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Abstract: A realistic three-dimensional fully kinetic particle simulation of a Hall-effect 
thruster discharge has been attempted. The model consists of a Particle-in-Cell methodology 
tracking electrons, Xe+ and Xe++ ions in their self-consistent electric field. A detailed 
secondary electron emission representation is also implemented in addition with electron-
atoms volume collisions. The model is able to capture the start-up transient phase and the 
most relevant features of axial, radial and azimuthal behaviors of the steady-state phase 
detecting inverted sheaths and azimuthal fluctuations in the acceleration region. The model 
has the potentiality to single out the different mechanisms contributing to electron 
anomalous cross-field transport and to investigate on the proper incidence on it. 

Nomenclature 
A = ratio of channel cross section area simulated 
B = magnetic field 
e = elementary charge = 1.602189x10-19 C 
E = electric field / energy 
f = geometrical scaling factor 
H = channel width 
i = axial mesh index 
I = current / ionization energy (Xe) = 1.943x10-18 J 
ID = discharge current 
j = radial mesh index / current density 
k = azimuthal mesh index / wave number / rate coefficient 
kB = Boltzmann constant = 1.380662x10-23 
K = adjustable coefficient in fluctuation-induced cross-field electron mobility 
l = characteristic size length 
Lz = channel length 
m = electron mass = 9.11x10-31 Kg. 
M = ion mass (Xe) = 2.18x10-25 Kg. 
n = density 
r = radial direction 
rL = Larmor radius 
rin = inner radius of the channel = 0.03 m 
rout = outer radius of the channel = 0.05 m 
VD = discharge voltage 
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vd = electron azimuthal drift velocity 
w = macro-particle weight 
z = axial direction 
α = adjustable coefficient in wall-induced cross-field electron mobility 
γ = total secondary electron emission coefficient 
δ = true-secondary electron emission coefficient 
Δt = time step 
β = Hall parameter 
ε0 = vacuum permittivity = 8.854188x10-12 F/m 
η = back-scattered electron emission coefficient 
θ = azimuthal direction 
λD = Debye length 
µ⊥ = cross-field electron mobility 
ν = collisional frequency 
π = pi-greek = 3.1415926536 
ρ = charge density / re-diffused electron emission coefficient 
σ = surface charge density / cross section 
τ = inverse of collisional frequency 
φ = electric potential 
ωp = electron plasma frequency  
Ω = cyclotron frequency 

I. Introduction 
NE of the most important open questions in the physics of Hall effect thrusters (HET) and in which at the 
moment there is still a very partial knowledge concerns the electron cross-field mobility. Classical fluid theory 

based on collision-induced transport, i.e. electron-neutral collisions, underestimates the cross-field transport (in 
particular in the acceleration region of the channel, close to the exit plane), and numerical models of the discharge 
usually invoke adjustable diffusion coefficients to achieve results in agreement with experiments [1]. These “ad 
hoc” coefficients [see α and K in eqs. (1) below] change from model to model assuming different values. Moreover, 
recent measurements [2] based on magnetic field turbulence have found that the effective collision frequency is 
sufficiently smaller than the artificial one used in fluid simulations.  

The reason for this enhanced cross-field transport is nowadays identified as due to: 
a) electron-wall interaction (near-wall conductivity [3]): 
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b) azimuthal plasma fluctuations related to axial gradient-driven instabilities (Rayleigh-type [4] or electron drift [5]): 
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In both cases, the kinetic description of electron subsystem is crucial. For this purpose, fully kinetic particle 
descriptions are suitable tools. Different two-dimensional (r-z, r-θ, θ-z) fully kinetic models have been presented in 
the last decade [6-8] but, in the meanwhile, it has been experimentally observed that the electron density fluctuation 
is not just purely azimuthal, but it also has small axial (10° along -z) and radial components (6° along r) [9] and that 
it propagates with a phase velocity much smaller than vd=ExB drift velocity. It therefore seems that all the three 
coordinates play important roles in the electron cross-field transport. Surprisingly, the only three-dimensional fully 
kinetic model is also one of the first models, developed by Hirakawa and Arakawa [10,11] almost fifteen years ago. 
However, the physical representation in their model was strongly modified by artificially reducing the ion mass ratio 
ratio M/m, by taking the total current as input parameter and by assuming a prescribed fixed axial electric field (thus 
reducing the self-consistent description to r-θ). 

