Confinement time in an electron trap used for electron-mobility
studies in Hall thruster-like fields
Emily C. Fossum* and Lyon B. King †
Michigan Technological University, Houghton, MI, 49931, U.S.A

An electron trapping apparatus was constructed at Michigan Tech’s Isp Lab in order to
study electron dynamics in the defining electric and magnetic fields of a Hall-effect thruster
with the goal of understanding the mechanism(s) responsible for anomalous cross-field
mobility. A low-density electron plasma is confined using vacuum electric and magnetic
fields in the absence of ions and dielectric walls, which are present in a typical Hall thruster.
Previous work has shown the ability of this apparatus to replicate the high mobility observed
in Hall thrusters. The focus of this report is to present a characterization of the trapping
mechanisms in order to analyze electron losses from the trap and to determine a radial
confinement time. Radial electron losses from the trap were found to be insignificant under
most conditions.
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normalization constant
magnetic field
unit vector in the B-field direction
elementary charge
electric field
magnetic mirror force
cross-field electron current density
electron mass
magnetic moment of gyrating particle
cross-field electron mobility
electron-neutral collision frequency for electrons
magnetic mirror loss cone angle
magnetic/electrostatic hyperboloid loss angle
electron Larmor radius
particle confinement time (radial)
scattering collision time
electron velocity perpendicular to B
anode-to-cathode voltage
thermal velocity
critical velocity
electron cyclotron frequency
electron Hall parameter

I.

Introduction

ALL thrusters are highly efficient in-space propulsion devices used mainly for satellite station keeping and
orbit correcting. The defining characteristic of Hall thrusters is the crossed axial electric and radial magnetic
fields. The electric field accelerates ionized gas from the thruster, which produces thrust, whereas the radial
magnetic field sustains the electric field by impeding the highly mobile electron flow to the anode 1. The criteria of
the E- and B-fields are such that the electron gyro radius is small compared with apparatus dimensions while the
gyro radius and mean free path for ions are larger than apparatus dimensions; these criteria are necessary so that ions
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are only affected by the electric field, where the electron trajectories are controlled by both electric and magnetic
fields. The crossed E and B fields induce the confining ExB electron drift, or Hall current, which holds electrons in
azimuthal orbits around the discharge channel annulus.
Within the classical theory of electron mobility collisions provide the only mechanism for motion across B-field
lines, through electron-neutral or electron-wall collisions, with a step length per-collision on the order of the Larmor
radius. A detailed description of how this dependence comes about can be found in Chen 2. Cross-field mobility is
defined as the constant of proportionality between the cross-field velocity of electrons, uez, and the axial electric
field, Ez:

µ ez "

u ez
.
Ez

(1)

Classically the mobility of electrons is given by

e
1
(2)
m e " m 1+ # ce 2 / " m 2
!
where ωce is the electron cyclotron frequency and νm is the momentum-transfer collision frequency for electrons.
The analysis of mobility presented here is based on the assumption of a large Hall parameter, Ω H, that is ΩH = ωce/νm
>> 1, a case that is required for Hall thruster operation. (In the case that ωce/νm << 1 magnetic field would have little
!
effect on cross-field mobility, as electrons would have many collisions in a single gyration and would quickly
eliminate the electric field necessary to produce thrust.) Given the case of a large Hall parameter, the cross-field
electron mobility in radial magnetic and axial electric fields becomes:

µ ez =

µez =

vm
.
Br" ce

(3)

