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Abstract: The 3D dispersion equation of an instability observed at the exit of a Hall 

thruster plasma is studied. The equation is solved numerically in the warm and cold ion 

cases. A parametric study of its slope shows that the mode has a group velocity close to the 

speed of sound. Thus, the electron temperature is estimated using collective light scattering 

measurements to be 29 eV. On the other hand, an analytical model is developed to fit the 

experimental dispersion relation. This model agrees well with the numerical results and 

allows an estimation of both the electron temperature and density. For the first time at the 

exit plane of a Hall thruster, the electron temperature and density are estimated by a non-

disturbing method. 

Nomenclature 

CLS = Collective Light Scattering 

LIF = Laser Induced Fluorescence 

NRMSE = Normalized Root Mean Square Error 

x = direction of the electric field 

y = opposite direction of the drift velocity 

z = direction of the magnetic field 

k


, k = observation wave vector, number [rad.m-1] 

kx ,ky, kz = wave number in the x, y, z, direction [rad.m
-1

] 

f, ω = wave frequency, angular frequency [Hz, rad.s-1] 

Ti, Te = ion, electron temperature [eV] 

Mi, me = ion, electron mass [kg] 

M̂  = ratio of the ion mass over electron mass [normalized] 

ne = electron density [m-3] 

E0 = constant electric field [V.m-1] 
B0 = constant magnetic field [T] 

q = elementary charge [C] 
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γ = adiabatic index [normalized] 

λDi, λD = ion, electron Debye length  [m] 

ωce = electron cyclotron angular frequency [rad.s-1] 

ωpi = ion plasma angular frequency [rad.s-1] 

Vd = drift velocity [m.s-1] 

vthi, vthe = ion, electron thermal velocity [m.s-1] 
vp = beam velocity [m.s-1] 

cs = sound speed [m.s-1] 

vg = group velocity [m.s-1] 

vl ˆ,ˆ,̂  = normalized angular frequency, length and velocity to, respectively, ωpi, λD, cs [normalized] 

α = angle between the x-axis and the y-axis, 90° being in the y-direction [degree] 

g = Gordeev function 

Z, Z’ = plasma dispersion function and its derivative 

InvZ’ = inverse function of Z’ 

Im = modified Bessel function of first kind of order m 

I. Introduction 

n instability known as the beam-cyclotron instability
1
 leads to the growth of a longitudinal wave. This occurs 

when a beam is incident on a magnetized plasma in a direction orthogonal to the magnetic field. Similarly, such 

an instability can be found in Hall thrusters2-4, where the electrons drift azimuthally due to an axial electric field and 

a crossed radial magnetic field. A study of the 2D dispersion relation (wave vector orthogonal to the magnetic field, 

kz null) has shown a mode which exists only for a discrete number of wave vectors5. However, recent measurements 

by Collective Light Scattering6 (CLS) have pointed out that the wave vector has a component along the magnetic 
field direction (kz) and that the associated dispersion relation is continuous. Accordingly, we propose here to study 

the dispersion relation in the 3D case.  

In Section II, the theoretical 3D dispersion relation is presented. The cold ions hypothesis is then considered 

based on Laser Induced Fluorescence (LIF) measurements7. Section III is devoted to the numerical solving of this 

equation. The typical values of the parameters are also set up. In Section IV, the slope of the numerical dispersion 

relation is studied. As it is found to be proportional to the speed of sound, the electron temperature can be estimated 

from CLS measurements. Based on the evanescent magnetic field limit, an analytical model is developed in Section 

V allowing to measure both the temperature and density of electrons. First, the model is shown to be in good 

agreement with the numerical dispersion relation. Second, an experimental dispersion relation is fitted and the 

electron temperature and density are estimated. 

II. The dispersion relation 

A dispersion relation observed by CLS 

looking in the y-direction is shown in Fig. 1. 

The frequency is found to depend quite 

linearly and continuously on the wave vector, 
leading to a group velocity of vg = 4210 m.s-1, 

being close to the expected speed of sound cs. 

The intercept of the linear fit is close to zero 

(17.9 kHz) and thus, the wave seems similar to 

an ion acoustic wave, with a dispersion 

relation which can be written as ω=vg×k. 

