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Abstract: Numerical model considering the ion-slip effect is built and numerical 
simulation is conducted for the two-dimensional magnetoplasmadynamic thruster (2D-
MPDT, flared type, H2 propellant). The calculation condition is set to the mass flow rate of 
0.65 g/s and the total discharge current of 13 kA. Compared to the numerical simulation 
without the ion-slip effect, the numerical simulation with the ion-slip effect can reproduce 
the measured result (discharge current path, electron temperature, translational 
temperature, thrust performance) relatively well. The numerical thrust performance shows 
F = 22.1 N, Pe = 951 kW (measured F = 27.0 N, Pe = 1,521 kW). The ion-slip effect causes 
near the anode (ion-slip parameter Sion > 1), because the plasma flow is kept low ionization 
degree and low pressure due to the pinched force. The translational temperature exceeds the 
electron temperature around the corner of the anode within the discharge chamber due to 
the heating of the ion-slip effect. 

Nomenclature 
B = magnetic flux vector 
E = energy 
e = elementary electric charge 
I = unit matrix 
j = current density vector 
Jdis = total discharge current 
maton = mass of hydrogen atom 
m&  = mass flow rate 
n = number density 
Qi-j = relaxation term between energy mode i and j 
T = temperature 
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p = pressure 
R = gas constant 
Sion = ion-slip parameter 
t = time 
u = velocity vector 
Vdiss = dissociation energy (= 4.4 eV) 
Vion = ionization energy(= 13.6 eV) 
x, y = cartesian coordinate (for physical space) 
α = ionization fraction 
β = Hall parameter 
ρ = mass density 
θvib = characteristic temperature for vibration (= 6,320 K) 
ξ, η = Generalized coordinate (for computational space) 
ξs, ηs = partial differential ∂ξ/∂s, ∂η/∂s 

Subscript 
e = electron 
h = heavy particle 
i = ion 
ref = reference value 
rot = rotational mode 
tr = translational mode 
vib = vibrational mode 

I. Introduction 
self-field magnetoplasmadynamic thruster (MPDT)1 is a form of electric propulsion for spacecrafts, which its 
thrust is produced by Lorentz force. The arc discharge current J (~ 1 – 20 kA) ionizes a gaseous propellant and 

produces a Lorentz force (J×B) in the discharge chamber of MPDT. The MPDT can produce a high thrust density 
(~104 N/m2) and a high specific impulse (> 2,000 sec) 
at high power operation. Although the MPDT is 
expected to used as a main thruster of large spacecraft, 
it faces a problem of low thrust efficiency (20-30%)2,3 
in the case of noble gas (e.g., argon, xenon) propellant.  
Utilization of hydrogen as a propellant is a solution to 
improve thrust efficiency of the MPDT. Uematsu2 
found that his hydrogen MPD is superior to that using 
other propellants. The ion-slip (velocity slip between 
neutral particles and ions), however, is experimentally 
observed within the MPDT using the molecular 
propellant. Malliaris4 observed the ion-slip within the 
coaxial MPDT using the ammonia propellant. 
Recently, Kinefuchi5 also observed the ion-slip within 
the two-dimensional MPDT (Fig. 1) using the 
hydrogen propellant, but its cause and the influence on 
the thrust performance hasn’t been cleared yet. The ion-slip should be investigated by the numerical simulation, 
because only experimental study can’t measure plasma quantity within the entire discharge chamber. Although the 
MPDT using the argon propellant was simulated numerically (one-dimension) 7,8 with the ion-slip, the MPDT using 
the hydrogen propellant hasn’t been simulated numerically with the ion-slip yet.  

In order to reveal the cause of the ion-slip effect and the its influence on the plasma flow within the MPDT using 
the hydrogen propellant, the numerical model considering the ion-slip effect is built and the two-dimensional 
numerical simulation using its model is conducted for the two-dimensional MPDT (Fig. 1, flared type). First, the 
numerical result with the ion-slip effect is compared with the numerical result without the ion-slip and the measured 
result to validate the numerical model considering the ion-slip effect. Finally, the cause of the ion-slip effect and its 
influence on the plasma flow is revealed. 

