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Since the beginning of Hall Effect thrusters (HET) research, anomalous electron 
conductivity has been an outstanding question, preventing the development of predictive 
thruster models. The increasing interest in this technology for space exploration encourages 
further attempts to clarify this aspect of the thruster physics. The possible contribution of 
“near-wall conductivity” to the overall electron conductivity has been long discussed, but it 
now seems clear that anomalous conductivity due to plasma turbulence must be present to 
explain the experimental results. Recent PIC simulations have shown that azimuthal 
instabilities can lead to axial electron transport. In this paper, a simplified study of the 
influence of an azimuthal instability on electron transport is carried out in the case of a 
PPS1350 thruster. Adding a fluctuating azimuthal electric field to the time averaged field in 
the (r, z) plane given by a hybrid model, we have studied single electron trajectories from the 
cathode to the anode and deduced macroscopic electron transport properties. Our results 
show how electrons can be driven by the instability from the cathode to the anode and 
provide an estimate of the mean axial speed of the electrons in the discharge channel. 
Different amplitudes and wave numbers of the monomode azimuthal instability have been 
investigated. 

Nomenclature 
E  = electric field vector 
B  = magnetic field vector 
νm  = total momentum-transfer rate frequency  
νc  = classical momentum-transfer rate frequency  
νb  = anomalous Bohm frequency 
ω  = cyclotron frequency 
K  = empirical fitting parameter 
x,y,z  = cartesian coordinates 
x,r,θ  = cylindrical coordinates 
Ex,Er,Eθ  = total electric field components 
Ex,hybrid,Er,hybrid = electric field components deduced from hybrid model 
Bx,Br,Bθ  = magnetic field components 
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E0  = maximum electric field in domain 
λ  = lambda stream function, related to magnetic field 
α  = maximum instability amplitude 
kθ  = wave number 
f  = instability amplitude distribution function 
Vtot  = total electric potential 
V’  = perturbation on electric potential 
Vhybrid  = electric potential deduced from hybrid model 
Te  = electron temperature  
∆t  = time step 
v1, vf, v2  = intermediate speeds 
vt  = electron speed at t 
xt  = electron position at t 
τ  = electron transit time from cathode to anode 
 

I. Introduction 
Hall Effect thrusters are one of the most promising electric propulsion devices for the future, especially after the 

success of the European lunar probe SMART-11. These devices have been used and studied since the late sixties and 
many thrusters have been successfully used in station keeping and orbit transfer missions. Despite this, the physics 
involved is still not fully mastered. Even though the general concept is well understood, several major questions 
have no answer. One of them is the question of anomalous electron transport across the magnetic field. The 
measured current in HETs is larger than can the values that can be estimated assuming classical (i.e. due to 
collisions with neutral atoms) electron conductivity. Recent HET modeling efforts have been limited by this lack of 
understanding of anomalous electron transport, and the models are not fully predictive.  

Several theories on anomalous conductivity have been proposed but none is fully convincing. These theories can 
be separated into two groups: electron-wall interactions and plasma turbulence. Morozov was the first to take into 
consideration electron-wall interactions with the so-called “near-wall conductivity” in an attempt to explain the large 
axial conductivity observed experimentally2. He suggested that electron wall scattering was related to specular 
reflection of electrons on the wall sheath, assuming that the sheath is thin enough to follow the roughness of the 
wall. During the renewed interest in HET in the 1990s, Bugrova carried out an important experimental work on 
electron-wall interactions to investigate some of the predictions of Morozov’s theory referenced above3. One of the 
main conclusions was the correlation between the roughness of the channel walls and the discharge current. 
Nevertheless, real channel roughness does not seem sufficient to explain experimental currents. More recently, 
authors have stressed the role of secondary electron emission (SEE) at the walls4,5,6,7. The physics of these electron-
wall interactions is still uncertain, and authors do not always agree on correlations between these interactions and 
electron cross-field transport or electron temperature saturation. Recently, Garrigues et al.8 have shown that even if 
SEE can account for electron energy losses it seems that it is not sufficient to explain cross-field electron transport. 
Finally, electron-wall interactions may play a role in the discharge channel but the role of the walls outside the 
channel, i.e. between the cathode and the channel entrance is questionable.  