However, the ion acoustic mode in fluid 

theory propagates parallel to the magnetic 

field8 while the mode observed by CLS 

propagates orthogonally to it. In order to 

clarify this point, the 3D dispersion relation is 
written using kinetic theory. 

 

 

A 

 
    Figure 1. Dispersion relation observed by collective light 

scattering in the y-direction.    

Blue dots: experimental data, black line: linear fit.                                                               
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A. Warm ion case 

The plasma at the exit of a Hall thruster may be approximated as a collisionless plasma9, subject to an uniform 

magnetic field 0B


parallel to the z-axis and an uniform electric field 0E


parallel to the x-axis, in a slab geometry. The 

electrons are magnetized while the ions are not. The drift velocity 
0

00

B
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V d


 

 is parallel and opposite to the y-

axis. In the case of a Maxwellian distribution for both ions and electrons, the kinetic theory leads to: 
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Equation (1) is the so called 3D dispersion relation which must be solved in ω. The angular frequency ω depends 

on many parameters (kx, ky, kz, λD, Vd, vthe, vthi, vp, ωce) and is not easily found. However, Eq. (1) can be simplified 

using LIF measurements and the number of parameters are reduced by one. 

B. Cold ions case 

In the y-direction, the ion temperature is believed to be small compare to that of electrons7. Thus, 0iT   and Z’ 

reduces to: 
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Accordingly, Eq. (1) becomes 

                                                                  
 

2 2 2
2

2 21 , , , ,

D pi

x p

D d the ce

k
k v

k g k V v

 


  
 

 
                                          (4) 

From Eq. (4), it is clear that the two parameters ωpi and λD can be used to normalize, respectively, the angular 

frequency and the length. Consequently, the velocities are normalized by cs=λD ωpi. Thus, Eq. (4) leads to: 
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and Eq. (2) becomes: 
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It is worth mentioning that the normalized angular frequency depends on the three normalized parameters: 

ˆpv , d̂V , ˆce . In the next Section, Eqs. (1) and (4) will be numerically solved and the influence of the different 

parameters on ω will be studied. 

III. Numerical solving 

A. Order of magnitude 
Equations (1) and (4) have to be solved analytically. An iterative scheme can be found looking carefully at the 

order of magnitude of the different terms. Especially, the expression of the Gordeev function (Eq. (2)) can be 

simplified using results from CLS. In fact, the angular frequency was found to be of the order of ω=6.107 rad.s-1 at 

maximum for a corresponding wave vector of ky=12000 rad.m-1. On the other hand in the Snecma X000 Hall-effect 

thruster case, Vd and ωce are estimated to be of the order of 7.105 m.s-1 and 3.109 rad.s-1, respectively leading to kyVd » 

ω and | kyVd+m ωce| » ω for m and ky having the same sign. Whereas for m and ky having an opposite sign, there is 

some ambiguity depending on the exact value of ky, Vd and ωce, yet the approximation is still considered. 
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Thus, it is possible to calculate the angular frequency from Eqs. (1) and (4) by iteration. As a first step, ω is set 

to zero in the Eq. (2) and Eqs. (1) and (4) become, respectively: 
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where the index 1 stands for the first iteration.  

The inverse Z’ function (InvZ’) can be found using a method which is not described here. When calculating 

numerically, ω1 is reintroduced in Eq. (2) to recalculate the Gordeev function. Then ω2 is calculated using, 

respectively for the warm and cold case: 
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where the index 2 stands for the second iteration. 

This process is repeated until the error is low enough. The errors are determined by injecting ω in Eqs. (1) and 

(4), respectively. Now that the two equations can be solved numerically, some typical parameters for the plasma of a 

Snecma X000 Hall-effect thruster will be introduced. 

B. Usual parameter’s values 

For reference, the thruster and plasma parameters at the exit of the Snecma X000 Hall-effect thruster are 

summarized in Table 1. The three parameters λD, ωpi, cs used for the normalization are also given. The two values for 

electron temperature and density are rough estimations from numeric codes. 