A 

Figure 1. Two-dimensional MPDT (exhaust plane).
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II. Modeling 

A. Assumptions 
The following assumptions are employed in this numerical simulation. 

 The plasma flow is treated as the magnetohydrodynamic flow with real gas effects. 
 Hydrogen was used as the propellant. 
 Hydrogen molecular H2, atom H, ion H+, and electron are considered as species. 
 The flow field is uniform in z-direction (depth-direction in Fig. 2, ∂/∂z = 0). 
 Only a z-direction component Bz (self-field) was considered in the magnetic field. 
 Turbulent was ignored. 
 Sheath drop voltage was ignored. 
 Viscous, heat conduction, nonequilibrium dissociation and ionization were incorporated. 
 A translational for heavy particles, a vibrational for H2 and a translational for the electron temperature were 
treated separately. 

 
(with ion-slip effect) 

 The Hall effect and the ion-slip effect are considered in the generalized Ohm’s law which is written as Eq. 
(A.1) in Appendix A. The gradient of electron pressure is ignored in the generalized Ohm’s law. 

 
(w/o ion-slip effect) 

 The Hall effect is considered in the generalized Ohm’s law. The ion-slip effect and the gradient of electron 
pressure are ignored in the generalized Ohm’s law. 

 

B. Basic equations 
 The governing equations for the plasma flow in the MPDT using the hydrogen propellant are the mass 
conservation of the total, hydrogen atom, and ion, the momentum conservation, and the energy conservation of the 
heavy particle, the vibration, and the electron (referred from Appendix B). The equations are as follows. 
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The production rate equations of hydrogen atom and ion in the right-hand side of Eq. (2) are given by 
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where the forward reaction coefficient kf and the recombination coefficient kb were referred from Fujita9 and Shoji10, 
respectively. The viscous tensor τ is given by  
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The energy of the heavy particle and the electron are defined as 
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The third term of the right hand side in Eq. (4) represents the ion-slip effect. An ion-slip parameter Sion is obtained 
from the following equation11.  
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When the ion-slip effect is ignored, the ion-slip parameter is assumed Sion = 0. The electric Hall parameter βe and the 
ion Hall parameter βin is obtained from  
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The governing equation for the self-field in the MPDT is the induction equation. 
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The respective first, second, and third term of the right hand side in Eq. (15) represents the magnetic diffusion, the 
Hall effect, and the ion-slip parameter. 
 The remaining relational expression necessary for the complete formulation are the equation of state and the 
Ampère’s law: 
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The evaluation methods of the viscosity coefficient µ, the thermal conductivity λs and the electric conductivity σ 
are referred from Gnoffo12. Then, the integral collision is referred from Yos13 and Stallcop14. 

III. Numerical Procedure 

A. Calculation method 
The governing equations are discretized spatially by the finite volume method. The convective flux is evaluated 

by 2nd-order TVD Lax-Friedrich scheme with the minmod limited function15. In addition, the dissipative flux is 
evaluated by a central-difference scheme. The convergence solution is obtained by the time-marching method with 
1st-order Euler explicit method. Only time integral of the magnetic diffusion term is computed by the diagonal point 
implicit method. 

B. Computational domain and thruster geometry 
Figure 2 shows the thruster geometry and the computational mesh. The calculated thruster geometry simulates 

the experimental thruster (flared type)5,6,16. The anode is arrayed on the discharge chamber wall and outside wall 
facing the plume (x = 44 mm and y = 28-40 mm). The cathode is arrayed near the thruster inlet. The calculated 
region employs the upper half region from the symmetrical plane (y = 0 mm), and consists of the discharge chamber 
(x = 0 – 44 mm) and the plume region (x > 44 mm). Calculated mesh consists of 50 cells in the x-direction and 30 
cells in the y-direction within discharge chamber (x = 0 – 44 mm), and 25 cells in the x-direction and 50 cells in the 
y-direction within plume region (x > 44 mm). The propellant is injected uniformly from the thruster inlet (x = 0 mm). 
Six measure points (A-F) of the experiment is referred from Ref. 5. 
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C. Boundary and computational conditions 
Table 1 shows the computational and boundary conditions. This computational condition is set same value of the 