Classical mobility can therefore be determined at any point in the discharge channel where the magnetic field is
known and an effective collision frequency can be estimated accurately.
In this way, electrons move across the radial B-field lines, gaining energy from the E-field and dissipating this
!
energy through wall collisions and electron-neutral
collisions, some of which ionize propellant neutrals. Cross-field
electron transport is obviously necessary to sustain thruster discharge through ionizing collisions; however, electron
current to the anode contributes to the total discharge current (and, hence, power) of the thruster but contributes no
thrust, which corresponds to a decreased thruster efficiency.
In past experiments, the cross-field electron mobility has been found to be much larger than the classical
collisional mobility model. The anomalous electron mobility was first observed in Hall thruster fields by Janes and
Lowder 3 and later supported by Meezan, Hargus and Cappelli 4, who observed mobility up to 1,000 times greater
than predicted by classical theory. Janes and Lowder predicted this departure to be caused in part by azimuthal
variations in plasma density, and thus electric field, creating a secondary drift term in the axial direction. Plasma
fluctuations have since been characterized and are now well-documented 5,6,7 leading to Meezan’s work supporting
Janes and Lowder’s initial hypothesis. Meezan provided the first quantified measure of mobility as it varies with
axial position in the discharge channel, finding the greatest departure from the classical model at the location where
plasma fluctuations were shown to exist. Others have hypothesized that the dielectric wall interactions play a
significant role in electron transport and attempts have been made to quantify and model the near wall region of the
discharge channel 8,9. Numerous electron mobility investigations are ongoing in Hall thruster research including
experimental investigations and numerical modeling 10,11,12,13.
The approach used in this investigation removes wall interactions by examining the electron dynamics of a lowdensity, non-neutral plasma in a Hall thruster’s defining fields with an independently controlled electric field in
vacuum. While such an approach has not been documented in Hall thruster investigations, studies of non-neutral
plasmas have proven to be useful for numerous types of charged particle transport experiments 14,15,16,17,18. Without
neutral plasma oscillations or wall-interactions, mobility in such Hall thruster fields is studied in a simplified sense
and a comparison between classical and experimentally determined mobility can be made. The focus of this paper is
to present an analysis of the trap apparatus, particularly the radial losses. Without dielectric walls radial losses could
be significant and thus would need to be accounted for in mobility measurements.

II.

Description of Apparatus

A. Electron Trap
An electron trapping apparatus shown in Fig. 1 was constructed with a “confining volume” that reproduces the
defining characteristics of a Hall thruster’s accelerating region, referred to as the confining region. The physical size
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of the trap is about four times the size of a typical flight-scale Hall thruster in order to operate over a greater range of
magnetic fields while maintaining scaling parameters, most importantly rL<<L where rL is the electron Larmor
radius and L is a characteristic length of the trap. A larger trap also allows ease of probe access of the confining
region. A radial magnetic field was created with a shape and strength that is similar to that of a Hall thruster through
use of magnetic windings on inner and outer magnetic poles. An axial electric field was created via parallel plate
electrodes in vacuum. A detailed description of the apparatus and field configuration can be found in Fossum and
King 19.
The trap is operated in the Isp Lab’s Vacuum Test Facility #2, a 2-m-diameter, 4-m-long cylindrical vacuum
chamber. Rough pumping is accomplished through a two-stage mechanical pump, capable of 400 cfm. High
vacuum is achieved through the use of three turbomolecular pumps with a combined throughput of 6,000 liters per
second providing a base pressure below 10-6 Torr. An ion gage is mounted directly to the electron trap in order to
obtain a local measure of pressure inside the trapping volume. Krypton gas was introduced within the vacuum
chamber as background gas to vary the base pressure from 10-6 to 10-4 Torr.
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Figure 1. Electron trapping apparatus
B. Trap Loading
Electrons are injected into the trap using a thermionically emitting thoriated tungsten filament placed entirely
inside the trap at the cathode. A filament heater circuit was isolated with an isolation transformer and biased
negatively with respect to the cathode. In order to emit low-energy electrons the filament bias was increased until
no emission current was observed and then tuned ~100-500 mV below this potential. Since the filament is entirely
within the confining volume, once at steady state the emission current equals the loss rate of electrons from the
confining volume, either by radial losses or by axial mobility, which can be measured by current collected at the
anode. The electron density in the trap can be controlled by varying the emission characteristics of the filament.
C. Field Conditions
In a typical Hall thruster with a quasi-neutral plasma, the plasma electric equipotentials have been found to
coincide with magnetic field lines20 such that electrons are thermally mobile along field lines. The challenge in
creating the electric and magnetic fields for the electron trap was meeting the criterion that magnetic field lines and
lines of constant electric potential coincide in vacuum. The magnetic field was modeled to replicate the acceleration
region of a Hall thruster. A magnetic field solver, Maxwell 21, was used in order to map the field lines, and physical
electrodes were constructed such that the electrode surfaces were coincident with local magnetic field lines. The
vacuum electric field induced by the electrodes was taken to be rigid during trap operation as the contribution to the
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field from a low-density plasma is negligible (as is described in Section III.B.1, Eq. 7). Figure 2 shows the
contoured electrodes and the magnetic field lines superimposed on the electric equipotential lines. This agreement in
the field lines over the majority of the confining volume indicates that electrons would be thermally mobile along
field lines and their guiding center paths would be parallel to the electrode contours. At the inner and outer radii of
the confinement volume the electric equipotential lines depart from the magnetic field lines providing an electric
field with a component in the direction of the magnetic field. This field is radially confining for electrons at the
volume periphery.