The other theory invoked by several authors is microturbulence and electric field turbulence. Many authors9,10,11 
include in their models an anomalous Bohm conductivity to account for microturbulence in the plasma. This 
anomalous conductivity is often adjusted by different means to obtain simulation results in agreement with 
experimental results. One of the first experimental results concerning field turbulence in a HET-like device was 
published by Janes and Lowder12. They evidenced the correlation between a rotating electron density bulk in the 
direction of E×B and resulting azimuthal electric fields. Literature concerning azimuthal behavior in HET is scarce 
compared to radial and axial studies. Most of models use an axial or axial and radial geometry. But more and more 
authors show interest in azimuthal phenomena in the thruster. Recently, many experimental characterizations of 
turbulence in HET have been carried out and emphasize the importance of plasma turbulence in anomalous 
conductivity13,14,15. Adam et al.16 have undergone a two dimensional fully PIC model of a HET in the axial and 
azimuthal directions. They have revealed the existence of a rotating electric azimuthal field wave, just as Janes and 
Lowder did experimentally. They have also showed the correlation between this wave and anomalous electron 
transport.  
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We have developed during the past years a 2D (radial and axial directions) hybrid model of a HET17. In this 
model anomalous electron transport is taken into account using effective collision frequencies associated with Bohm 
diffusion and electron-wall interaction. These transport coefficients involving the effective collision frequency are 
adjusted to match experimental data10. The model is therefore not self-consistent and, in order to improve the hybrid 
model, it is necessary to find scaling laws for the anomalous transport coefficients. 

The aim of the present work is to study the influence of an azimuthal electric field wave on collisionless electron 
transport between cathode and anode in a real thruster configuration. The electron trajectories are computed using 
electric and magnetic fields obtained with the hybrid code, and superimposing an azimuthal electric field wave. This 
study is therefore not self-consistent (the azimuthal field wave is given), but can provide useful information, in 
parallel with more complete (and much more time consuming) PIC simulation results.    

Section II presents the results used from the hybrid code and the choice and definition of the azimuthal 
instability. In Section III, we describe the particle model used for the electrons. Section IV presents results obtained 
for different field waves.  

II. Inputs from hybrid code and azimuthal instability 
 
We have simulated the trajectories of electrons injected at the cathode location. To do this, we need to know the 

electric and magnetic fields in the simulation domain, which includes the discharge channel and the near-field area 
of the thruster. These field distributions are deduced from our hybrid model results. This model is a 2D quasineutral 
model in the radial and axial directions. Ions and neutral atoms are described by particle simulations. Electrons are 
described by fluid equations. The model has recently been updated with a new algorithm that allows the use of the 
same fully 2D grid for the electron fluid equations and the particle computation18. In order to take into account the 
anomalous electron mobility, the model adds to the classical momentum-transfer rate frequency (νc) and anomalous 
Bohm frequency (νb):  

            
16
ωνννν K

cbcm +=+=             (1) 

where ω is the cyclotron frequency and K is set to fit experimental results. Simulation results using adequate K 
coefficients yield a convenient 2D potential distribution for a given thruster configuration. Magnetic field is 
computed using the finite element magnetic solver FEMM19. Both fields are calculated on the same 2D grid. 
Azimuthal symmetry for the electric potential and magnetic field is assumed. Figure 1 shows the electric potential 
and the magnetic field for an SPT100 thruster20 in its nominal configuration: 300V potential drop between the 
cathode and the anode and a xenon mass flow rate of 5 mg.s-1. The results presented later were all obtained in this 
configuration.  

As mentioned in the introduction, Adam et al.16 have shown the existence of an azimuthal instability in a cross-
field thruster type configuration using a particle-in-cell model in the azimuthal and axial directions.  
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Figure 1: (a) Electric potential, and (b), magnetic field amplitude (normalized) and contours as calculated 
with our hybrid model for an SPT100 in nominal configuration: mass flow rate 5 mg.s-1 and voltage drop 
300V. 

a) b) 
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Figure 2 shows the geometry and boundary conditions of the model of Adam et al.. This particle-in-cell model 
has essentially no free parameters: the authors use a true mass ratio of ionized xenon to electron, and ionization and 
electron-neutral collision have the energy dependence found in standard tables. The geometry is in the axial and 
azimuthal directions and secondary emission and wall recombination are neglected. Their results show the 
development of plasma turbulence driven by the electron drift. The PIC simulations results are in good agreement 
with experiments, without including diffusive electron wall collisions. 

