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solving the electron fluid equations. We find that the model captures the strong axial
variation in the mobility seen in experiments. In particular, it predicts the existence of
a strong transport barrier which anchors the region of plasma acceleration. The model
also captures the time-averaged experimental discharge current and its fluctuations due
to ionization instabilities. We observe quantitative agreement with recent laser induced
fluorescence measurements of time-averaged xenon ion and neutral velocities along the
channel centerline.
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Nomenclature

€ = mean turbulent energy dissipation rate per unit mass (J/kg)
U = cross field mobility (m?/s-V)

per = effective cross field mobility (m?/s-V)

ve = effective electron scattering rate (s—1)

Vewrb = turbulent viscosity (m?/s)

electron Larmor radius (m)

electron cyclotron frequency (rad/s)

magnetic field (vector) (T)

magnetic field (magnitude) (T)

mean electron speed (m/s)
electric field (vector) (V/m)
fundamental charge (C)

electron current density (A/m?)

scaling constant for turbulent viscosity

characteristic turbulent eddy length scale

electron mass (kg)

§§ SN &~ e UUUngc?
I

electron density (m~?)

R = radial thruster coordinate (m)

T = radial thruster coordinate (m)

T, = electron temperature (eV)

U = turbulent eddy velocity variation (relative to mean flow)
Z = axial thruster coordinate (m)

z = axial thruster coordinate (m)

LIF = laser induced fluorescence

PIC = particle-in-cell
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I. Introduction

ALL thruster simulations have long sought to reproduce measurable characteristics of real devices to

further our understanding of the complex physical processes governing cross-field electron transport,
transient plasma fluctuations, and overall performance. Two-dimensional (2-D) hybrid particle-in-cell (PIC)
simulations'™ strike a balance between computational effort and resolving realistic particle dynamics by
treating electrons as a fluid and the heavy species (ions and neutrals) as discrete particles. In typical 2-D
hybrid simulations, the domain comprises the radial-axial plane (defined by the magnetic and electric field
vectors, respectively) in the channel and plume of a Hall thruster (see Fig. 1a).

Since this geometry does not resolve azimuthal fluctuations that are believed to drive cross-field trans-
port of electrons, the electron mobility (and hence diffusion and thermal conductivity) must be modeled.
Bohm diffusion was used in early hybrid codes, but the resulting discharge characteristics and performance
exhibited poor agreement with experiments. Use of 2-D hybrid simulations was somewhat validated when
an experimentally measured electron mobility was introduced.® This measured mobility contained a strong
transport barrier that approached classical values near the exit of the channel, and climbed to anomalous
values moving axially down- and upstream.® Computed discharge properties, including the axial variation
in plasma density, temperature, potential, and ion velocity agreed reasonably well with experiments.® These
results led to more refined models of electron transport, including one that assumed that shear in the elec-
tron fluid due to strong axial variations in the azimuthal electron drift near the channel exit plays a role in
suppressing the growth of instabilities that would otherwise generate strong transport.” Ad-hoc models have
also been used, some of which are based around the presence of a strong localized transport barrier,® and
others that assume electron conductivity primarily via wall collisions inside the thruster and Bohm-scaled
transport outside.? 1% All such ad-hoc models must use several adjustable parameters to match the predicted
plasma behavior with experimental measurements. A thorough review of the various transport models used
in Hall thruster simulations appears in Ref. 11.

Despite the potential of the shear model presented in Ref. 7, it too has several unknown parameters
that can potentially vary from one thruster to another. There remains, therefore, opportunities to improve
the transportability of simulations between thrusters, or to other operating conditions and propellants, if a
relatively simple, more universal description of the electron transport can be found. Recently, we proposed
an isentropic model for the electron flow that inadequately captured thruster behavior over a broad range
of conditions.'? The isentropic model used an entropy conservation equation to close the set of electron
fluid equations and solve for the electron mobility directly. This model was extended with a description of
entropy production, but it too required ad-hoc parameterization in the entropy source term that we seek to
avoid. '3 14

The model described here continues our effort to derive a simple expression for the electron mobility that
is robust, captures relevant physics, and is easily integrated into 2-D hybrid simulations. It is inspired by
the approach described in Refs. 13 and 14, using the second law of thermodynamics to close the system of
electron fluid equations. The model assumes that the primary means of electron energy dissipation is the
turbulent eddy cascade in the electron fluid to smaller scales. As described below, the energy dissipation
model produces the expected transport barrier seen in many Hall thrusters. It also favorably reproduces
current-voltage trends and plasma properties (plasma temperature, electron density, and time-averaged ion
velocities) of a legacy thruster whose electron transport is well characterized,® while a simpler Bohm transport
approach performs poorly.