Figure 2.

Magnetic and Electric Equipotential Lines.

D. Diagnostics
A number of plasma parameters can be determined through current measurements at the anode and on an
electrostatic probe. The axial electron current was measured at the anode through a low-impedance, low-noise
current amplifier. An internal planar Langmuir probe is used to obtain plasma parameters such as electron
temperature and electron density. For this in-situ measurement, a 2.36-mm-diameter probe is positioned 180
degrees azimuthally from the emission filament. The probe is positioned at the center of the channel annulus (r=160
mm) and 10 mm from the anode. The probe is encased in an alumina sheath where the exposed collection area of
the probe is aligned orthogonally to the azimuthal Hall current.
The cross-field mobility was evaluated experimentally by combining the electrostatic probe measurement with
the axial (anode) current. The transverse mobility, µez, is related to the electron density, ne, the axial current flux, Jez,
and the axial E-field, Ez, by Jez=qneµezEz or rearranged
J
µez = ez
(4)
qn e Ez
Because the electric field is assumed to be rigid and equal to the vacuum value, Ez is known and we need only to
measure the anode current density, Jez, and the electron density, ne, in order to experimentally measure mobility. We
compute Jez by measuring the anode current and surface area. Electron density is derived using the probe theory
!
described elsewhere19 to interpret the measured probe
current. Methods are described in more detail in Fossum and
King 19. By conservation laws, without radial losses, flux is constant everywhere in the confining volume.
However, mobility may not be constant and thus density and z-velocity may vary axially over the confining volume.
Because we are obtaining a local measurement of density at the probe, this is a measurement of local mobility if flux
is assumed to be constant. However, radial losses between the probe and the measurement of axial flux (at the
anode) may be significant which would need to be accounted for in the measurement of mobility at the probe.

III.