The plasma turbulence in the azimuthal direction in the PIC simulations of Adam et al. is visible in Fig. 3. We 
show here the amplitude of the azimuthal component of the electric field for a 300V potential drop between the 
cathode and the anode and a 5mg.s-1 mass flow rate. We clearly see the existence of an oblique wave. The wave 
length is of a few 10-4 m, which corresponds to a wave number of ky=104 m-1 or kθ ~4.102 rad-1 if the mean radius is 
4.10-2 m (kθ=ky/r). An exhaustive work on this instability can be found in the paper by Ducrocq et al.21. 

In the present work, we assume a given form of the azimuthal field perturbation described by Ducroq et al.. 
From the work of these authors, one can define a simple form of this field as follows: 

           θ)(kαf(λ)E(x,r,θE θθ cos) 0=            (2) 
where x is the axial position (zero at anode), r the radial position (zero at thruster axis), θ the azimuth, kθ is the 

wave number, α a multiplication coefficient (0<α<1) and E0 the maximum electric field in the whole domain. f(λ) is 
a function of lambda, where λ is a stream function constant along the magnetic field lines and is defined as: 

          
rrx ∂

∂
−=

λ1B   
xrr ∂

∂
=

λ1B            (3) 

Function f is used to control precisely the amplitude of the perturbation. In the simplified configuration of Fig. 2 
(radial magnetic field and axial electric field), the azimuthal instability is located around the acceleration area, where 
the E×B drift is strongest. In the more complex configuration generated with our hybrid code, the ExB drift is still 
strong outside the channel, around the exit plane. f is chosen so that the amplitude of the perturbation is maximum in 
the acceleration region but decreases near the anode and outside the channel. Figure 4 shows the chosen function f. 
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Figure 2: PIC model geometry and boundaries, the magnetic field is purely radial and the electric field 

axial. 

 
Figure 3: Azimuthal component of the electric field (V/m) as evidenced by Adam et al.16 
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The choice can seem arbitrary. It is actually impossible to determine exactly where the instability should be effective 
because we have no information on the exterior of the discharge channel. We believe our choice is consistent with 
the PIC results. The maximum amplitude of the perturbation α and the wave number kθ are the main parameters used 
to change the azimuthal perturbation. f is not changed.   

We have just defined the azimuthal perturbation as an electric field wave. Nevertheless, if we add such a 
perturbation to the electric field determined with the hybrid model, the electric potential and the electric field will 
not be consistent because adding only an azimuthal component to the electric field leads to an electric field which 
does not derive from a potential. To avoid this, we introduce a perturbation on the potential itself defined as: 

 

        θ)(k
k

rEf(x,r,θV θsin)()' 0

θ

λα
=               (4) 

The total potential reads then: 
        )) V'(x,r,θ(x,r)V(x,r,θV hybridtot +=             (5) 
The resulting electric field becomes: 
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∂
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where Ei are the components of the total electric field, Ex,hybrid is the axial component of the electric field of the 

hybrid model, Er,hybrid the radial component of the electric field of the hybrid model, Vtot the total electric potential, 
Vhybrid the potential from the hybrid model and V’ the potential perturbation. This way, we obtain the desired 
azimuthal electric field wave and avoid any ensure energy conservation.  

III. Electron motion computation 
 
The electron trajectories are studied in a 3D geometry. The domain includes the discharge channel and an 

exterior cylinder of 8cm in length in the axial direction starting from the anode and a 8cm radius, so that it encloses 
the cathode. Electrons are emitted from a point at x=2.6cm and r=7cm, which corresponds to the cathode position 
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Figure 4: Function f which defines the amplitude of the potential perturbation in the (x,r) plane.  
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for a PPS1350 thruster. Their initial speed is determined by a Maxwellian distribution flux tilted 45 degrees towards 
the centre of the thruster and with Te=5eV for the initial electron temperature. When an electron exits the 
computation domain, a new one is emitted at the same initial position. We have studied single trajectories as well as 
statistical data. The electron equations of motion are computed using a typical explicit leap-frog scheme and the 
implementation of the v×B rotation due to the E×B cross field is the one described by Boris22: 

          Evv
2
∆tt1 m

tq
2
∆

+=
−

 

          bvvv 1f 21
t∆

×+=
ω  

          bvvv f12 ²1
2

t
t
+

×+=               (10) 

          Evv
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∆tt m

tq
22
∆

+=
+

 

          txx t ∆+=
+

∆+
2
∆t

t
tt v          

where ∆t is the time step, v1, vf, v2 intermediate speeds, vt the particle speed and xt its position. b is an unitary 
vector in the direction of B. Elastic collisions are taken into account in our model. The collision frequency is 
obtained from the hybrid model. Ionization and inelastic collisions are not taken into account. There are no energy 
losses. Wall reflection is specular.  