past experimental condition5,6. In the inflow condition, the prescribed mass flow rate of hydrogen propellant is 0.65 
g/s, and the static pressure is extrapolated from the neighboring cell center. Three temperatures, the dissociation 
fraction αdiss, and ionization fraction α are specified at the inlet. The distribution of the magnetic flux density in y-
direction at the inlet is obtained from Ampère’s law, that is Bz,in = -µ0Jdis/2Lw. The total discharge current Jdis is 13 
kA The adiabatic condition is employed on the anode and the cathode. The magnetic flux density on the electrodes 
is obtained from the following equation (normalized form).  
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This equation expresses the condition that the electric field along the wall is zero (Eξ = 0). The discretized Eq. (18) 
can be written as the cubic formula of Bz which is solved by the Newton-Raphson method in each time step. In this 
equation, the normalized ion-slip parameter S’ is obtained from the following equation. 
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IV. Numerical Results and Discussion 

A. Comparison between numerical and experimental results 
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Figure 2 Thruster geometry5 and computational mesh (thruster width is assumed Lw = 80 mm) 

Table 1 Boundary and computational conditions. 
m& , g/s 

Jdis, kA 
Ttr, K @ inlet 
Tvib, K @ inlet 
Te, K @ inlet 
α% @ inlet 
αdiss% @ inlet 

Ttr, Tvib, Te @ electrode 

0.65 
13 

2,000 
2,000 
2,000 
0.01% 
0.1% 

Adiabatic 
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In this section, we validate the numerical results. Figure 3 shows the discharge current path which the labeled 
values on the contour lines denote the ratio of the current flowing downstream viewed from the line to the total 
discharge current. Unlike the measured result (Fig. 3 (a)), in the numerical result without the ion-slip effect (Fig. 3 
(b)), the discharge current path of 40 and 60% flows in parallel with the anode near the anode surface (x = 22 - 44 
mm) and the discharge current path of 60 and 80% concentrates the anode corner x = 45 mm due to the Hall effect. 
Hall parameter βe, which indicates strength of the Hall effect, shows 5.52 – 11 along the anode surface x = 22 – 44 
mm. Therefore, in the numerical result without the ion-slip effect, the Hall effect notably appears compared with the 
measured result. On the other hand, in the numerical result with the ion-slip effect (Fig. 3 (c)), the discharge current 
path closes in the measured result. In Fig. 3 (c), the concentrate of the discharge current is disappeared, and the 
entire discharge current path shifts to the downstream, because the discharge current path on the anode surface is 
raised by the ion-slip effect. The detailed is discussed in the following section. 

Figure 4 shows the contour of the electron temperature. In the measured result, the electron temperature is kept 
approximately constant value at three measured points D-F. In the numerical result without the ion-slip effect, the 
electron temperature achieves locally high temperature (= 3.2 eV) at the point D. In the numerical result with the 
ion-slip effect, the electron temperature is decreased to 2.7 eV at the point D, because the part of the electron energy 
is absorbed by the energy for heavy particle and the discharge current path shifts to the downstream. As a result, the 
electron temperature is kept approximately constant value at three points D-F in the numerical result with the ion-
slip effect. 

Figure 5 shows the contour of the translational temperature Ttr for heavy particles. At the points B-F, Ttr in the 
numerical result without the ion-slip effect (Fig. 5, (b)) is lower than that in the measured result (Fig. 5, (a)). On the 
other hand, Ttr at the entire points in the numerical result with the ion-slip effect is higher than that in the numerical 
result without the ion-slip effect, because Ttr is heated by the ion-slip effect (the third term of the R.H.S. in Eq. (4)). 
Ttr at the points B-F in the numerical result with the ion-slip effect, however, is lower than that in the measured 
result, because the anomalous heating model is not considered in this numerical simulation. The other researches5,18 
noted that the anomalous phenomenon (e.g. anomalous heating). Although the anomalous heating model for the 
hydrogen plasma has been not proposed yet, it is not important for this study because this study focuses the 
influence of the ion-slip effect on the hydrogen plasma flow field.  

