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It is well recognized to ascribe the anomalous cross-field conductivity inside Hall-effect
thrusters to fluctuation-induced transport due to gradient-driven instabilities (Rayleigh or
electron drift) and to electron-wall interaction (near-wall conductivity). In this contribution
we have performed a 2D(r,8) Particle-in-Cell (P1C) model showing the possibility of another
mechanism inducing azimuthal fluctuations: the lateral sheath instability. It is created by a
negative differential resistance of the current-voltage I-V characteristic of the floating wall
as a consequence of high secondary electron emission. Azimuthal modes characterized by
frequencies multiplies of vo=3 GHz and a wave number k,=80 rad™ have been detected. By
means of a 2D(0,z) Test-Particle Monte Carlo (TPMC) simulation and using the
characteristic azimuthal oscillations found in the previous PIC simulation, we have assessed
the induced anomalous transport. The contribution calculated is in good agreement the
electron cross-field conductivity measured in the acceleration region.
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I. Introduction

One of the fundamental problems in Hall effect thruster discharge concerns the so-called electron anomalous
transport across the quasi-radial magnetic field:. Measurements have established that the axial electron current
(1,e~3 A\ is significantly higher than predicted by classical theory (l,0s~10™" A) due to volumetric collisions. The
reason for the observed enhanced cross-field transport is nowadays a subject of considerable and continued debate.
However, it is well accepted to mainly attribute the anomalous electron cross-field transport to two different reasons:
- fluctuation-induced transport: anomalous axial electron current results from the correlation between azimuthal
electric field Eq and density fluctuations. The origins of these high frequency fluctuations are axial gradient-driven
instabilities (Rayleigh-type? or electron drift instabilities®). This is known to yield a Bohm-type electron cross-field
conductivity varying like u,~1/B;

- wall-induced transport (the so called near-wall conductivity®): the electron-wall interactions lead to a non-specular
reflection or emission of electrons which leave the walls following another spiral trajectory with the guiding center
displaced towards the anode. This yields an electron cross-field conductivity that varies like 1,~1/B?, similarly to
classical conductivity due to electron-atom collisions.

Recently®, it has been suggested that only the plasma azimuthal fluctuations are responsible for anomalous
transport inside and outside the Hall thruster channel. Nevertheless, there is evidence that changing the wall material
of Hall thrusters results in significant changes of the electron axial current’. In fact, the presence of a high secondary
electron emitter as wall material (BN) has a profound effect on the plasma within the Hall channel. Under a
moderate emission of secondary electrons from a floating wall, the voltage sheath drop 4 ¢unean is given by®:

keT, M

(1-T1) -

In

ADgpeein = 1)

where I'=l¢d/l, is the ratio between primary electron current impacting on the wall and the secondary electron
current emitted from the wall, is the secondary electron emission coefficient. It is a function of the energy and angle
of impact. The electrons in the Hall discharge have energies in the range of 15-20 eV (energy range necessary to
ionize Xenon). Due to their azimuthal vq=ExB drift and after passing the retarding sheath drop they impact the walls
under grazing incidence. These circumstances make the classical Debye layer to disappear and to transform (if

I'=1-8.3Vm/M °) into a non-monotonic behavior (double layer structure). A potential well forms close to the
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wall, which traps a fraction of the secondary electrons (space charge saturation regime). This theory is based on the
assumption that the zero total current condition at the wall is statically fulfilled:

=l =lop *les = lep(1-T) @)