We have already presented the input fields from the hybrid code and how we chose the perturbation on the 
electric potential. We now briefly expose the inclusion of the perturbation calculation in the interpolation of the 
electric field. The perturbation is added to the potential so we preferred to use an energy conserving scheme to 
interpolate the electric field23. We obtain the electric potential on each nod using the hybrid model and then calculate 
on each nod the corresponding electric field using the finite differences technique. This allows us to define the 
potential perturbation on each nod using Eq. 4, which we add to the potential from the hybrid model. The total 
potential is then interpolated bilinearly in the active cell. We finally derive the electric potential to know the total 
electric field at the particle position. For the magnetic field, we know the lambda function, defined previously. λ is 
known on each nod. It is interpolated and the magnetic field is calculated using Eq. 3.  
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Figure 5: Inclusion of the potential perturbation and interpolation of the fields in the active cell 
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IV. Simulation results 

A. Electron trajectories 
If an electron is placed in the cross-field configuration of a HET, it will remain trapped along the same magnetic 

field line and turn around the thruster axis with an E×B drift. This is what we see on Fig. 6 with two different planar 
views: a front view of the thruster and a half side view. Field gradients can be responsible for electron drift but not 
in the axial direction24. Collisions do change the magnetic field line around which the electron is trapped. The axial 
electric field due to the potential drop combined with collisions transports the electron towards the anode. Electron 
axial mobility quantifies this axial drift. Nevertheless, we have already explained that the theoretical electron 
mobility due to collisions with neutral atoms near the channel exit and outside the channel is too low to explain the 
experimental currents. We study in this section the anomalous electron transport in the cross-field configuration of 
the SPT100 associated with an azimuthal perturbation of the potential as defined above. 

Figure 7 shows two electron trajectories. In both cases, the same electric and magnetic field distribution was 
used and no collisions were introduced. The electron was injected at the same point with the same initial energy 
(5eV). The trajectory on the left was obtained with no perturbation. The one on the right was obtained by adding an 
azimuthal perturbation as described earlier, and by choosing α=1 and kθ=4.102 rad-1. α is voluntarily chosen high to 
illustrate the effect of the perturbation. We will see later the influence of α. The meaning of kθ has been defined 
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Figure 6: Electron trajectories in the discharge channel of an SPT100 in nominal configuration (Vd=300V 
and m& =5 mg.s-1) – half-side view (a) and front view (b). 
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previously and a parametric study of the wave number is also presented below. We see that the electron drifts 
towards the interior of the discharge channel because of the perturbation. A longer simulation time would show that 
the electron eventually enters the discharge channel. The field perturbation has the same effect as collisions and 
changes the magnetic field line around which the electron is trapped. As explained in section II, the perturbation is 
only applied in a selected area (by using function f). The influence of the turbulence on the electron trajectory exists 
in this same area. If collisions are added to the simulation, an electron injected at the cathode can reach the anode. 
Total energy conservation is checked for each computed trajectory to avoid numerical heating (the criteria is that the 
numerical heating must be <2% of the electron energy). In general, this condition is satisfied for ∆t=10-11s, which is 
our standard value for the integration time step.  

B. Macroscopic effects 
After the study of single electron trajectories, we proceeded to a statistical study to characterize the effect of 

different azimuthal perturbations. Electrons were all injected one by one at the cathode with a Maxwellian flux 
distribution with an initial electron temperature of Te=5eV. Collisions are taken into account and the collision 
frequency is deduced from our hybrid model results (collisions are sufficient to provide transport close to the anode, 
because of the relatively large neutral density, but are not sufficient around the channel exit and outside the channel 
because of the neutral density drop due to ionization). Electric field, magnetic field, initial temperature conditions 
and position are the same for each electron. Each time an electron gets to the anode, a new electron is injected at the 
cathode. Two parametric studies were carried out. The first set of simulations was carried out with a fixed wave 
number (kθ=4.102 rad-1) and for different values of α (0.1, 0.2, 0.5 and 1). The second one with a fixed α=0.2 and 
different wave numbers (kθ=40, 102, 4.102 and 103 rad-1). The mean transit time τ from the cathode to the anode is 
presented in table 1 for each case. The order of magnitude is of several 10-5 s, 10-4 s in the slower cases. The general 
trend is that the electrons cross faster the domain when the amplitude of the perturbation increases but also when the 
wave number decreases. 