In this paper, we introduce the theory behind the dynamic turbulent dissipation model and detail its
implementation in a 2-D radial-axial hybrid simulation of Stanford’s 72 mm diameter, “Z70” laboratory Hall
thruster. The calculated electron mobility is allowed to vary in time, and we begin by comparing predicted
time-averaged results against recent laser induced fluorescence (LIF) neutral and ion velocity measurements
of the thruster plume.'® 1'% Our time-resolved LIF ion velocity measurements show strong fluctuations in
ion velocity over the course of the 23 kHz breathing mode cycle, however, and reproducing time variation in
the measured Hall thruster quantities of interest throughout the oscillation cycle — along with the average
value — represents the next benchmark for improving simulations towards a predictive capability for aiding
thruster design. These time-resolved measurements will be compared against results from this simulation in
a future publication.
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II. Turbulent Electron Transport Model

The plasma inside the channel and into the near-field plume of Hall discharge thrusters is very turbulent.
Early literature described the presence of a plethora of fluctuations spanning a wide spectrum of frequencies.*”
Studies of plasma density fluctuations inside a thruster discharge channel using probes'® show a characteristic
energy spectrum over wavenumber scales typical of a turbulent flow: an energy production regime exists at
large scales, followed by an inertial regime at wavelengths comparable to the electron Larmor radius that
appears to decay into a power law regime characteristic of dissipation at a scale comparable to the electron
mean free path. The intensity of this plasma turbulence seems to correlate with the measured cross-field
mobility, perhaps suggesting a causal relationship.® Experiments have also reported fluctuations at very high
frequencies,'® 29 particularly outside of the thruster channel. It is well known that correlated fluctuations
between plasma density and potential can give rise to cross-field current exceeding that predicted classically.
Near the exit plane, where electrons drift azimuthally and ions drift axially, the system can support well-
known streaming instabilities,?! resistive instabilities,?> 23 and Rayleigh-Taylor type instabilities.?* Further
upstream into the channel and downstream into the plume, there are strong gradients in plasma density,
temperature, and magnetic fields. These gradients can also render drift waves to be unstable.?>26 Such
instabilities, which fall under the inertial range of wavelength scales, were first predicted to be relevant to
Hall thruster operation several decades ago.?”

As mentioned above, most plasma thruster simulations that span the thruster channel (and beyond up
to the cathode plane) do not resolve either the length scales or the spatial dimensions (e.g., the azimuthal
direction) necessary for adequately describing the fluctuations that may be important drivers of electron
transport. As a recourse, one must resort to using a transport model, and deriving transport models built
around the presence of turbulent fluctuations is a challenging task. As in the development of transport
models for neutral fluid turbulence, a zero-equation model can be a useful first approach.?® A zero-equation
model attempts to describe the turbulent viscosity and energy dissipation rate with dimensionally-inspired
algebraic equations, without resorting to solutions of differential equations for the turbulent kinetic energy
and its rate of dissipation.