For such a reason, the goal of this work is to develop for the first time a full kinetic three-dimensional model of 
the HET channel. We first describe in Sec. 2 the numerical model. The results are presented and discussed in Sec. 3. 
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II. Numerical Model 
The computational technique used is a standard 

electrostatic Particle-in-Cell/Monte Carlo Collision 
(PIC-MCC) model [12,13]. The simulation represents an 
extension of previous models [7,8] and it employs MPI 
standard for parallelism. Typical values for operative 
conditions of SPT100-type thruster [14] are reported in 
Tab. I. 

A. Particle-in-Cell (PIC) Module 
The domain, consists of the annular channel (Fig. 1) limited axially between the anode and the exit plane (forced 

to be at the cathode potential) and radially between the inner and outer walls. In order to lower the computational 
cost we have reduced the periodicity length to A=1/4 of the entire azimuthal domain. We have checked that this does 
not affect the results in which we are interested. In fact, as the system is periodic in the θ direction, the length of the 
simulation determines the modes that are allowed to develop if they are unstable. In order to makes the simulation 
possible, a geometrical scaling [15] of the HET has been 
applied reducing the axial and radial dimension by f=10 
and keeping constant all the most relevant non-
dimensional parameters: 
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In order to fulfil eqs. (2), neutral density and magnetic 
field have been increased by f, while the discharge current 
ID has been reduced by f2. Nevertheless, in the scaled 
system the ratio λD/H is unavoidable increased and in general the ratio between surface and volume of the channel is 
changed. For this reason the scaling reducing factor has been chosen such that surface effects remain controlled and 
still λD<<H. 

The volume of every cell is smaller than the Debye sphere. The time-step is chosen such that ωpΔt=0.3. Realistic 
values of the ion mass and vacuum permittivity have been kept. 
 A prescribed axial distribution (uniform in radial and azimuthal directions) of neutral density (Fig. 2.a) [16]: 
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(nXe(0)=1x1019 m-3) and magnetic field map (Fig. 2.b) [17] (radial and axial components while Bθ=0) are imposed 
and fixed during the simulation (values reported corresponds to the un-scaled system). In this simulation, the 
temporal window investigated allows the detection of high frequency phenomena and all low frequency phenomena 
(so-called breathing mode) related to neutral dynamics and ionization are disregarded.  

The simulation starts from an empty domain. Electrons are introduced every time step from the exit plane 
according to a cylindrical radial and uniform azimuthal spatial distribution and a half-Maxwellian (Te0=20 eV) 
velocity distribution. The amount of electrons injected every PIC iteration is determined through the steady-state 
current control method [7]: 
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where ΔNi,C and ΔNe,C are the number of ions and electrons, respectively, passing the exit plane every PIC iteration. 

Column length Lz = 2.5 cm 
Internal cylinder radius rin = 3.45 cm 
External cylinder radius rout = 5 cm 
Propellant mass flow rate 

! 

˙ m =5 mg/s 
Discharge voltage Vd = 300 V 
Discharge current Id = 4.5 A 
Max radial magnetic field Br,max = 180 G 

TABLE I. Operative parameters of SPT100-type 
thruster [14]. 
 

 

 
Figure 1. Sketch of the simulation domain. 
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 The Poisson equation in three-dimensional cylindrical geometry: 
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is solved with PETSc software package [18]. For this purpose, Dirichelet fixed conditions are used on axial boarders 
at z=0 (anode) and at z=Lz (cathode): 
 
  

! 

" (r,# )
z=0

= V
D
;   

! 

