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ELECTRIC PROPULSION RESEARCH
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Abstract

Interplanetary trajectory optimization codes have been developed to support electric propulsion re-
search from mission analysis aspect. Two numerical calculation methods optimizing interplanetary
trajectories, Sequential Conjugate-Gradient Restoration Algorithm (SCGRA) and Direct Collocation
with Nonlinear Programming (DCNLP) were employed and combined for making mission analyses much
easier than ever and solving a variety of optimization problems on a PC-level computation environment.
The SCGRA is superior in computational cost, however, convergency depends on initial estimates. The
DCNLP has robust convergency, however, not only takes much time but also requires a large amount
of memory to have accurate solutions. The strategy adopted here is to use the DCNLP code to get a
rough initial estimate, then to employ the SCGRA to get a final estimate with higher accuracy. Earth-
Mars interplanetary missions for oft-assumed departure boundary conditions, spiral escape and impulsive
insertion to heliocentric orbit, are presented as examples of showing the availability of the codes.

Nomenclature

F = Thrust vector r7 = Thruster efficiency
g = Gravitational constant at sea level p = Gravitational parameter
I,p = Specific impulse

m = Vehicle mass Subscripts
P = Input power 0 = Departure
t = Time 1 = Arrival
v = Velocity vector c = Chemical propulsion
x = Position vector E = The earth

a.p- = Power plant specific mass i = i-th thrusting arc
Qpop = Propulsion system specific mass life = Life time
At = Spiral escape time max = Maximum
AT = Thruster operation time pl = Payload
AV = Velocity increment S = The sun

E = Tankage factor or dry to wet mass ratio oo = Far from the earth
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Introduction

Electric propulsion is an enabling technology to enhance mission feasibility/performance due to its

high specific impulse. Up to now, several electric thrusters have been developed for station keeping and

repositioning of satellites, and it is expected from the recent advances in power generation technology

that several tens kW onboard power will be available within a few decades. This will make proposed

missions possible, such as near-Earth orbit-raising and planetary missions. In these circumstances, it

is necessary to optimize electric propulsion system in order not only to clarify merits and demerits of

electric propulsion missions but also to help design electric thrusters appropriate to each mission.

Optimization of electric propulsion system includes optimization of low-thrust trajectories. There

have been many studies on low-thrust trajectory optimization using analytical methods for near-Earth

missions (1),[21 where tangential thrust is assumed. However, in interplanetary trajectories, this as-

sumption is not valid, instead, much more complicated and time-consuming trajectory optimization is

required. Therefore, we have tried to develop low-computational-cost trajectory analysis codes necessary
for studies of electric propulsion missions.

Recent advance in optimization methods provides efficient and robust algorithms, such as Sequential

Conjugate-Gradient Restoration Algorithm (SCGRA) and Direct Collocation with Nonlinear Program-

ming (DCNLP). The SCGRA handles an optimization problem by iteratively solving linear two-point3 boundary-value problems. Its superior point is that estimation of costate variables is unnecessary and

a lot of parameters and constraints between them can be easily included. Authors have been applying
the SCGRA to low-thrust trajectory optimization problems, and found that its convergence depends on

initial estimates. On the other hand, the DCNLP discretizes an optimization problem by some sort of
approximations into a nonlinear programming problem and iteratively solves it. Its robustness has been

reported by many authors, however, requires a large amount of memory and a lot of computation time.
In this study, the SCGRA and DCNLP have been employed to take advantage of their merits, and

the combination of both the methods has shown much better performance in convergence, computation
time and required amount of memory compared to only one method in use. Trajectory optimization
of the Earth-Mars interplanetary rendezvous mission for two different departure boundary conditions,
spiral escape by electric propulsion and impulsive departure by chemical propulsion, is presented as the
example of showing the availability of the codes.

Formulation of trajectory optimization problems

The formulation of a trajectory optimization problem is explained as follows. Mission scenario pr(

sented here is 1) departure from the earth and entering heliocentric orbit and 2) heliocentric flight lo
the target planet or asteroid. In the formulation, input power can take two values, zero or maximum,
and the triject.ory is divided into several phases to analyze several types of missions by one code. For

example. if a trajectory includes a coasting, one phase is applied to it. In the case of severil types of
thrusltis ill Is(. tIuulitiple phases ,ic( alplied to each thrus r operation period.

Goveriliig Equaitions

H The gravitational field is regarded as a spherical inverse-square gravi.ational field and only one gravity
source is considered. Tle following equations must be satisfied in the heliocentric coordiiit es in Flig. 1.