The zero-equation model that we develop here begins with the usual scaling for the turbulent energy
cascade, where the mean rate of turbulent energy dissipation (per unit mass), €, is expressed in terms of the

turbulent viscosity, Veurn:2”
U

e= v (4) 1)

Here, ¢ is the characteristic length scale, and w is the velocity variation (relative to the mean flow) of the
turbulent eddies. The term in parenthesis represents the spatial variation in the turbulent velocity field,
indicative of the large eddy turnover time. The turbulence is expected to be electrostatic in nature, in which
fluctuations in plasma density and mean velocities are accompanied by variations in plasma potential. In
discharge plasmas, these fluctuations can be strongly correlated and can give rise to excursions in particle
fluxes that contribute to (anomalous) current beyond that expected from classical mechanisms (scattering
collisions between particles following particle drifts driven only by local electric and magnetic fields). The
electrostatic energy associated with these fluctuations may constitute a significant fraction of the system
total. We assume that electrons migrating from the cathode to the anode will eventually convert their kinetic
energy into electrostatic fluctuations. This same class of electrons may also scatter from these fluctuations,
depleting their kinetic energy and converting it to thermal energy. In essence, this dissipative mechanism
is analogous to electron Joule heating. In our modeling, we will assume that this process is the dominant
mechanism for electron thermalization.

Proceeding with a model for the dissipation rate e requires expressions for vi,,1, and the eddy turnover
rate, u/¢. The scaling of 1,1, follows the early work of Prandtl,?® which is based on an analogy with kinetic
theory. We assume that the characteristic scale of the largest eddies is the local electron Larmor radius,
Pe, which is about 1 mm in the channel of a Hall thruster close to the peak magnetic field (B = 100 G,
T. = 20 eV). This is consistent with the scale of the fluctuations in 2-D current distributions seen in the
PIC simulations of Adam et al.3' We shall also assume that the velocity scale for eddy transport is the
mean electron speed, c., which represents an upper limit for the transport of high frequency fluctuations.
We therefore express the turbulent viscosity as:

Veurb = K peCe (2)
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where K is a constant that will be derived from experiments. Ideally, the constant K will be transportable to
similar Hall discharges, perhaps of differing geometries and operating on different propellants. This constant
is the only parameter that must be specified, and we expect it to be of order unity.

Rather than attempting to scale the eddy turnover rate, we shall assume that electrons are scattered
from the fluctuations at a rate equal to u/¢. This effective electron scattering rate, veg, is related to the
electron cyclotron frequency, wee = Co/pe, and the effective cross field mobility, pieg, in the limit of weak
collisionality (Veurb/wee < 1):

Veff
Heft woe B 3)
Equations (1)—(3) are combined, with veg = u/¢, to form a new expression for the turbulent energy dissipation
rate:
€ = Kc?weo B* 12y (4)

Equation (4), when multiplied by the electron mass density (n.m.), is taken to represent Joule heating, as
discussed above. Making this equivalence and solving for effective mobility yields:

- 1/2
(e B (5)
fleft = Kneec? B3

where e is the fundamental charge. The electron current densities, je, and electric field, E, (along with
the other necessary plasma parameters) are computed directly in the 2-D hybrid simulation, making im-
plementation of this model relatively straightforward. The simulations are discussed briefly in the next
section.

III. Hybrid Simulation

The turbulent dissipation model for cross-field mobility is implemented in a 2-D hybrid radial-axial Hall
thruster simulation that is described in further detail elsewhere®® and is similar to those developed by
others.»®* As shown in Fig. la, the hybrid simulation models the plasma in a plane perpendicular to the
azimuthal direction in the thruster channel and just beyond the exit plane to where the cathode intersects
the last magnetic flux surface (Fig. 1c, cathode not shown). The heavy species constituents (xenon neutrals
and ions) are treated as discrete superparticles, representing a group of real particles. Tons are accelerated by
the electric field using a particle-in-cell (PIC) approach, and electron impact ionization and recombination
at the walls is treated using Monte Carlo methods. Assuming quasi-neutrality, the PIC component of the
simulation computes the ion velocity and the plasma density, which is mapped onto the grid used to solve
the fluid equations (continuity, radial and axial momentum, and energy) for the electron velocity, electric
potential, and electron temperature. Time steps of 1 ns and 25 ns are used for advancing the electrons and
heavy particles, respectively.