" (r,# )
z=Lz

= 0 , (5.b) 
 
while Neumann conditions are used on the insulating walls at r=rin and at r=rout: the electric field at the wall is 
normal to the surface and proportional to the net charge σw accumulated on the surface (the possible surface 
conductivity of the dielectric is neglected): 
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where + is for the outer wall and – is for the inner wall. Finally, periodic boundary conditions are set on azimuthal 
boundaries at θ=0 and at θ=π/2 
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B. Boundary Particle Module 
Periodic conditions are used for particles crossing θ-boundaries. All particles (electrons and ions) are re-injected 

at the same radial locations and with the same velocity components from the other boundary. 
When an electron hits the dielectric channel wall (BN is simulated), we choose the number of electrons emitted 

based on its energy Ep. It is distinguished between three different types of secondary electrons: backscattered, re-
diffused and true secondary electrons. A Monte Carlo probabilistic model [19] is used which allows a detailed 
dependence of the secondary electron emission coefficient γ on the primary electron energy Ep (see Fig. 3). A lack of 
data is still present in the energy range below 10 eV. However, it should be pointed out that results are not very 
sensitive to the value of γ for Ep<10 eV because electrons hit the wall with low radial energy but still having enough 
azimuthal and axial component (the radial sheath can not have any influence on the azimuthal and axial motion, see 
Fig. 10 below). Concerning the angular dependence of γ, it is neglected due to the energy range considered. Finally, 
when an ion strikes the wall it is neutralized and deleted from the list of particles tracked. 

(a) (b)  
Figure 2. a) Xe atoms density distribution [16] and b) magnetic field map [17] used as fixed prescribed input 
data in the model. All values are for un-scaled real system. 
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When electrons and ions leave the simulation domain 
from anode and cathode planes at z=0 and z=Lz, 
respectively, they are deleted from the list and a counter 
stores the number of particles in order to compute anode 
and cathode currents. 

C. Monte Carlo Collision (MCC) Module 
We apply the standard “null collision” Monte Carlo 

technique [21] to simulate electron-neutral (Xe) 
collisions, which include elastic scattering, excitation, 
and single ionization. 

Recently, it has also been suggested that the apparent 
discrepancy between classical and anomalous electron 
transport could be caused by an underestimation of ion 
current in simulations and experiment due to neglect of  
Xe++ doubly charged ions [21]. For this reason we have 
added collisions producing Xe++ ions such as direct 
double ionization of Xe atoms (cross section is reported 
in ref. [22]): 
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and single ionization of Xe+ ions (cross section is reported in ref. [23]): 
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III. Results and Discussion 
 All the physical quantities shown are averaged over few tens of plasma oscillation periods. A typical run takes 9 
hours on a cluster of 8 Quad Core Intel Xenon X5570 (2.93 GHz, 96 GB RAM) to reach a quasi steady-state 
situation with about 5x106 macro-particles in the simulation domain. 

A. Temporal Evolution and Start-up Transient Phase 
The simulation starts from the scratch (the channel is filled by only neutrals) when the first electrons are injected 

from the exit plane with a rate done by ID [see RHS of eq. (4)] (no ions are yet emitted from the exit plane). This 
enables us to see the ignition of the discharge. 

In Figs. 4 the time evolution of a) plasma potential in the acceleration region of the channel, at z=22 mm (r=rm 
and θ=θm), b) number of macro-particles (electron in red, Xe+ in blue and Xe++ in green) in the simulation domain, 
c) number of ionization events in the entire simulation domain, and d) total current (rescaled value) computed at the 
anode (just electron in black) and cathode (electron in red and ion Xe+ in blue and Xe++ in green), are shown as a 
function of the total PIC cycle (in the scaled system the time can not be easily rescaled). As we can see, three 
different stages can be distinguished: 
a) in the first stage, the discharge is strongly electronegative, in particular, in the acceleration zone, where electrons 
injected are confined without reaching a sufficient energy to ionize the gas propellant; both the currents, at the anode 
and at the cathode are dominated by electrons; in this stage just the lateral sheath drops are formed. 
b) in the second ionization stage, the ions start to be produced near the cathode (see the first peak in the number of 
ionization events in Fig. 4.c), but the acceleration field is not yet formed; in fact, while the electron anode current 
has already reached a quasi steady state value, the cathode current is still almost completely electronic. 
c) in the last acceleration stage, the axial potential profile is formed and the thrust composed by the accelerated ions 
emitted from the exit plane is formed; the ion cathode current is composed by 90% of Xe+ and 10% of Xe++. 
This evolution agrees with images taken with a fast CCD camera [24]. 