In this part, the normalized Eqs. (5) and (6) 

are considered. A set of typical values for the 

different normalized parameters is given in 

Table 2. As the mode is seen in the y-direction, 

it is common to choose yk̂  as the variable and 

it lies between 0.01 and 1 (corresponding to 

300 and 30000 rad.m-1). The mode is seen 

perpendicularly to the electric field, thus, xk̂  

can be set as null. In previous studies, the 2D 

dispersion relation was considered5, zk̂  being 

null. However, CLS measurements have shown 

that this parameter is non-vanishing. In Fig. 2, 

the influence of zk̂ on the normalized angular 

frequency ̂  is presented, other parameters 

being set as in Table 2. As expected, 

Table 1. Typical values
11

 of the Snecma X000 Hall-effect thruster 

me  

(kg) 

Mi  

(kg) 

E0 

(V.m-1) 

B0 

(T) 

ne 

(m-3) 

Te 

(eV) 

λD 

(m) 

ωpi 

(rad.s-1) 

cs 

(m.s-1) 

9.11 

×10-31 

2.2 

×10-25 
104 15 

×10-3 
1018 15 

3 

×10-5 

1.2 

×108 
3433 

 

Table 2. Typical values of normalized parameters. 

xk̂  
yk̂  zk̂  M̂  pv̂  

dV̂  ce̂  

0 0.01-1 0.03 2.4×105 0 200 25 

 

 

    Figure 2. Angular frequency as a function of ˆ
yk for 

different ˆ
zk .  

Full, dashed and dash-dotted lines correspond respectively to 

zk̂ =0.03, 0.0015, 0.0075. 
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resonances are observable for low values of zk̂ while for higher values, the curve is smoothed. In experiment, a 

quite linear and smooth curve was observed, as shown by Fig. 1. Consequently, zk̂  is set as 0.03 (corresponding to 

1000 rad.m-1) for which no resonances are observed on the curve. 

As it can be seen from Eq. (5), the beam velocity pv̂ only affects the angular frequency as a Doppler effect and 

can be omitted, looking in the y-direction. dV̂  and ce̂  can lie in between 50-300 and 5-65 respectively. The ratio 

of masses M̂  is equal to 2.4×105 for Xenon gas. The main parameters being set up, the theoretical dispersion 
relation can be studied. Due to the linearity of the experimental dispersion, a parametric study of the numerical slope 

will be made as a first attempt to estimate the electron temperature. 

IV. Slope of the dispersion relation 

A. Dependence of the slope with ˆ
dV  and ˆ ceω  

CLS measurements indicate a linear 

dependence of ω with k leading to a group 

velocity equal to 4210 m.s-1, as shown in Fig. 

1. Consequently, the slope of Eq. (5) is studied 
for different values of the parameters. This 

slope is obtained by linearly fitting the 

equation between yk̂ =0.05 and 0.4, which is 

the expected interval of CLS measurements. 

Figure 3 shows the evolution of this slope with 

dV̂  and ce̂ , other parameters being set as in 

Table 2. It is clear from Fig. 3 that for ce̂  less 

than 35, the normalized slope hardly depends 

on the two parameters and is equal to 0.9. 

However, as the dispersion relation is less 

linear when ce̂  increases to higher values 

than 35, the normalized slope is seen to differ from 0.9. Because of the linearity of the experimental dispersion 

relation, values higher than 35 are eliminated. Accordingly, the slope is found to be almost constant with dV̂  and 

ce̂ . 

B. Estimation of Te with the slope 

Therefore, the slope of the mode can be equaled to 0.9×cs. Using the experimental slope (4210 m.s-1) and the 

Xenon mass (2.175×10
-25

 kg), Te is estimated to be 29 eV. The experiment was performed with a flow rate of 18 

mg.s-1 and an apply voltage of 300 V. 

In recent CLS measurements (obtained for different operation parameters than Fig. 1), a curvature of the 

dispersion relation was observed. This new observation would allow determining two plasma parameters instead of 

only one with a straight curve. Thus, the electron density could be estimated in addition of the electron temperature. 
However, to do that, it is necessary to develop an analytical model which depends on less parameters than Eq. (4). 

 
    Figure 3. Normalized slope as a function of the 

normalized drift velocity for different normalized electron 

cyclotron frequency.  

