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Abstract: A three-dimensional hybrid Particle-in-Cell model of the plume emitted by a 
four-channel Hall thruster configuration has been developed. Results show the presence of a 
potential well in the central region close to the exit plane of the configuration and the 
important role of charge exchange ion-neutral collisions, and geometrical effects on the ion 
energy spectra in the plume. 

Nomenclature 
A = fitting parameter in the charge exchange methodology collision 
e = elementary charge = 1.602189x10-19 C 
E = electric field / energy 
g = relative velocity 
kB = Boltzmann constant = 1.380662x10-23 
L = length of the simulation domain 

! 

˙ m  = mass flow rate 
m = electron mass = 9.11x10-31 Kg 
M = ion mass (Xe) = 2.18x10-25 Kg 
n = density 
r = radial direction 
rin = inner radius of the channel 
rout = outer radius of the channel 
rand = random number 

! 

" [0,1] 
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z = axial direction 
αd = polarizability 
γ = adiabatic exponent 
Δt = time-step 
ε0 = vacuum permittivity = 8.854188x10-12 F/m 
η = ionization efficiency 
θ = zenital angle 
µ = reduced mass 
ν = collisional frequency 
π = pi-greek = 3.1415926536 
ρ = charge density 
σ = cross section 
φ = electric potential 
χ = deflection angle 

I. Introduction 
UTURE applications of electric propulsion foresee high power regimes for Hall effect thrusters. The obvious 
answer to this request is to design a single thruster capable of operating at high power levels [1]. However, this 

monolithic approach may results in problems connected with testing and qualification due to the lack of ground 
facilities capable of maintaining adequate test pressures while supporting the high mass flow rate required. 

A better solution can be clustering several lower power Hall thrusters [2-3]. Although a cluster of thrusters may 
have a slightly lower efficiency and higher dry mass in respect with similarly powered monolithic thrusters, this 
approach presents some important advantages. In fact, a cluster provides propulsion system redundancy and the 
ability to vary the system power while allowing the thrusters in use to operate at their peak efficiency. Clusters also 
provide the ability to control the direction of the thrust vector without relying on thruster pointing mechanism 
exploiting the capacity of generating torques about the centre of mass by simply turning off one or more thrusters. 
On the other hand, it is possible to counteract the parasitic torques due to the variation of the centre of gravity of the 
spacecraft determined by thermal deformations and propellant consumption. 

A solution that mitigates the increase of the cluster mass, keeping its advantages, is represented by multi-channel 
thrusters [4]. These devices may include two, three or four discharge and acceleration channels, arranged in such a 
way to minimize the mass of the shared magnetic circuit and structure. Moreover, the different channels share the 
cathode [5], the xenon feed systems and the electrical harness. Therefore, the mass penalty compared to a single 
thruster of equivalent power is significantly lower than that of a conventional cluster of thrusters. 
Each discharge can be throttled independently in order to control the angular deviation of the resultant thrust vector 
[6]: because of the thrust is substantially proportional to discharge current and mass flow rate over a large range 
about the nominal operating point, the individual thrust generated by each channel can be governed by modifying 
the mass flow rate keeping constant the common magnetic field and anode voltage. 
 Plasma plume flows from a single thruster have been simulated widely with particle methods [7,8]. These 
simulations adopt simplified axi-symmetric configurations and the plasma potential is usually solved by the simplest 
Boltzmann relation (isothermal approximation). There are several problems associated with these simplifications: 
a) with more than one thrusters, plasma plume flows from different thrusters may interact with each other; 
consequently, the axial symmetry is not more valid; 
b) there are some detailed near-field objects, such as thruster cathode-neutralizers; 
c) the simple Boltzmann relation does not take into account the strong inhomogeneity in the electron temperature; 
d) thrusters are usually tested in large vacuum chambers; the finite background pressure and chamber walls may 
have important effects on the plume flows. 
In order to answer these questions, in this work we present a three-dimensional model of the dynamics of the plasma 
emitted from a configuration of four-channel SPT-40; each discharge has a power of 500 W (ID=1 A, φD=500 V each 
one) for an overall power of 2 kW. The channels share the cathode neutralizer located in the center. 