Confinement and Loss Mechanisms

A. Confinement Scheme
Electron motion towards the anode is impeded by the magnetic field and limited to a rate determined by the
collisional (or anomalous) mobility. However, electrons are highly mobile along radial magnetic field lines, since an
electron makes many radial “round trips” within the confinement region per axial “jump”; i.e. " b >> " scat where " b
is the radial bounce frequency and " scat is the scattering collision frequency (for both electron-neutral and
4
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“anomalous” collisions) that drives mobility. Thus, in order to experimentally measure mobility, we want to ensure
that radial losses from the trap are negligible, such that the dominant mode of net electron transport is across the
magnetic field. The radial confinement is achieved by a magnetic mirror due to increasing Br at the iron pole faces,
combined with a confining electrostatic potential at the trap inner and outer radii, due to the departure of
electrostatic equipotential lines from magnetic field lines ( E• B " 0 at the edges of the confinement volume). The
magnetic mirror confining force acting along a magnetic field line is given by
(5)
F|| = "µ mag #(B• bˆ) ,
where the magnetic moment is taken to be an adiabatic
! invariant, given by:
mu " 2
(6)
µmag =
# µ0,mag = const.
2B
!
This force acts in a direction away from strong fields, such as the inner and outer radii of the trap, aiding radial
confinement.
The electrostatic confining force acting at the inner and outer radii of the trap exists because of the departure of
electrostatic equipotential lines !from magnetic field lines. This is illustrated in Fig. 3. Since electrons are
constrained to follow B-field lines (between collisions), they have a point of minimum potential energy at the center
of the confining volume where the B-field is coincident with the electric equipotentials. As an electron travels from
this region towards either edge of the confinement volume, the electric potential increases as the magnetic field lines
depart from the electric equipotentials. The B-field lines all terminate on the iron pole pieces which are held at
cathode potential, thus the total potential increase from trap center to trap edge is the value of the local potential at
trap center. Consider, for instance, an electron constrained to the B-field line that is coincident with the 75 V
equipotential at trap center in Fig. 3. In order to impact the iron pole at the trap periphery, the electron must climb a
75 V potential hill. Thus, an electron on the field line at 75V in the center of the confining volume would be in a 75
eV electrostatic potential well. It is obvious from this that the depth of the potential well depends on both position
within the trap and the total anode-to-cathode voltage.

Figure 3. Electric field equipotential contours with
magnetic field lines superimposed. Local potentials are
indicated.
B. Analysis of Losses
1. Space Charge Repulsion
In a non-neutral plasma, a space charge exists from the mutual repulsion of the electrons due to the absence of
shielding ions. The negative space charge will induce a self-field that will locally depress the electric potential and
drive the electrons out of the trapping volume; however, the magnitude of the space-charge field can be made
negligible by adjusting the electron density within the trap.
The magnitude of the induced negative space charge is found from a solution of the Poisson equation, where Φ is
the electric potential. Since the experiments presented here are sensitive primarily to the radial space-charge field
(the axial space-charge field is much less than the applied E-field and is a negligible perturbation), the experimental
geometry is approximated as a cylindrical annulus infinite in the z-dimension with inner radius rin and outer radius
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rout. If the space between the cylinders is filled uniformly with electrons at density ne=const., then the solution to the
Poisson equation for the space-charge potential relative to the local potential of the trap becomes
ln(rout r ) (
"(r)
e % 2
2
(7)
=
$ rin2
'rout $ r 2 + rout
*.
ne
4# 0 '&
ln(rin rout ) *)
The maximum potential occurs midway between rin and rout where, for the physical scale of the apparatus used in the
present investigation, is Φmax/ne~1x10-11 V-m3. Thus, if the electron density were limited to ne<1010 m-3 (very
typical for electron non-neutral particle traps17), then the space-charge potential at chamber mid-radius would be on
! unperturbed local trap potential. The moderate radial electric field induced by this 100
the order of 100 mV below
mV difference will not significantly alter the electron trajectories from those determined by the vacuum potential
distribution alone. During the course of experiments electron density was monitored using the planar Langmuir
probe and the emission characteristics of the tungsten injection filament were controlled to keep the electron density
low enough to avoid significant space charge perturbation to the rigid fields.

(

)