Table 2 shows the thruster performance. The numerical thrust F and the input power Pe, respectively, are 
obtained from the following equations. 

( )∫ += exit dSpuF 2ρ                         (20) 

∫∫ ⋅= vole dVP Ej                          (21) 
Both the numerical thrust and the input power without the ion-slip effect are lower than measured result. On the 
other hand, the calculated thrust with the ion-slip effect closes in the measured result, because the input power is 
increased by the ion-slip effect and then the aerodynamic thrust also increases with the input power. Although the 
input power with the ion-slip effect closes the measured result, the difference between the calculated with the ion-
slip effect and the measured input power is shown because the sheath voltage and the anomalous resistivity are not 
considered in this numerical simulation. The model of the sheath voltage and the anomalous resistivity should be 
considered in the future work. In this section, we confirmed that the reproduced precision can be improved by the 
considering the ion-slip effect. 
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a) Measured result. b) Calculated result (w/o ion-slip effect).
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Figure 3 Discharge current path (H2, Jdis = 13 kA, m&  = 0.65 g/s, measured result is referred from Ref. 
16, Labeled values are obtained from 100×(1-Bz*)%, Here Bz* represent the normalized magnetic 
density Bz). 
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Figure 4 Electron temperature contour (H2, Jdis = 13 kA, m&  = 0.65 g/s, measured result is referred 
from Ref. 6). 
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B. Cause of ion-slip effect and influence of ion-slip effect on hydrogen plasma flow field 
In this section, the cause of the ion-slip effect and the influence of the ion-slip effect on the hydrogen plasma 

flow within the MPDT are discussed. Figure 6 shows the contour of the ion-slip parameter Sion which indicates the 
strength of the ion-slip effect. Sion exceeds unity (strong ion-slip effect) near the anode surface x > 23.1 mm, because 
its plasma flow is kept low ionization degree (α = 3 - 27%, x = 23.1 - 45 mm, anode surface). It is difficult to be 

x, mm
y,

m
m

0 20 40 60

0

20

40 t

4.2
3.6
3
2.4
1.8
1.2
0.6

x, mm

y,
m

m

0 20 40 60

0

20

40 t

4.2
3.6
3
2.4
1.8
1.2
0.6

c) Calculated result (with ion-slip effect).

a) Measured result.
b) Calculated result (w/o ion-slip effect).

2.2 1.7 1.3

0.56 0.98 1.3

2.6
0.89

2.2 1.7

1.3 2.2

[eV]

Figure 5 Translational temperature for heavy particles (H2, Jdis = 13 kA, m&  = 0.65 g/s, measured 
temperature6 shows translational temperature for hydrogen atom).

Table 2 Measured5 and numerical thrust performance(H2, Jdis = 13 kA, m&  = 0.65 g/s) 
 F, N Pe, kW 

Measured 
Calculated (w/o ion-slip effect)
Calculated (with ion-slip effect)

27.0 
17.4 
22.1 

1,521 
600 (w/o sheath) 
951 (w/o sheath) 
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ionized for the hydrogen plasma flow due to its dissociation reaction. In addition, the low collision between ions and 
neutral particle causes the ion-slip effect, because the plasma pressure near the anode (~ 2,000 Pa) is lower than that 
near the symmetric plane (~ 5,000 Pa) due to the Lorentz force. Figure 7 shows the relationship between the Lorentz 
force and the plasma pressure near the anode. As a result of the plasma flow is pinched in radial direction, the 
plasma pressure near the anode is decreased. The Knudsen number, however, is kept ~O(10-2). 