II.� Numerical Model 
The model consists of a hybrid particle-in-cell (PIC) method [9,10] and it represents an extension of previous 

two-dimensional axial-simmetric models [11,12]. Fig 1.a shows the simulation domain which consists of a cubic 
box of side Lx=Ly=Lz=2 m. The exit plane of the multi-channel thruster lie on the z=0 plane (Fig. 1.b). This allows 
the simulation of plume with any number of channels in operation, differently to others three-dimensional models 

F 



 
The 32nd International Electric Propulsion Conference, Wiesbaden, Germany 

September 11 – 15, 2011 
 

3 

that simulate only one plume of the configuration [13] (the full plume field are obtained by reflections due to the 
symmetric configuration). Table I lists all the physical parameters of the system studied. 

The problem can be considered as purely electrostatic. The magnetic field decays very rapidly outside the multi-
channel, already few millimetres from the exit plane, we can assume that electrons are un-magnetized. In addition, 
the ion time scale is much longer than the time the light takes to travel the entire computational region and then we 
can eliminate the electromagnetic waves. The electric field adapts instantly to the charge distribution in the system. 
 The electron time scale is much smaller than the ion one (490 times smaller in the case of xenon). This makes 
the fluid dynamics a plausible approach for the electrons. In particular, we have used the Boltzmann relation: 
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where the electron temperature is not homogeneous over the entire domain and it is calculated using the adiabatic 
relation: 
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Reference density n0 and temperature T0 have been chosen to correspond to experimental values. 
 The static background in which charged particles are injected is represented by unionized propellant, Xe atoms 
emitted by the multichannel configuration (the vacuum chamber effect can be easily added). Rather than distribute 
homogeneously neutrals in the simulation domain, we launched a Direct Simulation Monte Carlo [14] (DSMC) code 
of free flight of the neutral gas and we got a three-dimensional distribution of Xe density with their three velocity 

(a)  (b)  
Figure 1. (a) Simulation Domain and (b) sketch of the exit plane. 
 

(a) (b)  
Figure 2. Xe atom (a) density nXe(m-3) and (b) axial velocity vz,Xe (ms-1) in the plane Πx1. 
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components. The injection conditions are the following: an equivalent of 

! 

(1"#
i
) ˙ m  is emitted from each channel, 

while 

! 

˙ m  is emitted from the cathode neutralizer with a half-Maxwellian distribution (TXe=1000 K). These 
distributions (see Figs. 2 where Xe density and axial velocity in the plane Πx1 are reported) have been used as input 
data for calculating ion-neutral collisions in the PIC model. 
 The sequence of computational code can be schematized as following: 
 1. Initialization: all variables that are generated and not updated during the various PIC cycles of the code. 

2. Injection of particles: each channel injects the same number of macro-ions given by: 
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See Table II for the simulation parameters used. For each channel, the ions are injected according to a defined 
distribution of the radial distance r from the axis of the single channel (see Fig. 3.a) and a defined distribution of the 
zenital angle θ(r) (see Fig. 3.b), while the azimuthal angle is uniformly distributed between 0 and 360 degrees. 
These data have been determined through a fit of experimental measurements [15] of the ion current density taken at 
a distance of 4mm from the exit plane of an SPT-100. The module of the velocity 

! 

v = (2aq"# /M
Xe
)
1/2  will depend 

on the speed of the emitted particle (a=1 for single ionized ions and a=2 for double ionized ions) given by the 
acceleration gained in the channel through the axial potential drop Δφ=φD-φexit plane. 
 3. Deposition of the charge on the nodes of the grid, using factorized linear weight functions 
P'(x,y,z)=P(x)P(y)P(z). The charge carried by particles is distributed on the closest grid points. 
 4. Solution of the electric field on the nodes of the grid: it represents the connection between the particle part 
(ionic component) and the fluid part (electronic component) of the code. With the Boltzmann relation, the Poisson 
equation takes the form of nonlinear differential elliptical equation: 
   

  

! 