i e,tot = ep es
(note that the emission of secondary electrons produces a positive current). In fact, if I; increases, the floating
potential of the wall increases and the voltage sheath drops
decreases in order to enhance the primary electron flow I
(dominant in the total electron current). But if 7" exceeds 1
the sheath looses its static character becoming an ceeleration
oscillating structure, the so-called sheath instability’™°. > e
This is due to the appearance of a negative differential
resistance in the I-V characteristics of the wall (61/6V)™<0.
If I; increases in this case, then the voltage sheath drop
cannot decrease, because otherwise the primary electrons
would strike the wall with higher energy creating a higher
emission current of secondary electrons los, which would 0,001
increase the positive current. The importance of the sheath n | Chsiost e franspot ’
instability is also supported by the observed so-called — .
anomalous erosion structure®. O s 0 2 2 a6 s 0
The apparently contrasting evidence that on one hand distance from the exit plane z (mm)
anomalous transport inside Hall thrusters is fluctuation- Figure 1. Inverse of the Hall parameter vs the axial
induced and that on the other hand wall material changes position (from [18]).
the electron axial current are both confirmed within one
model in the present contribution, where we report results from numerical experiments demonstrating the presence
of azimuthal fluctuations induced by the sheath instability.
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I1.0 Numerical Model

We concentrate our efforts in the study of the dynamics of electrons in a (r,6) plane, neglecting all the axial
pressure (density and/or temperature) gradients. The axial location investigated is the acceleration region of the
thruster, where, a large drift velocity is responsible for the
secondary  electron emission instability.  Indeed, © cathode
experimental measurements'® show in this region a
pronounced deviation of the inverse Hall parameter g
'=j.ieo (quantity directly related to the cross-field
mobility #*=u,B) from both the classical and Bohm value
(see Fig. 1):

exit plane

+
ﬂoab@ s
/3coll2 < i < i (3) (a)
1+ ﬁcoll ﬁeff 16

where B.oi=€/ven represents the number of cyclotron 0.05
rotation which an average electron may complete between
momentum transfer collisions.

With the azimuthal fluctuation characterization, a Test-
Particle Monte Carlo technique in a (6,2) plane has been
developed in order to assess the induced anomalous 002
transport.
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The numerical model consists of a fully Kinetic x(m) (b)
electrostatic Particle-in-Cell/Monte Carlo Collision (PIC- Figure 2. (a) Sketch of the 2D(r,0) simulation
MCC) simulation'*. In order to correlate the radial and domain. (b) Trajectories of electrons inside the
3 simulation domain.
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azimuthal dynamics, a two-dimensional (r,#) domain is investigated. It consists of a cross section of the exhaust
region of the annular channel (see Fig. 2). To exclude the contribution of axial gradients as possible causes of the
azimuthal fluctuations we use by purpose this reduced model, where uniformity in axial direction is explicitly
chosen. Indeed, in this part of the channel, the electron radial and azimuthal dynamics are much faster than the axial
one due to the radial magnetic field impedance. We are aware of the fact that in the real system also turbulence
driven by axial gradients will exist. However, this model system gives the possibility to check the existence of
surface-driven turbulence without interference with other types of turbulence. Secondary electron emission is self-
consistently taken into account by means of a detailed probabilistic Monte Carlo model****. The simulation is
initiated with a uniform homogeneous distribution of Maxwellian macro-particles (electrons and Xe™), using as input
parameters:

- neutral density ny=2x10" m?;

- axial electric field E,=2x10* VV/m;

- radial magnetic field B, j,=150 Gauss.

The radial variation of ny and E, is considered to be negligible, while the radial component of B is written as
B (r)=By nrin/r, in order to fulfill the divergence free V-B =0 condition in cylindrical metric. A von-Neumann
condition is used on the insulating walls: the electric field at the wall is normal to the surface and proportional to the
net charge o(6,t) accumulated on the surface in each cell (the possible surface conductivity of the dielectric is
neglected in comparison to the plasma conductivity):

a(pwall (B,I)
ar

;éf;[ 1,(0,1) +1,,(0,t)(1- T(O,U))] dt, (@)

w

while periodic boundary conditions are set on the azimuthal boundaries. The discharge is sustained with electrons
created by bulk ionization (electron-neutral elastic collision and excitation are also included) and surface emission
and injected (simulating the cathode neutralizer) in order to preserve the global neutrality of the system.
Complementary features of the model are presented in Ref. [14].