Figure 8 shows the relationship between the discharge current path and two effects (Hall and ion-slip). In the 
case with only Hall effect (without ion-slip effect), the discharge current is skewed (θ > 0 deg). On the other hand, 
the discharge current closes in θ = 0 deg in the case with the Hall and the ion-slip effects. Therefore, the discharge 
current in the numerical result with the ion-slip effect closes in the measured result in Fig. 3. 

Figure 9 shows the contour of the ratio of the translational temperature Ttr to the electron temperature Te. In the 
calculated result without the ion-slip effect, Ttr is lower than Te within the thruster. On the other hand, Ttr exceeds Te 
(Ttr/Te > 1) around the corner of the anode (x = 45 mm, y = 28 mm) in the calculated result with the ion-slip effect, 
because the heavy particles are heated by the ion-slip effect (the third term of the right hand side in Eq. (4)). The 
ion-slip effect heats the heavy particles as the friction heat. As a result of the heavy particles are heated, the plasma 
pressure for the heavy particle ph in the calculated result with the ion-slip effect is higher than that in the calculated 
result without the ion-slip effect in Fig. 10. The high plasma pressure increases the thrust in Table 2. 
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Figure 6 Ion-slip parameter Sion (H2, Jdis = 13 
kA, m&  = 0.65 g/s, with ion-slip effect) 
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Figure 7 Generating mechanism of ion-slip effect(H2, 
Jdis = 13 kA, m&  = 0.65 g/s, with ion-slip effect, red line 
shows the discharge current path) 
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Figure 8 Relation ship between discharge current vector and two effects (Hall 
effect and ion-slip effect, vector shows the discharge current). 
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V. Conclusion 
In order to reveal the cause of the ion-slip effect and its influence on the plasma flow within the two-dimensional 

MPDT using the hydrogen propellant (flared type, m&  = 0.65 g/s, Jdis = 13 kA, H2 propellant), the modeling and the 
numerical simulation are conducted with the ion-slip effect. Compared to the numerical simulation without the ion-
slip effect, the numerical simulation with the ion-slip effect can reproduce the measured result (discharge current 
path, electron temperature, translational temperature, thrust performance) relatively well. The numerical thrust 
performance shows F = 22.1 N, Pe = 951 kW (measured F = 27.0 N, Pe = 1,521 kW).  

The ion-slip effect causes near the anode (Sion > 1), because the plasma flow is kept low ionization degree and 
low pressure due to the pinched force. In addition, the translational temperature exceeds the electron temperature 
around the corner of the anode due to the heating of the ion-slip effect. 
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Figure 9 Ratio of translational temperature for heavy particles to electron temperature Ttr/Te 
(H2, Jdis = 13 kA, m&  = 0.65 g/s). 
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Figure 10  Pressure for heavy particles (H2, Jdis = 13 kA, m&  = 0.65 g/s) 
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Appendix 

A. Generalized Ohm’s law with ion-slip effect and input power 
The generalized Ohm’s law with the ion-slip effect is written as the following equation (ignored the gradient of 

the electron pressure). 

( ) ( ) ( ) BBj
B

BjBuEj ××−+×−×+= 2
21 ie

een
ββ

ασσ              (A.1) 

The respective third and fourth term expresses the Hall effect and the ion-slip effect. In addition, the electric field is 
written as the equation. 
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The input power j・E is obtained from the following equation. 
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The third term expresses the ion-slip effect which is added within the energy conservation for heavy particle. This 
term heats the heavy particle. 

B. Energy conservations with ion-slip effect 
The electron energy conservation can be written as the following equation17. 
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The fourth term of right hand side is 
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Only Joule heating term in the input power of Eq. (A.3) is remained in the energy conservation for electron. 
Next, the total energy conservation can be written as the following equation. 
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Eq. (A.3) is substituted in the first term of the right hand side in Eq.(B.3). 
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We subtract the electron energy conservation Eq. (B.1) from Eq.(B.4) to obtain the energy conservation for the 
heavy particles. The energy conservation of the heavy particles becomes 
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In this numerical simulation, the vibrational energy also is considered. 
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