"2# (x, y,z) +
$
i
(x, y,z)

%
0

&
$
e'

%
0

e
q# (x,y,z ) /kTe (x,y,z ) = 0  (4) 

 
It has been linearized and solved through the Newton-Raphson relaxation method [10], taking in consideration the 
following boundary conditions: 
a) channel exit plane (red area in Fig. 1.a): φexit plane=2φD/3 (one third of the total drop is supposed to occur in the 
plume region); 
b) surface thruster (black area in Figure 2): φthruster=φplasma-kBTe/2 V (where φplasma represents the value of the next 
mesh point in axial direction z); this condition corresponds to the sheath drop; 
c) planes x=0 and x=Lx: ∂φ/∂x=0; 

(a) (b)  
Figure 3. Probability distribution function of radial position (r is respect to the axis of each channel) and 
zenital angle (in degree respect to the normal direction to the exit plane) of macro-ions injected. 
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d) planes y=0 and y=Ly: ∂φ/∂y=0; 
e) planes z=0 and z=Lz: ∂φ/∂z=0. 
 5. Interpolation of all the three electric field components on the particle positions using the same weight 
functions used in the step 3. 
 6. Integration of the equations of motion: we obtain the displacement and the variation of the three velocity 
components of the ion during the PIC time-step through the leap-frog method. 
 7. Treatment of ion-neutral collisions, according to the Test Particle Monte Carlo model assumed [16]. It is based on an attractive polarization potential with a rigid core between the neutral and ion parent particle: 
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where αd is the Xenon polarizability. This 
assumption corresponds to a dipole-induced dipole 
interaction. The first step is to calculate the collision 
interval τc given, in the case of polarization 
potential, by 
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If τc<Δt, a random sample of the non-dimensional 
impact parameter and the azimuthal angle are given 
by the following distributions: 
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Next, we calculate the deflection angle according to the impact parameter (see Fig. 4). If β>βcx a momentum transfer 
collision (MX) occurs and the ion post-collisional velocity is calculated as   
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If β<βcx=A(µg2/2)1/4, a new ion appears with a probability of 0.5 (charge exchange collision, CX) and with a post-
collisional velocity equal to 
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and the "virtual" target velocity vN is taken from neutral DSMC code results. 
 Points ranging from 2 to 7 are cyclically repeated until convergence is reached. 
 
 

 
Figure 4. Deflection angle as a function of normilez impact 
parameter in the Nanbu-Kitatani model [16]. 
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Table I – The most important physical parameters representing the multi-channel configuration simulated. 
Physical Parameter Value 
External radius rout (m) of each channel 0.02 
Internal radius rin (m) of each channel 0.014 
Center-to-center distance Δ (m) 0.13 
Voltage discharge φD (V) 500 
Ionization efficiency ηi 0.95 
Anode mass flow rate

! 

˙ m  (mg/s) (for each channel) 1 
Plume composition at the exit plane: Xe+/Xe++ 0.9/0.1 

 
Table II – The most important simulation parameters used in the code. 
Simulation Parameter Value 
Time step Δt (s) 2x10-7 
Macroparticle weight w 1x108 
Domain size LxxLyxLz (m3) 8 
Mesh points NxxNyxNz 120x120x120 
Cell volume ΔxxΔyxΔz (m3)  4.63x10-6 
Total number of macroparticles in the simulation domain 2x107 
Number of PIC cycles necessary to reach the convergence 10000 
Adiabatic exponent γ 1.1 
Reference electron density n0 (m-3) 3x1013 
Reference electron temperature T0 (eV) 1.5 
Normalized impact parameter β∞ 15 
Fitting parameter A (eV-1/4) 2.5 