B. 2D(6,z) Test-Particle Monte Carlo transport model

In the second model, we neglect the radial dynamics and we focus our attention on the (z,6) plane using a fixed
oscillating azimuthal field with characteristics (the most dominant frequencies and wave numbers) found in the
previous model. We consider a collection of particles having a little action on wave, considering them as test
particles subjected to it. Neglecting the radial coordinate, the near-wall conductivity contribution is nullified.
Furthermore, electron-neutral collision processes are switched off in order to avoid the transport coming from the
classical contribution as well. 5x10° electron orbits are tracked with the initial velocity condition sampled from a
Maxwellian distribution with T,=5 eV. This last assumption makes also possible to avoid the contribution to cross-
mobility coming from a non-equilibrium distribution function™:

4 eT 5, v of
““3”m{v v2+QZ( av)dv ©)

This part of the work represents the theory of Hamiltonian maps and chaos in dynamical systems*®. The analysis
of a particle dynamics in the field of a wave packet propagating along 6:

E, = E E, cos(k6 - w,t) (6)

with an imposed transverse magnetic field B, has been exhaustively studied, due to the fact that it has a broad range
of applications, among them stochastic plasma heating and acceleration, bounce-resonances in the magnetosphere,
etc. It leads to the study of the motion of a linear oscillator in a travelling wave field (known as kicked rotor):

N+ Q=Y 1, cog K+ 0,) - (0, ~ kv )] (7.2)
z=Q(n+6,) (7.b)
4
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where 1= 6-v4t-6 (referential system moving with the
guiding center gc along the azimuthal direction 6 with
the drift velocity vg), €2 is the Larmor frequency and
= EW/E; is the critical parameter.

Under certain circumstances, it has been proven®’ that
the regular motion can become stochastic

E_1(Q)"
ST
E, 4\kv,

and for high frequency (ax>€) the quasi-linear
approach is no more valid (nonlinear effect of
trapping). In fact, in this case the perturbation acts on
the circumferential angular motion of the electron
changing substantially the particle trajectory.

The electron (with its cyclotron motion) and the
wave exchange most energy while in the resonance,
that is when the azimuthal component of the electron
velocity 7 is close to the phase velocity of the wave:

(9)

The particle receives a kick from the wave (wave-
particle virtual collision), while between two Kicks the
electron trajectory remains close to a drifting
cyclotron orbit (epitrocoidal curve). The orbit does not
return to the same » since the Kick pushes the particle
in the negative n direction and hence it produces an
increment of the axial speed [see eq. (7.b)].

It has to be pointed out that due to the resonance
nature of the anomalous transport, the Spitzer'® and
Yoshikawa-Rose®® theories (valid for k<<r,™ and
w<<Q) are not applicable.

I11. O Results

A. Azimuthal oscillations driven sheath
instability
This section shows results obtained by the first
model. Fig. 3 shows the temporal evolution of the

radial (black line) and azimuthal (red line) average
_1 e
—5"‘<"e,r>

:%m<v§ﬁ>, where averaging <...> is

by

drift energy of the electron system E;,

and Ey,

performed over the complete electron ensemble. Two
jumps are evident occurring at t=3.7x107 s and
t=8.4x107 s, when the sheath instability develops as

the differential resistance in the 1-V characteristics of the wall (81/6V)™* becomes negative. Before and after these
jumps, the energy oscillation amplitude is relatively small. When the fluctuation in the radial energy appears, the
azimuthal drift energy starts to fluctuate as well. As a confirmation of this sequence, Fig. 4 shows the azimuthal
profile (between 0 and /16) of E, at three different times: before the first instability (full line) and during the first
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Figure 3. Time history plot of the radial (black line)
and azimuthal (red line) average drift energy of the
electron system.
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Figure 4. Azimuthal profile (between 0 and #/16) of
the azimuthal component of the electric field Eq at
three different times: a) t=3x10" s, before the first
instability (full line); b) t=5x107 s, during the first
instability (dashed line); ¢) t=9x107 s, during the
second instability (dotted line).
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Figure 5. Power spectra of the potential oscillation
detected at a single point (r,8)=(0.04 m, 0.1 rad).
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and the second instability (broken lines). The fluctuating
structure starts to appear during the first instability (when
|[Eo|~E;) and the amplitude of the fluctuation increases
during the second instability (when |Eg|~5E;). The sheath
radial instability works as trigger condition for the
azimuthal fluctuation. It modulates the electron azimuthal
beam, causing charge imbalances. These in turn create an
oscillating azimuthal electric field, which propagates with
a wavelength