2. Magnetic Mirror Loss Cone
The magnetic mirror force is directly proportional to the perpendicular energy of the charged particle (Eqn. 6).
Thus, the magnetic mirror has the ability to confine charged particles with very high energies provided that some
suitable fraction of this energy is in the perpendicular direction. However, in the case where there is no
perpendicular energy (i.e. u⊥= 0) there is no confining force on the electron and an electron is lost, regardless of the
particle’s total energy. It follows that trapping in a magnetic mirror is dependent on the pitch angle of the velocity
vector with respect to the magnetic field rather than the total magnitude of the particle’s energy. Particles having
u⊥/u|| > some critical value will be trapped, while others will have sufficient parallel energy to overcome the ∇B and
escape the mirror. This ratio of velocities defines what is referred to as the loss cone. If a particle’s velocity vector
is represented in velocity space there exists a region, the mirror loss cone, where the electron is no longer confined
by the magnetic mirror (Fig. 4). If the velocity vector lies within this region the particle is no longer confined by the
magnetic mirror; however, outside of this region, in confined velocity space the particle is confined regardless of the
magnitude of its velocity.
The mirror loss cone is found by the combination of the adiabatic invariant, µ mag, where
mu "0 2 mu#" 2
µ 0,mag =
=
(8)
2B0
2 B#
and conservation of energy where
mu 0 2 mu" 2
(9)
=
2
2
!
where u 0 is the velocity of the electron at the mid-plane of the mirror (minimum magnetic field) and u " is the
velocity of the electron at its turning point. At the turning point u|| = 0 so all of its kinetic energy is in u " , and the
energy balance becomes u "# 2 = u 02 . The resulting
loss cone is described by
!

2
!
(10)
u 0 2 / u 0"
= sin 2 # m = B0 / Bm $ 1/ Rm
where " m is the minimum pitch angle an electron can !
have and still be trapped, Bm is the maximum
magnetic field
!
and Rm is defined
! as the mirror ratio. In this trap, the mirror ratio is ~2 and the resulting loss cone is " m ~ 45°
(shown in Fig. 4).
!
Trapping by magnetic mirrors is not a new concept, and in fact has been used with much success in trapping
!
!
positrons and other high temperature particles and plasmas 22,23,24. However, confinement times in magnetic mirrors
!
!
are limited, as particle velocities are directionally scattered by collisions. Particles whose trajectories
are initially
trapped will eventually undergo a collision process where the resulting velocity trajectories are scattered in velocity
space such that they eventually fall within the loss cone. Numerous investigations have been undertaken to quantify
this process 25,26,27, and it is generally accepted that a simple magnetic mirror configuration can not feasibly trap
particles for much more than a 90° collision time. (A 90° collision can be either a large angle scattering event, such
as an electron-neutral collision, or the cumulative effect of many small angle deflections totaling 90°, such as
Coulomb collisions.) In the apparatus presented here, scattering into the region of velocity space within the
magnetic mirror loss cone occurs within a few collisions, which does not provide an effective radial trap, as tens of
collisions are required for an electron to move through the trap axially by classical mobility.

!
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3. Electrostatic/Magnetic Mirror Loss Hyperboloid
The analysis of a velocity space loss cone is extended to include the electrostatic potential well in addition to the
magnetic mirror trapping effects. With this addition losses from the trap depend on velocity magnitude as well as
direction. This configuration is similar to past studies of magnetic mirror machines where confinement is enhanced
by the use of electrostatic “end stoppers” 27,28.
The new velocity space loss cone is determined similarly to the original loss cone except the original
conservation of energy becomes
mu 0 2 mu" 2
(11)
=
+ e#
2
2
The additional term eφ is the depth of the electrostatic potential well (expressed in terms of energy) given by the
potential difference, φ, between the local potential at the center of the trap on a given magnetic field line and the
cathode potential (as described in section IIIA). The parallel component of velocity necessary to overcome this
!
confining potential and exit the trap (via collision with the iron pole) is given as the critical velocity, v c = 2e" / m .
2
Combining equations * and * and solving for u 0 2 / u 0"
gives
% (1# v 2 / u 2 ) / R
u $ vc (
c
m
sin 2 " c = &
)
(12)
!
0
u < vc *
'
where u is the magnitude of !
the electron velocity. This results in a loss “cone” that is actually a loss
hyperboloid, which is velocity magnitude and direction dependent, shown in Fig 4 (normalized for vc=1).

!