 

III.� Discussion of Results 
The simulation takes 10000 time steps to reach a steady stage and 5000 time steps more for sampling. It takes 3 

hours on a 8 Quad Core Intel Xenon X5570 (2.93 GHz, 96 GB RAM) cluster. The steady state is determined by the 
slow dynamics of CX ions, CX Xe+ ions represent 7% of the total Xe+ population, while CX Xe++ ions represent 
14% of the total Xe++ ion population. In Fig. 5 the 
evolution of the number of macro-particles is 
reported. 
 Figs 6. show Xe+ ion number density contours 
in planes Πx1, Πx2, Πz1 (z=0.1 m) and Πz2 (z=1 
m), while Fig. 7.a shows Xe+ ion number density 
y-profiles a different axial distance that lie on 
Πx1 and Fig. 7.b shows Xe+ ion number density 
profile along three different axial lines that lie on 
Πx1: line centered between channel 1 and 4 
(x=Lx/2, y=(Ly+Δ)/2), centerline of the 4channel 
configuration (x=Lx/2, y=Ly/2) and line centered 
between channel 2 and 3 (x=Lx/2, y=(Ly-Δ)/2). 
These figures indicate that the plumes from 
different channels merge into one already at a 
distance z=0.18 m from the multi-channel exit 
plane reaching a peak value of 2x1016 m-3. 
Additional four peaks at z=0.14 m are evident 
from the axial profiles centered between two 
channels, result of the overlapping of the plume coming from two adiacent channels. The general shape formed by 
one central peak and four lateral peaks is still present 1 m from the exit plane (see the distribution in the Πz2 plane 
and Fig. 7.a). As Fig. 6.b shows, the maximum number density 3.5 cm downstream of the cluster exit plane is 

 
Figure 5. Evolution of the number of macroparticles 
during the simulation. 
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approximately 3.5x1017 m-3, just as it is downstream of a single channel. The density falls off rapidly in the 
downstream direction and by z=15 cm the maximum plasma density has decreased by more than an order of 

magnitude to about 3x1016 m-3. Fig. 6.b shows a well-defined jet structure downstream of each individual channel. 
By about 1 m downstream the plumes have merged to the point that the density is nearly constant across the width Δ 
of the configuration and resembles the profile that would be expected downstream of a large monolithic thruster. 

(a) (b)  

(c) (d)  
Figure 6. Xe+ ion number density (m-3) contours in planes a) Πx1, b) Πx2, c) Πz1 and d) Πz2. 

(a) (b)  
Figure 7. Xe+ ion number density (m-3) a) y-profiles a different axial distance on plane Πx1 and b) z-profile 
along three different axial lines on plane Πx1. 
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Figs 8 show plasma potential contours in plane Πx1, Πx2, Πz1 (z=0.1 m) and Πz2 (z=1 m), while Fig. 9 shows 
plasma potential profiles along four different axial lines: axis line of channel 4, line centered between channel 3 and 
4 (x=(Lx+Δ)/2, y=Ly/2), axis line of channel 3 and centerline of the overall configuration (x=Lx/2, y=Ly/2). As shown, 
the potential drops monotonically along the axis of each channel, while it reaches a peak of 14 V at an axial distance 
of 0.14 and 0.18 m along the symmetric line between channel 3 and 4 and along the centerline of the entire 

configuration, respectively. These peaks correspond to peaks observed for the ion density. By 1 m downstream, the 
peak potential falls to less than 6 V. Moving radially away from the multichannel configuration, the plasma potential 

(a) (b)  

(c) (d)  
Figure 8. Plasma potential (V) contours in planes a) Πx1, b) Πx2, c) Πz1 and d) Πz2. 