Here, we build on the confidence developed in these simulations over several years to test how well the
simple zero-equation turbulence model for the electron mobility reproduces reasonable values for the plasma
properties. The Z70' is a SPT-type Hall thruster developed at Stanford that has a similar magnetic topology
and geometry to commercial Hall thrusters. It has a channel length of 2.3 cm, an outer diameter of 7.2 cm,
and an inner diameter of 4.2 cm. The computational grid for the PIC portion of the code is illustrated
in Fig. 1b. The imposed static magnetic field, B, is shown in Fig. lc, simulated using a commercial finite
element solver.?? The magnetic topology is also shown in Fig. 1c; the electron fluid equations are solved in
1-D on 800 magnetic contours assuming isothermal electrons (infinite conductivity) in the directions parallel
to the imposed field. We run the thruster at a discharge voltage of 240 V and a mass flow rate of 2 mg/s
(xenon). Under these conditions, the experimental discharge current (Fig. 2a) fluctuates at ~ 23 kHz quasi-
coherently with a mean of about 1.7 A. The fundamental breathing mode frequency and several harmonics
are visible in an FFT of the current trace.

IV. Results

Using the turbulent transport model given by Eqn. 5, the 2-D hybrid simulation runs stably for many
tens of breathing mode cycles. A weighting constant of K = 2.5 is used in the simulation to match the
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Figure 1. (a) 2-D radial-axial (R-Z) plane for the hybrid PIC Hall thruster simulation. (b) Computational
mesh for the PIC solver. (c) Total magnetic field strength (G) in the domain, with magnetic contours overlaid.
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Figure 2. Thruster discharge current and (smoothed) FFT profiles measured from (a) experiments, and (b)
the hybrid PIC simulation. Fewer oscillation periods are captured in the simulation, leading to a broader
frequency spectrum in the FFT.

time-averaged discharge current measured in the Z70 (1.7 A). The dynamical calculation of the electron
mobility is under-relaxed for improved stability of the simulation. By this we mean that at every electron
fluid time step, approximately half of the instantaneously computed mobility is averaged with half of that
computed in the previous time step.
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Figure 3. Time-averaged profiles of the electron mobility (m?/s-V) calculated with the turbulent dissipation
model over the full 2-D domain (left), and along the channel centerline, R = 2.9 cm (right).

The predicted discharge current is shown in Fig. 2b. Although not as coherent as those seen in experi-
ments, the breathing mode oscillations do seem to capture strong excursions in discharge current (~ 0.6
A) about the mean (1.8 A). Note that fewer oscillation periods are incorporated into the calculation of
the current FFT, leading to much less frequency resolution and a broader feature when compared with
experimental measurements. Averaging the calculated electron mobility over time throughout the domain
yields the plots presented in Fig. 3. The left panel shows the average mobility over the entire computational
domain, whereas the right panel shows the calculated average mobility along the channel centerline (R = 2.9
cm). The time-averaged mobility captures the presence of a strong transport barrier in this region that falls
steeply upstream of the exit plane. Note that near the anode, the mobility has been clamped to that pre-
dicted classically to avoid unphysically large mobilities stemming from magnetic field values that are nearly
zero. Moving downstream into the plume, the transport barrier rises more gradually before plateauing at
about 26 m?/s-V. We note that in the Bohm limit, the mobility p oc 1/16B. In this near-field region, with
B~1072T, p~ 6 m? /s-V. Therefore, the turbulence model predicts near-Bohm values of transport in this
region of the flow.

Computed time-averaged values of important plasma properties along the channel centerline are reported
in Fig. 4, including the plasma potential, axial ion velocity, plasma density, electron temperature, neutral
velocity, and neutral number density. There exists a strong electric field reversal near the anode (plasma
potential “hump” greater than the 240 V applied to the anode), produced largely by strong plasma density
gradients that drive excess electrons towards the anode. The ion velocity increases rapidly near the exit of
the channel (Z = 2.3 ¢cm) and beyond, indicating a largely external acceleration process. Within ~ 1 cm
from the anode, ions reverse direction and stream towards the anode — consistent with the observed electric
field reversal. Neutral xenon accelerates monotonically in the axial direction. This apparent acceleration
is attributed to the preferred ionization of slow neutrals, which spend a greater residence time within the
channel. The solid symbols in the velocity figures represent experimental laser induced fluorescence data
obtained for this thruster.'® The measured ion acceleration profile is captured by the simulation, although
the code places the accelerating potential drop slightly further upstream than seen experimentally. The
simulation also predicts a slightly higher terminal neutral velocity downstream of the ionization zone.