Dots, crosses and open circles correspond respectively to  

ce̂ =5, 35, 55. 
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V. Analytical model 

A. Evanescent magnetic field 

In this part, a new assumption is made in 

order to develop a model allowing to determine 
the electron temperature and density. As shown 

in Fig. 4 plotted for values set as in Table 2, 

decreasing ce̂  reduces the resonances on the 

curve. No such resonances were observed by 

CLS and so, low magnetic field can be 

assumed.  

In the limit of a zero magnetic field, it has 

been demonstrated10 that the Gordeev function 

(see Eq. (6)) should be replaced by  Z , 

where
ˆ

ˆ

d d

the

V V

v M

     . The mandatory 

conditions are that 
ce

dVk

̂

ˆˆ
  and 

ce

Mk

̂

ˆˆ
 tend to 

infinity while ξ remains constant.  These limits are not fully justified in the thruster case but allow developing a 

model which depends on the parameters Te, ne and Vd or only on dV̂  in the normalized case. Thus, Eq. (4) can be re-

written as: 
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or in normalized the case, Eq. (5) becomes: 
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Before using the model on an experimental dispersion relation, it should be compared with the numerical 
solution. 

B. Comparison of the model with the numerical solution 

In this Section, Eq. (12) is used to fit the 

cold ions expression (Eq. (5)) through the 

parameter dV̂ . The equation is fitted for values 

of  yk̂  between 0.1 and 1.1. Then, dV̂ obtained 

from the fit is plotted versus the dV̂  input for 

different values of ce̂ , other parameters being 

set as in Table 2. The result is visible in Fig. 5. 

In a perfect case, the fitted value should be equal 

to the input value and should be on the first 

bisector. However, a slight difference is 

observable which is enhanced by increasing dV̂  

input; and this is the case for all values of ce̂ . 

It is not yet understood why such a deviation 

from the ideal case is greater for ce̂ =5 while 

 
    Figure 4. Normalized angular frequency as a function of 

ˆ
yk for different normalized electron cyclotron frequency.  

Dotted, dashed and dash-dotted lines correspond to ce̂ =15, 25, 

65, respectively. The full line corresponds to the model. 

 
    Figure 5. Fitted value versus inputted of the normalized 

drift velocity for different normalized electron cyclotron 

frequency. 

 Dots, open squares, crosses and open circles correspond to 

ce̂ =5, 15, 35, 55 respectively. 
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the model should agree more with the numerical solution for low values of ce̂ . Nevertheless,  ce̂  is believed to 

lie between 15-35  and dV̂  between 100-250 where the model fits quite well with the cold ions expression. Thus, the 

analytical expression (Eq. (11)) can be used to determine the electron temperature and density. 

C. Estimation of the electron temperature and density 
Now that the model has shown a good agreement with the numerical resolution, an experimental dispersion 

relation can be fitted to obtain some plasma parameters. As shown by Eq. (11), the model depends on three 

parameters: Te, ne and Vd. 

Vd can be known from LIF measurements 

and is estimated to be 7.5×105 m.s-1. 

Unfortunately, the curve in Fig. 1 is linear 

allowing to measure only one parameter. In 

fact, applying Eq. (11) to the experimental 

points leads to Te=25.1±1.4 eV and ne varying 

from –∞ to +∞ with a Normalized Root Mean 

Square Error (NRMSE) of 1.7×10-2. The fit 

can be seen in Fig. 6. If the value obtained for 
Te is in good agreement with that obtained by 

equaling the group velocity to 0.9×cs, the 

linear dependence of the frequency prohibits 

determining ne. 

 

However, in recent CLS measurements, a curvature of the dispersion relation was observed for different thruster 

parameters than in the case of Fig. 1. Unfortunately, for this experiment, the wave vector was not strictly in the y-

direction (α=104°, 90° being in the y-direction) and had a small component in the x-direction shifting the frequency 

by Doppler effect. Nevertheless, it is possible to correct this effect by estimating the beam velocity vp. An angular 

exploration around the y- and x-axis was realized by CLS to observe the evolution of the frequency with kx and ky. 