 
Figure 3. Secondary electron emission coefficient 
used in the model [19] (data correspond to BN 
material). 
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B. Steady-State Results 
Figs. 5, 6 and 7 show electric potential φ(V), electron density ne(m-3) and electron temperature Te(eV), 

respectively, distributions in r-z plane (at θ=θm), θ-z plane (at r=rm) and r-θ plane (at z=15.65 mm). These quantities 
allow us to qualify and validate the model. In fact, all the most important features of the Hall discharge have been 
reproduced with a quantitatively agreement with previous models and measurements. 

The axial distribution shows the acceleration field in the last quarter of the channel where the electron 
temperature reaches its maximum value of Te=40 eV at z=15 mm. 

The radial distributions (in Fig. 8.a electric potential and electron density radial profiles at z=15.65 mm and θ=θm 
have been reported) show the typical potential asymmetry and electron density peak at the walls already observed by 
1D radial model [25]. Inverted sheaths are detected in the acceleration region, where secondary electron emission 
coefficient takes an averaged value very close to the unity. In fact, as shown in Fig. 8.b, electron energy distribution 
function EEDF of primary electron impacting the inner wall at z=21.875 mm is depleted just in the radial component 
that is the only one affected by the radial sheath. The temperature saturation mechanism does not affect azimuthal 
and axial components that keep the high-energy tail. This is a confirmation of the fact that in the channel it is 
important to distinguish between a radial Te,r and perpendicular to r Te,⊥ electron temperature, 
 The azimuthal behaviour shows the presence of a fluctuation (see Fig. 8.c where the azimuthal profile of electric 
potential at z=21.875 mm and r=rm has been reported) characterized by a wave vector |k|=(12/π) rad-1 and directed 
mostly along θ. 

(a) (b)  

(c) (d)  
Figure 4. Temporal evolution of a) plasma potential φ(V) in the acceleration region of the channel, at z=22 
mm (r=rm and θ=θm), b) number of macro-particles (electron in red, Xe+ in blue and Xe++ in green) in the 
simulation domain, c) number of ionization events in the simulation domain, and d) total current I(A) 
(rescaled value) computed at the anode (just electron, black line) and cathode (electron in red and ion, Xe+ in 
blue and Xe++ in green), as a function of the total PIC cycle. 
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IV. Conclusion 
In this work a 3D fully kinetic PIC-MCC model of a Hall-effect discharge has been developed. The model 

includes double ionized Xe++ specie and a detailed secondary electron emission module using a geometrical scaling 
methodology. The model is able to capture all the most relevant features of the discharge: the acceleration field, 
inverted lateral sheaths and azimuthal fluctuations in the acceleration region of the channel. Results are quite noisy 
and it is necessary to reduce the macro-particle weight and increase the simulation temporal window in order to see 
steady state high frequency oscillations. 
 Furthermore, future work will concern the inclusion of part of the very-near field plume region (5 cm 
downstream of the exit plane) in order to realistically simulate the cathode position, include azimuthal fluctuations 
driven by cathode location (out of the axis) and by the negative gradient of magnetic field ∂B/∂z<0 and ion reflux 
(recombination of ions on external thruster surface followed by re-ionization) effects. 
 
 
 

(a) (b) (c)  
Figure 5. Electric potential φ(V) distributions in a) r-z plane (at θ=θm), b) θ-z plane (at r=rm) and c) r-θ  plane 
(at z=15.65 mm) at the steady state. 
 

(a) (b) (c)  
Figure 6. Electron density ne(m-3) distributions in a) r-z plane (at θ=θm), b) θ-z plane (at r=rm) and c) r-θ  plane 
(at z=15.65 mm) at the steady state. 
 

(a) (b) (c)  
Figure 7. Electron temperature Te(eV) distributions in a) r-z plane (at θ=θm), b) θ-z plane (at r=rm) and c) r-θ  
plane (at z=15.65 mm) at the steady state. 
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