Fig. 5 depicts 2-D colormaps of the same computed time-average plasma properties. Much of the structure
in these plots follows that of the centerline trends seen in Fig. 4. The plasma density is maximum just
upstream of the exit plane, and trails off near the channel walls as a result of the imposed wall loss conditions.
The neutral density and velocity in the anode region is higher on near the center of the channel due to
centerline injection of neutrals at the anode.

Finally, in Fig. 6 we compare time-averaged ion velocity distribution functions (IVDFs) at four locations
in the plume along the channel centerline. Solid lines depict IVDFs calculated using the hybrid simulation,
and dotted lines show those measured by time-averaged LIF.16 Mass-weighted average velocities obtained
from calculated VDFs such as these are what appear in Figs. 4 and 5, while the most-probable (peak)
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Figure 4. Calculated time-averaged plasma properties along the channel centerline, R = 2.9 cm. The symbols
(#) indicate data from time-averaged laser induced fluorescence measurements of the Z70 plume.16
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Figure 5. Calculated time-averaged plasma properties over the entire 2-D simulation domain. Data from the
centerline at R = 2.9 appears in Fig. 4.
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Figure 6. Axial time-averaged ion velocity distribution functions measured (dotted lines) and calculated (solid
lines) at four locations in the Z70 plume along the channel centerline.

velocity from the experimental traces are recorded on those figures. As mentioned previously, the code
predicts ion acceleration to occur farther upstream than seen experimentally. However, the widths of the
main feature (velocity spread) in each case are comparable. As ion density decreases farther into the plume,
the measured traces experience more noise due to fewer fluorescence signal photons relative to the bright
background emission. At z = 4.34 cm, evidence of a low velocity ion population appears in the measured
IVDF, the time-dependent behavior of which is detailed in other publications.'® 6 As this paper focuses on
time averaged behavior, it is sufficient to note that the hybrid simulation fails to reproduce this effect. This
would be the case if low velocity population originates from the opposite side of the channel (an effect of the
annular geometry), as the simulation does not account for other regions of the annular channel outside the
computational domain. Analysis of the measured and simulated time variation of the IVDFs throughout the
breathing mode cycle will be conducted in a future publication.

V. Summary and Future Work

This paper describes a dynamic model for cross-field electron transport in hybrid particle-in-cell simu-
lations of Hall thrusters. The model assumes that the primary means of electron energy dissipation is the
turbulent eddy cascade to smaller length scales and leverages a simple zero-equation approach to describe
the conversion of electron kinetic energy into Joule heating of the plasma. Through simple scaling relations,
we obtain an expression for effective mobility that reacts to local evolving plasma conditions and is easily
incorporated into an existing hybrid PIC framework.

Simulations of the Stanford Plasma Physics Laboratory Z70 Hall thruster operating on xenon at 400 W
are conducted and compared against time-averaged laser induced fluorescence measurements of axial neutral
and ion velocities. With some discrepancies, the model achieves quantitative agreement with measured
plasma parameters, including average discharge current. ~ 20 kHz breathing mode fluctuations are observed
both experimentally and in the simulation. The turbulent dissipation model successfully produces expected
phenomena, including a strong barrier to cross-field electron transport near the exit plane and a gradient-
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driven electric field reversal near the anode. The ion acceleration is predicted to occur farther upstream
than seen experimentally, although the general profile is recovered. Time-averaged ion velocity distribution
functions in the plume show differing peak locations but similar widths in velocity space.

Future studies will examine the time-dependent behavior of the hybrid PIC simulation on the time scale of
breathing mode oscillations and compare further with time-resolved laser induced fluorescence measurements
of ion and neutral species. The transportability of the turbulent transport model will be assessed using
simulations of different thrusters, and further comparisons with existing transport models will verify its
accuracy at recovering known thruster parameters. We hope that such a dynamic mobility model will
soon enable hybrid simulations to produce close agreement with real devices varying with time, not just in
time-average.
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