition is obtained by finding the location of the
elliptic and the hyperbolic critical points in the lower
parts of the Poincaré section. We showed that for
non-integer values of the wave frequencies (ν) the
elliptic as well as the hyperbolic critical points lie at
θ = π. The location of these points is found by solv-
ing equation

ρ = ν

[
1− L(ρ)

νL′(ρ)

]
,

whereL(ρ) is determined by equation (18) all nec-
essary critical points could be found.

Using that equation we showed that the elliptic
point corresponding to the resonance between the
beating wave and the ion lies at approximately half
the value of the threshold condition for the single
wave interaction,

ρE w ν/2,

while the hyperbolic critical point lies at

ρH w 0.9ν.

Aiding with the numerical computations we refine
these conditions to

ρE w (ν −√ε)/2

and

ρH w ν −√ε

for the elliptic and hyperbolic points respectively.
It should be noted that the problem definition

here is not completely reflective of the actual phys-
ical processes. First, we did not take into account
any type of wave dispersion and secondly, by as-
suming a single ion interaction we completely ig-
nored collisionalal processes. The inclusion of these
two refinements to the model discussed in this paper
is necessary for the accurate modelling of the real
plasma. Understanding ion acceleration and the tran-
sition from regular to stochastic motion will help us
in constructing an experiment to verify our analysis
and show its importance in future propulsion appli-
cations.

APPENDIX A: S
νi,νj

6 (ρ) TERM SIMPLIFICATION

Using equation (10) and substituting forJm(ρ)
andJ ′m(ρ) with the following identities [17]

Jm−1(ρ) + Jm+1(ρ) =
2m

ρ
Jm(ρ),

Jm−1(ρ)− Jm+1(ρ) = J ′m(ρ), (A-1)

9
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we can rewriteS
νi,νj

6 (ρ) as

S
νi,νj

6 (ρ) =
1
8

{∑ Jm+2(ρ)Jm+1(ρ)
ν −m

+
∑ Jm(ρ)Jm+1(ρ)

ν −m
−

∑ Jm−1(ρ)Jm+2(ρ)
ν −m

−
∑ Jm(ρ)Jm−1(ρ)

ν −m
+

∑ Jm−1(ρ)Jm−2(ρ)
ν −m

+
∑ Jm+1(ρ)Jm−2(ρ)

ν −m
−

∑ Jm(ρ)Jm−1(ρ)
ν −m

−
∑ Jm(ρ)Jm+1(ρ)

ν −m

}
. (A-2)

Now we use identity [18]

∞∑
m=−∞

Jm+p(ρ)Jm(ρ)
ν −m

=
π

sinπν
Jp+ν(ρ)J−ν(ρ),

which is valid forp > 0 to simplify equation (A-2)
to

S
νi,νj

6 (ρ) =
π

8 sinπν
[2Jν+2(ρ)J−(ν+1)(ρ)

− 2Jν(ρ)J−(ν−1)(ρ)],

which, with the help of identities (A-1), may be eas-
ily shown to equal to

S
νi,νj

6 (ρ) =
ρ

ν

π

sinπν
[Jν+1(ρ)J−(ν+1)(ρ)

−Jν−1(ρ)J−(ν−1)(ρ)]

+
ρ

(ν + 1)
π

sinπ(ν + 1)
[Jν(ρ)J−ν(ρ)

−Jν+2(ρ)J−(ν+2)(ρ)].

Chiaet al. [12] showed thatSνi
1 (ρ) can be simplified

as

Sνi
1 (ρ) =

π

8 sin πνi
[Jνi+1(ρ)J−(νi+1)(ρ)

−Jνi−1(ρ)J−(νi−1)(ρ)].

It is then clear that

S
νi,νj

6 (ρ) =
ρ

νi
Sνi

1 (ρ) +
ρ

νj
S

νj

1 (ρ). (A-3)

Finally, we warn that the relation (A-3) holds
only for the special case ofνi 6= integer andνj =
νi + 1.
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