(10)

where v is the frequency of the sheath instability. From
the numerical experiment we have found the presence of
different frequencies multiple of a fundamental one v,=3
GHz (see Fig. 5), giving from eq. (10) a wavelength
24=0.45x10 m (corresponding to a wave number k,=80
rad™).

In Fig. 6 the temporal evolution of the total current Iy
collected on the outer wall and the corresponding floating
potential ¢y (integrated over the entire azimuthal domain)
as result from eq. (4) is shown. Actually, the instability is
detected only on the outer wall, where the secondary
electron emission coefficient reaches a value larger than 1,
I'=1.295, while in the inner wall 7'=0.992. The most likely
reason for this difference between the two walls is due to a
magnetic mirror effect as a consequence of the 1/r
variation of the magnetic field.

B. Axial electron anomalous transport induced

This section shows results obtained by the second
model. The electron transport across the magnetic field is
measured for a set of test particles averaging the axial
position of the guiding centers on the ensemble of
electrons. For an electron in a magnetic field it is given by:

(11)

The guiding center of the particles does not show the rapid
oscillatory motion that the particle positions exhibit. They
are therefore suitable for computation of mobility across
the magnetic field. Fig. 7 shows the temporal evolution of
<z4c>. A drift towards the anode (z>0) is evident
originating from the azimuthal field (6) imposed. Without
collisions and anomalous transport, the average axial
position of the guiding centers should have a constant
value equal to the initial condition. Fig. 7 shows also the
resonant nature of the axial transport. The resulting
anomalous electron axial mobility 1,=v,/E, induced just by
the sheath instability is calculated to be £,=0.25 m?/Vs
(corresponding to an inverse Hall parameter 8=3.8x107%),
which is in good agreement with the experimental value®®
measured in the exhaust region of the annular channel (see
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Figure 6. Temporal evolution of current-voltage 1-V

characteristic of the outer wall. The total current Iy
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Fig. 1). The experimental value is the result of the contribution coming also from axial-gradient induced, near-wall
and classical mobility. However, it has to be pointed out that most likely all the different contributions do not
necessarily add each other, but they interfere in non-linear way giving the experimental value.

The resonant nature of the axial electron transport is also evident reported in Fig. 8, where we have plotted the
trajectory (the temporal window is 2 ps) of the point (zq4,6). From this figure it is evident the combination of particle
trapping in eddies for long times and jumps over several sets of eddies in a single flight leading to anomalous
diffusion coming from space and time correlations (interaction between electron dynamics and coherent structures)
which gives a non-local in space (non-Gaussian) and time (non-Markovian) transport.

IV. O Conclusion

The present PIC model has shown that fluctuation-induced anomalous transport inside the Hall effect thruster
discharge can also be related to the sheath instability and not only to the gradient-driven instabilities. In fact, a high
frequency sheath instability has been detected due to the appearance of a negative differential resistance in the I-V
characteristics of the outer wall. The driving mechanism has been identified as the high secondary electron emission
produced by the impact of electrons from the ExB azimuthal flow. The model predicts the presence of purely
azimuthal modes in the discharge characterized by a frequencies multipliis of vy=3 GHz and a wave number of
ke=80 rad™’. By means of a Test-Particle Monte Carlo simulation and using the characteristic azimuthal oscillation
found in the previous PIC simulation, we have assessed the anomalous transport induced which is in good
agreement with the experimental measurement. Future numerical 3D works will enable us to evaluate the other
different contributions and to understand the interaction among them in order to identify the leading mechanism
inducing the total anomalous transport.
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