Figure 4. Magnetic
mirror
loss
magnetic/electrostatic loss hyperboloid.

cone

and

C. Confinement Time
As previously described, electrons are directionally scattered into the velocity-space loss hyperboloid by
collisions giving rise to a finite particle confinement time. Numerous analyses of collisional losses in magnetic
mirrors are available concerning fully ionized plasmas where small angle deflections due to Coulomb interactions
have a much greater effect than large angle scattering (electron-neutral) collisions25,27. These analyses investigate
collisional losses as a diffusion process in velocity space, as small angle collisions produce a random walk type
process of velocity trajectories. However, in a partially ionized plasma the dominant scattering mechanism is largeangle scattering by electron-neutral collisions, where “random walk” diffusion is not applicable. Therefore, an
analysis of confinement time with large-angle scattering events is necessary.
In this analysis we want to investigate the rate at which electrons’ velocity trajectories are scattered into the loss
cone. For simplification, an electron whose trajectory is in the loss cone is “lost” (recombined at the magnetic
poles) and we have neglected effects such as secondary electron emission. Because particle transit times across the
physical confining volume are short compared with collision times ( " b << " scat ), a particle is assumed to be lost
before it can scatter again and re-enter the confining volume. Therefore, we assume a velocity space loss cone that
is empty. A similar description of a strongly depleted loss cone is presented by Kaganovich et al29. This type of
7 !
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distribution is non-Maxwellian as there are voids in velocity space in both direction and magnitude. Scattering
collisions have the effect of replenishing these voids in velocity space, as collisions drive a distribution to a
Maxwellian state. Thus, particles are scattered from the confined region of velocity space into the loss cone,
whereupon they exit the trap, giving rise to a flux of particles from the trap. This flux of electrons is determined by
an analysis of the relaxation of the initial non-Maxwellian distribution function within the confinement volume (in
velocity space), to a Maxwellian distribution as collisions populate the loss cone region.
The BGK relaxation time approximation gives a sufficient estimate in the case of large-angle scattering. This
approximation gives a simple approximation of the velocity distribution function as it relaxes from an initial nonequilibrium state to a Maxwellian distribution. A detailed explanation of the relaxation time approximation can be
found in numerous gaskinetic theory texts30. The Boltzmann collision term in BGK approximation (sometimes
referred to as the Krook collision operator) is given by:
"F (t,r,v)
F (t,r,v) F0 (t,r,v)
=#
+
(13)
"t
$F
$0
where F is the actual phase space distribution of the system and F0 is a Maxwellian distribution. This equation
physically means that the non-equilibrium distribution function, F, loses particles exponentially on a time scale of τF
and these particles are replaced by a Maxwellian distribution, F0, on a time scale of τ0. We are assuming a uniform
!
spatial distribution of particles and are only concerned with the distribution of velocities, thus, the spatial term, r, is
dropped for the remainder of this section. From here, any reference to “space” and “volume” only refers to regions
of velocity space. The solution to the ordinary differential equation (Eqn. 13) given an initial velocity distribution of
Fin at t = 0 is

F (t, v) = F0 (v) + ( Fin (v) " F0 (v))e
The initial velocity distribution function is given by
!

"

t
#0

(14)

"
0
inside the loss cone%
Fin (v) = #
&
$maxwellian in confined space '

The confinement volume and loss hyperboloid are approximated for geometric and mathematical simplification
(Fig. 5). The actual loss region is smaller than this approximation so the resulting confinement time will be a
conservative estimate. In !
confined space the speed distribution for θm > θ > π - θm (region 2, in Fig. 5) is given by a
Maxwellian (all speeds are confined for this range of pitch angle) and for θ < θm (region 1, in Fig. 5) the distribution
is given by a truncated Maxwellian distribution where the function is Maxwellian for v<vc and zero for v>vc.

Figure 5.