F gsx =  x (1)
m |x|

24P
2= - (2)

(gIp,)2

where

2r P p 0 (Coast phase) (
9,p.,' Pma (Maximum thrust phase)

P x, is given as a constant for nuclear electric propulsion system and varies with the distance from the
sun for solar electric propulsion system. The following condition is applied if a thruster has operating
life time ATI,e,.

EAT, < ATI,/, (4)

Objective Function

The objective function to be maximized is payload mass as given by

mo -AVo 1np: = mo (1 - exp( -;:o)) - I Z |rh AT, - (a, + Qpop)Pmax (5)

where the first term on the right-hand side is vehicle mass at departure, the second the sum of the mass
of the propellant consumed at the departure from Earth's gravitational field and structural mass, the
third the masses of the propellant consumed and structure in a heliocentric phase and the last term is
the power plant and propulsion system mass.

Boundary Conditions

Two types of departure boundary conditions, spiral orbit raising and impulsive departure, are consid-
ered. For the case of spiral departure, they are given by

x = xd(to+At) (6)
v = Vd(to + At) (7)

1 -AVo(
m = mo{1- (1-exp( ))} (8)1 - to gl.,o

AVo = AV (mo, 7o,P, Ip,o) (9)

At = At(mro, 7 o,P, I.p,o) (10)

where AVo is a required velocity increment to escape from Earth's gravitational field and At is time for
escape.

For the case of impulsive departure, they are given by

x = Xd(to) (11)
v = vd(to)+Vc (12)

m = no{- (1 -exp( O)) (13)

AV = v2 + -E (14)
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where v. is the relative velocity vector of a vehicle far from the earth called velocity vector at infinity.

The boundary conditions at arrival point are given for rendezvous with the planet or asteroid,

x = xa (ti) (15)

v = va (ti) (16)

Other arrival cases such as soft landing or insertion to the orbit around the planet can be given by the

same boundary conditions as the departure from the earth. One more constraint tl - to = Tf is applied

when flight time Tf is given as an input parameter. The positions Xd, xo and velocities vd, Va of the

planet are obtained by solving the Kepler's equation. Control variables and parameters are presented in

Table 1.

Table 1: Control variables and parameters

Control variables Thrust direction

Time of i-th thrust phase, AT,
Parameters Maximum input power, Pa,,

Departure and arrival date, to. ti

Velocity vector at infinity for impulsive departure, v.

Optimization Methods

In this study, two optimization methods, the SCGHA and DCNLP algorithms were used. They are
described in Refs. 4-1 -]~ 6 and [7) ~ [11], respectively. In both the methods, a trajectory is expressed by
aI lot of time steps putting nodes on each side. A large number of time steps ensures accurate solutions,
however, it makes compensation for significant increase in memory size and computation time. Therefore,
number of time steps is one of the criteria to choose which method is more appropriate for use.

The SCGRA solves a linear two-point boundary-value problem and iteratively modifies the first-
assumed trajectory. It has the following properties,

" Low computation cost in time and memory, hence. a large number of time steps can be introduced
to have high-accuracy solutions.

* Convergency depends on initial estimates.

* The DCNLP transforms an optimization problem to a nonlinear progrannigiii prollem by several
kinds of interpolations and sol\es it iteratively. The features of the DCNLP are

* Hobust convergency even if initial estimates are far from an optimal solution,

* Solutions can be obtained even if a small numbler of time steps are introduced.I * Computation tune and iimemnor size significaiilly iincreale with increasing number of time steps to
obtain more accurate solutions.

The efficiency of the DCNLP codes depends on how to handle large size matrices nid their sparse
patterns. The algorithm solving spirse nonlinear programmingi problem in this study is based on the
work in Ief. [10].
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Considering these characteristics, we employed the following method which takes advantage of the
merit of both the methods: Firstly, run the DCNLP code with a small number of time steps in order to
obtain an initial estimate, and then, run the SCGRA code with a large number of time steps to obtain
an accurate solution. This method is called as the combined method shown in the followings.

Sample calculations

Earth-Mars interplanetary mission is shown as an example. Two different departure boundary condi-
tions were given, spiral orbit raising by electric propulsion and impulsive insertion to heliocentric orbit
by chemical propulsion. Arrival boundary condition is to rendezvous with the Mars. Insertion to the
orbit around the Mars was not included.