This α-exploration is visible in Fig. 7 and was realized rotating the wave vector in the (xy)-plan, keeping its norm 
constant. In the y-direction (α=90°), the angular frequency is a constant ω0 which does not depend on α. Moving 

from the y-axis, the Doppler effect pvk

 must be taken into account, with xpp evv


  and xe


being the unitary 

vector in the 0E


 direction. Thus, the angular frequency in function of alpha can be written as:  

                                                                   ω(α)=ω0+kcos(α)vp                                                                   (13) 

 

Accordingly, a fit of the frequency around 

α=90° was realized using Eq. (13) and is shown 

in Fig. 7. The fit values are ω0=2.3×107±8.3×105 

rad.s-1 and vp=2632±240 m.s-1 with a NRMSE of 

4.6×10
-2

. The beam velocity is much lower than 

expected for Hall thruster (a value of 2×104 m.s-1 

was expected). In fact, the problem of 
localization of the observation volume is 

addressed for CLS. The root mean square 

observation length is of the order of 10 cm, 

being comparable to the thruster diameter (15 

cm) and so the signal of the mode can come 

from the whole diameter. However, it has been 

shown4 that the signal comes from the external 

periphery of the thruster. At this position, the 

coordinate of the beam velocity along the x-axis 

could be lower than at the center of the thruster 

and justify the low value found above. 

 
    Figure 6. Dispersion equation fitted by the model. 

The blue dots are the experimental points, the black line the fit by 

the model from Eq. (11) for Vd=7.5×105 m.s-1.  

 
    Figure 7. Frequency as a function of the angle between the 

electric field and the azimuthal direction for a wave vector 

equal to 8298.5 rad.m
-1

. 

Blue dots: experimental data, black line: fit 2πf=ω0+kcos(α)vp.  
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Considering vp=2632 m.s-1, the frequency f 

observed at α=104° is corrected by adding the 

Doppler effect: fcor=f+101×k. The frequencies 

fcor and f versus the wave vector k are plotted 

in Fig. 8. Once again, it is worth mentioning 

that the points from Fig. 8 and Fig. 1 were 
obtained for different thruster conditions, 

probably explaining the shape difference of 

the dispersion relation.  

A fit of the corrected frequency is realized, 

using the analytical model (Eq. (11)) with 

Vd=7.5×105 m.s-1. The parameters obtained are 

Te=24.9±2.8 eV and ne=1.2×1017±1.9×1016 m-3 

with a NRMSE of 3.7×10-2. The 

corresponding curve is plotted in Fig. 8. Te is 

found to be close to 25 eV, in good agreement 

with the value obtained with the slope in 

Section IV. The electron density has a lower value than in Table 1 but the two parameters are estimated at the 
external periphery of the thruster where values might be lower than at the center.  

Using the values of Te and ne found above and k=8298.5 rad.m-1, ω0 can be recalculated with Eq. (11) and 

compared to the experimental value. ω0 is calculated to be 2.7×107 rad.s-1 which is quite comparable to the 

experimental angular frequency ω0=2.3×107. Thus, the estimation of Te and ne is in good agreement with the 

experimental observations.  

Moreover, using these values, the model (Eq. (12)) can be used to fit the cold ions expression (Eq. (5)) through 

the parameter dV̂ , as realized to obtain Fig. 5. The corresponding values of dV̂ , ce̂  and ˆ
zk  are 155, 66 and 0.11, 

respectively. ˆ
yk  lies in between 0.36 and 1.32,  which is the corresponding range of CLS measurements. The fit 

gives a value for dV̂ of 128, not far 155. 

VI. Conclusion 

The studies of the 3D dispersion relation coupled with Collective Light Scattering (CLS) measurements have 

shown the possibility to estimate the electron temperature and density. The numerical slope of the dispersion relation 

has been identified to be close to the speed of sound. Using a slope obtained experimentally by CLS measurements, 

the electron temperature has been estimated to be 29 eV. On the other hand, a theoretical model has been developed 
to fit the dispersion relation. This model, depending on the electron temperature and density and the drift velocity, 

has shown to agree quite well with the theoretical dispersion equation. Accordingly, it has been used to fit the 

experimental frequency. For the first time at the exit plane of a Hall thruster, the electron temperature and density 

are estimated by a non-disturbing method. 
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