Approximated loss cone geometry

In the velocity-space confinement volume the distribution is given by
3
2
$" ' 2
Fin (v) = An& ) e* "v
%# (
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where β = me/(2kTe) and A is a normalization constant. To find the normalization constant we recognize that we only
have particles in the confinement region (the loss cone is empty) so integrating over only the confinement volume
will normalize the function to n.
2%

&m

v0

2%

% '& m

"

0

0

0

0

&m

0

### d 3 vFin = ### d 3 vFin = # d$ # 2sin &d& # Fin v 2 dv + # d$ # sin &d& # Fin v 2 dv = n
conf .
vol.

"

In this integration, the first and second volume integrals are the integrals over regions 1 and 2 (fig.), respectively
and the upper bound v0=vc/cosθc. Evaluating the integrals gives a normalization constant of
13* "2v
53"1
$v ' 2
2
!
c "v c / v ||
c
(15)
A = 2,
e
+ erf & ) " 1/(1 " cos 0 m ) + 16
% v|| ( .
43+ # v||
73
where v|| is the parallel thermal velocity of an electron. Thus, the total initial distribution is given by

!

,
0
.
3
Fin (v) = - & % ) 2 $ %v 2
An
. (' # +* e
/

v > v c and (" < " m or " > # $ " m ) (loss cone)0
.
1
" m < " < # - " m or v < v c (confined space) .
2

The initial distribution relaxes to a Maxwellian distribution, F0, as collisions scatter particles into the empty region
of velocity space vacated by the loss cone, where
3
$ " ' 2 * "v 2
!
F0 (v) = n & ) e
%# (
Substituting these into Eqn. 14 gives the distribution function as it relaxes in time:
t
- $ '32
1
$
* '
2
/ n& " ) e* "v &1+ (A *1)e + 0 ) v > v c and (, < , m or , > # * , m ) (loss cone)/
&!
)
/ %# (
/
%
(
F(t,v) = .
2
3
t '
$
2
*
$ " ' * "v 2
/
/
+0
, m < , < # - , m or v < v c (confined space) /
/ n&% # )( e &&1* e ))
%
(
0
3

(16)

Therefore, the Krook collision operator is given by

!

3
t
.
+
%#( 2
2 1
0 n' * e+ #v
e ,0
"F(t,v) 0
&$ )
,0
=/
3
t
2
"t
0 % # ( + #v 2 ( A +1) + , 0
e
01+n'& $ *) e
,0

2
v > v c and (- < - m or - > $ + - m ) (loss cone)0
0
3
0
- m < - < $ - -m or v < v c (confined space) 0
4

(17)

The time derivative of the distribution function at time t=0 describes the change in the distribution at the time
that the loss cone is empty. In the trap considered here, all particles in the loss cone will immediately disappear from
the trap, thus the loss cone is always empty and the time derivative of F at t=0 corresponds to the steady-state
! in the distribution function assuming that lost particles are continuously replaced by the trap loading source.
change
Ultimately, we want to quantify the flux of particles from confined space (regions 1 and 2 in Fig. 5) to the loss cone.
Flux in velocity space can be understood by an analogy to flux in configuration space31. By density conservation in
configuration space

"n(x,t)
= #$ • %
"t

where Γ is particle flux. By analogy in velocity space where Jv is given to be the flux

!

"F (v, t)
= #$ v • J v
"t

where F can be thought of as the “velocity-space density.” A volume integral in velocity space can be applied to
make use of Gauss’ theorem to convert the volume integral of this divergence to a surface integral of the flux

### d!3 v

conf .
vol.

!

"F (v, t)
= $ ### d 3 v% v • J v = $ ## dS v • J v
"t
conf .
loss
vol.

cone
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This gives us the surface integral of a flux which in this case represents the flux of particles in velocity space
through the loss cone surface, or equivalently, the particle loss rate from the trap. Thus, the flux of electrons from
confined velocity space to the loss cone at t = 0 is found by evaluating the volume integral of the distribution
function, F, over the confinement volume.
"F (t, v)
n ( A $ 1)
### d 3 v "t = $ %
A
0
conf .
vol.