Table 1: Mean transit time τ from cathode to anode for different amplitudes (α) and wave numbers (kθ). 

kθ (rad-1) α τ (s) 
4.10 0.2 3,95.10-5 
102 0.2 4,95.10-5 

4.102 0.2 8,32.10-5 
103 0.2 1,09.10-4 

4.102 0.1 1,35.10-4 
4.102 0.5 3,38.10-5 
4.102 1 1,68.10-5 
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Figure 8: electron axial mean speed along the thruster axis in the discharge channel of an SPT100 for 
different perturbation amplitudes (a) and wave lengths (b) – presented values are a statistic of 1000 electrons 
fired from the cathode. We also present the value of f in the middle of the channel (a).  
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Figure 8 shows the mean axial speed of electrons in the discharge channel. Mean axial speed is calculated at 
each plane. The function f remains the same and its value in the middle of the channel is also detailed in Fig. 8. On 
the left are presented the simulation results for different amplitudes α and a same wave number kθ=4.102 rad-1. On 
the right are presented the results for different wave numbers kθ and a same α=0.2. In the first case, we see that the 
axial drift increases with the amplitude but that if α is multiplied by a factor 10, the mean electron axial speed at the 
exit plane (x=2.5cm) is only multiplied by a factor 3. An interesting result, which could be predicted considering the 
choice of function f, is that in the region close to the anode, α has no influence on the results: in this region only 
collisions are responsible for the electron axial drift. It is interesting to see that even with a very low amplitude, the 
perturbation creates a considerable electron drift. In the second case, there is a lesser difference in the mean axial 
speeds for different wave numbers. This is surprising because table 1 shows that the transit time decreases when the 
wave number does. The only explanation we have is that the wave-electron interaction is different outside the 
channel because the region where the turbulence is applied is larger outside the channel (see Fig. 4). Also, the 
computation of the mean axial speed is far noisier than the calculation of the transit time.  

On the whole, these results show how the potential perturbation produces an axial drift towards the anode. In our 
work we have only used a monochromatic, azimuthal wave to illustrate the plasma turbulence. Of course, the 
thruster surely presents multimode and oblique waves which are much more complex to study. We do not pretend to 
depict what happens precisely in the thruster but rather to explain what physical mechanisms can explain the entry 
of electrons in the discharge channel. Also, we know that, for a potential drop around 300 V, the mean velocity of 
the ions ejected from the channel should be on the order of 104 m/s. Because of flux conservation and plasma 
quasineutrality, the mean velocity of electrons entering the channel is on the same order as the velocity of ions at the 
same location. More precisely, since the electron current is about 1/3 of the ion current in the exhaust region, and 
because of quasineutrality, the electron velocity should be about 3 times less than the ion velocity. Therefore, the 
order of magnitude predicted by the simulations and associated with the azimuthal field perturbation taken into 
account in the calculations, is consistent with the expected value of the mean velocity.   

V. Conclusion 
Since the beginning of HET, anomalous electron conductivity has prevented a full understanding of these 

thrusters and the development of fully predictive models. Anomalous electron transport is also one of the most 
controversial questions in HET theory. Experimental and modeling results have evidenced that turbulence can 
induce an electron axial transport.  

In this paper we have simulated electron trajectories in a HET, for an (r, z) electric field distribution deduced 
from a hybrid model and superimposed with an azimuthal field perturbation as predicted by PIC simulations and 
analytical theories. The amplitude and wave number of the azimuthal field wave were used as parameters. The 
trajectory simulations confirm that such azimuthal wave can provide the necessary electron momentum changes that 
allow electron transport across the magnetic field in a real HET configuration. The calculations provide estimates of 
the wave parameters (amplitude and wave length) leading to electron mean velocities in the channel consistent with 
expected values. The calculated electron velocity is consistent with expected values when rather large values of the 
azimuthal wave amplitude (about 20% of the axial field) are chosen (this is consistent with PIC simulations). More 
work is needed to study electron transport in the presence of an azimuthal wave, and to try, with the help of PIC 
simulations and experiments (e.g. LIF measurements of the ion velocity distribution), to determine scaling laws for 
the azimuthal field wave. 
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