 
Figure 9. Plasma potential (V) profiles along four different axial lines. 
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is seen to fall to approximately 6 V within about 0.1 m of the centerline of each channel. An interesting feature 
evident from Figs. 8.b, 8.c and 9 is the plasma potential behaviour in the area between the channels for z<0.20 m. 
There exists an electric potential well, that is the electric field vector is oriented in the upstream direction. The 
reversed electric field could potentially cause ions produced in the area between the channels as a result of CX 
collisions (the neutral density is maximum in this region due to the emission from the cathode neutralizer) to be 
accelerated upstream toward the surface of the configuration. Although this could hypothetically result in an 
increased erosion rate in some areas due to increased ion impingement, the effect will almost certainly be negligible 
in any practical situation since the impinging ions are unlikely to experience accelerating potentials greater than 5 V 
in the reverse direction. 

 

Fig. 10.b shows Xe+ and Xe++ ion current density (component parallel to the radial direction r) downstream of 
the configuration detected along a 1 m radial arc in the equatorial plane Πx1 (see Fig. 10.a). The “crown” shape 
characterized by one central peak at θ=0° and two secondary peaks at θ=±15° and θ=±30° is the result of the ion 
density y profile at different axial location (see Fig. 7.a, in particular black and red lines) coming from the 
interaction of the different plumes emitted from each channel. 

Fig. 11.a shows the ion radial energy distribution function (IEDF) at a distance of 1 m from the center of the 
configuration for angle θ=0°. It is evident the presence of low energy CX ions far from the primary beam Xe+ and 
Xe++ ions. Figs. 11.b show the fine structure of primary beam Xe+ ions for different angles along the equatorial 
plane Πx1. A double peak is present for low angles and it is no more distinguishable for |θ|>40°. The double peaked 
distribution is characterized by a convolution of a lower asymmetric Maxwell-Boltzmann distribution and a higher 
symmetric one. The most probable candidate for this IEDF shape seems to be a geometrical effect. In fact, as shown 
in Fig. 11.c, ions emitted in the external part of the dashed circle have to cross the dashed circle itself and then the 
peak of the potential represented by each beam before to reach a point in the equatorial plane. These paths make the 
ions to lose almost 20 eV before to reach the detection point in comparison to the ions emitted in the inner part of 
the circle. Previous numerical simulations claimed elastic scattering as responsible for the secondary lower peak in 
the ion energy spectra [17]. For this reason we have launched a case without elastic collisions and nevertheless the 
secondary peak is not disappeared. 
Finally, Figs. 12 represent a snapshot in the space phase and in the velocity phase of Xe+ ions (in red primary beam 
ions and in green CX ions) of the steady state. 

(a) (b)  
Figure 10. (a) Sketch of the location (r=1 m) where ion density current and ion energy distribution function 
have been detected. (b) Ion current density (A/m2) detected at different angles. 
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IV. � Conclusion 
This work represents a three-dimensional model of the plume emitted from a four-channel SPT-40 configuration. 

The model consists of a hybrid (fluid electron and ion particle representation) Particle-in-Cell coupled with a Test-
Particle Monte Carlo method for ion-neutral (momentum and charge exchange) collisions. The plume is 
characterized by the presence of a potential well in the central region for an axial distance smaller than 20 cm from 
the exit plane of the configuration. The most interesting result is the presence of a double peak in the ion energy 
spectrum that is due to a geometrical effect. Future works will concentrate on a better fluid electron representation, 
in particular in the very near-field plume region, where magnetic field and gradient effects are very important. 

(a)  

(b) (c)  
Figure 11. (a) Ion radial energy distribution function in the total energy range detected at θ=0. Ion radial 
energy distribution function of the primary beam Xe+ ions at different angles. Sketch explaining the 
geometrical effect causing the double peak structure in the ion energy spectra detected in the equatorial 
plane of the configuration. 
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(a)  

(b)  
Figure 12. (a) Snapshot of Xe+ ions (primary beam ions in black and CX ions in red) at the steady state (a) in 
the ordinary space phase and (b) in the velocity space phase. 
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