This flux is negative representing flux out of the confinement volume. The average confinement time of a
particle, then, is given as the density over the flux
" A
"p = 0
(18)
!
( A # 1)
Inspection of A reveals that particle confinement time is a function of the simple magnetic mirror loss cone
angle, θm (since we’ve approximated the loss cone geometry), critical velocity to overcome the electrostatic
potential, vc, and v||, which is the velocity parallel to the magnetic field.
Here various limits become apparent.!It can be seen that as θm → 0, A = 1, giving zero flux and an infinite
particle confinement time. Physically, this limit means the loss cone volume approaches zero and thus the entire
velocity space is approaching a Maxwellian in its initial state (i.e. no relaxation). Another interesting limit is when
vc/v|| <<1, A = 1/cosθm which is equivalent to the solution of the BGK relaxation for a magnetic mirror confinement
without electrostatic confinement (i.e. region 1 is included in the loss cone). Finally, when vc/v|| >>1, A approaches
unity, giving small flux and a large particle confinement time. This limit physically means that the electrostatic
confining potential is much greater than the thermal velocity of electrons, and thus losses are very small. The
magnitude of the parameter, vc/v||, is critical when investigating particle confinement times (i.e. a large vc/v|| results
in long confinement times).
The normalization constant and confinement times versus vc/v|| are plotted in Fig. 6a. and 6b. Confinement time
is given in terms of " p # ne ; this number physically represents the average number of scattering collisions an electron
can undergo and still be confined by the trap. Particle confinement time in the electron trapping apparatus can be
evaluated based on the mirror ratio, the depth of the electrostatic potential well, and the thermal velocity of
electrons. Since the geometry of the apparatus is fixed the magnetic mirror ratio, and thus loss cone angle, is
! v and v change with both anode-to-cathode voltage and with position within the trap. However, it can
constant, but
c
||
be shown that the minimum ratio, vc/v||, is constant everywhere in the trap for all anode-to-cathode conditions. The
velocity needed to overcome the potential difference between the local potential and the cathode electrode is also the
maximum energy available to electrons starting at the cathode. If an electron gains all of the energy available from
the field, the maximum parallel thermal energy of the electron is eφ/2 (1/2 the total energy because of two degrees of
freedom), corresponding to a velocity of e" / m ; thus, v c / v|| = 2 in the lower limit. Therefore the minimum
value of A=1.08 corresponding to " p # ne =13.4.
In the case of minimum vc/v||, radial losses could be significant as tens of scattering collisions are required for a
particle to traverse the trap axially which is on the same order as " p # ne . However, because electrons are expected
!
!
to suffer inelastic collisions
! and will not gain all of the energy available 19from the field, the ratio is expected to be
greater than the minimum. For example, from data previously obtained in the case of φ >134V a perpendicular
electron temperature of Te= 28 eV was measured by a planar probe. Assuming isotropy, this is also the parallel
!
velocity. Then, in this example, vc/v|| =2.19 corresponding
to " p # ne =162, indicating that radial losses are very
small.

!
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Figure 6. a.) Normalization constant, A, versus vc/v||.
Minimum ratio shown as a dotted line

Figure 6. b.) Confinement time versus vc/v||. Minimum
ratio shown as a dotted line.

IV.

Conclusions

The analysis presented here quantifies radial losses in the trapping volume of the electron trap by analytically
solving the BGK relaxation time approximation. This gives a conservative measure of confinement time as the loss
cone was approximated for geometric simplicity, which was larger than the actual loss cone. We have set a lower
bound of v c / v|| = 2 , as the energy available to the electron (and thus maximum temperature) is also the depth of
the potential well. Because of this approximation we have obtained a confinement time that is on the order of the
transport time. However, the actual confinement time is expected to be much greater than the transport time under
most operating conditions as vc/v|| is expected to be greater than the minimum ratio. Confinement time increases
!
exponentially with vc/v||, so small increases in vc/v|| will have a large impact on confinement time. The results of this
analysis are imperative for evaluating local mobility within the confining volume, as significant radial losses would
indicate that axial flux, Jez, is not constant throughout the confinement volume, and therefore, corrections would
need to be made for the difference in axial electron flux at the location of the probe to the axial flux at the anode
surface.
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