Assumptions

Heliocentric trajectory is assumed to consist of one coasting phase and two thrusting phases. Vehicle
data are presented in Table 2 and the departure conditions are shown in Table 3 for four spiral and two
impulsive cases. For each case of the departure conditions, the departure orbit is circular and its altitude
is 300 km above the earth surface, and departure date is selected around the year 2010. Table 4 shows
Al requirements at the departure of the spiral escape for each specific impulse and input power. Details
of calculating AV requirement are described in Appendix. Power source is assumed a nuclear reactor.

Thrust direction is a control variable which is used to maximize payload mass for given operating
parameters and boundary conditions. Departure date, thruster operation time and maximum input
power are also parameters to be optimized as well as velocity vector at infinity in the impulsive departure
case.

___ Table 2: Vehicle data

Vehicle Initial mass, mo 1000 kg
Structural factor, < 0.1
Specific impulse, I,, 3000 s

Thruster Thruster efficiency, 1l 0.67
Propulsion system specific mass, oprop 10 kg/kW

Table 3: Earth departure conditions

Spiral departure Impulsive departure
Case no. 1 2 3 4 5 6
Ip,o, s 500 1000 1500 1500 300 300

77o 0.5 0.5 0.5 0.5 - -
to 0.1 0.1 0.1 0.1 0.1 0.1

Qpwr, kg/kW 30 30 30 70 30 70
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Table 4: Required AV for spiral escape from altitude 300 km circular orbit

A1V, m/s

P kW I,p = 500 s Ip = 1000 s I, = 1500 s

2.50 6961 7171 7257

5.00 6826 7074 7168

10.0 6668 6955 7065

20.0 6487 6813 6940

30.0 6367 6719 6859

I Results and Discussion

Figure 2 shows the fraction of payload mass to initial mass for spiral and impulsive departure (refer

to Table 3). Initial estimates of the solutions were calculated using the DCNLP code with 4 time steps
for each phase, and their accuracy was improved using the SCGRA code with 100 ~ 200 time steps for

each phase according to the flight time. These trajectory optimizations are possible by the combined

method.

Typical computation time is plotted in Fig. 3 as a function of number of time steps. Computation

time in the DCNLP rapidly increases with number of time steps while it is almost insensitive to number

of time steps for the case of the SCGRA and the combined method. Figure 4 shows the required memory
size as a function of number of time steps. As for memory size, similar dependencies are shown. The

memory size in the DCNLP significantly increases with number of time steps while it increases slightly

in the SCGRA. The memory size of the combined method is determined by the memory in the DCNLP
used in the rough estimates and is almost insensitive to number of time steps. From this results, one
can have accurate solutions by the combined method with a large number of time steps within limits
of computation time and memory allowed. Convergency of the solutions is guaranteed in the DCNLP
phase in case of the combined method.

Conclusions

Interplanetary trajectory optimization codes for electric propulsion missions have been developed
successfully. These codes can run without any special computation environment and make trajectory
optimization much easier than before. The combined method of the SCGRA and DCNLP inherits
both the merits; robust convergency in the DCNLP and saving computation time and memory in the
SCGRA. The DCNLP by itself needs a large amount of memory and takes long computation time to
have accurate solutions. Therefore, the DCNLP with a small number of time steps has been adopted to
get initial estimates, and followed by the SCGRA code. This method enables us to get solutions under
usual computation environment by reduced computation time and memory without spoiling robustness.
From this result, it is concluded that these codes are useful to analyze various types of space missions
using electric propulsion system and to help electric propulsion research.
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3 Appendix

AV requirement for spiral escape

For simplicity, the earth is only one gravity source and vehicle's motion is restricted on the two-

dimensional plane. Trajectory is assumed to include no coasting phase. Governing equations in polar
Scoordinates then become

i- = v, (1),,

S= (2)
r

8 _ PE F
, - + - sin u (3)

V, vO Fv = -- + - cosu (4)
r m

m = - (5)

27P
F - (6)

gI,p

where u is control variable.

Departure orbit is altitude 300 km circular orbit. Arrival boundary condition is given in terms of
orbital energy

e =! = 0 (7)2 r

The objective function to be minimized is AV required, and the SCGRA was chosen as the optimization

method since initial estimates can be easily obtained with high accuracy. Number of time steps was
chosen to ensure less than 200 s time-interval between nodes.

AV requirements obtained are presented in Table 4 against each specific impulse and input power.
The values are 10 ~ 20 m/s lower than the results obtained with the assumption that thrust is applied
to the direction of velocity vector. The difference of altitude in departure orbit for the other cases can
be modified using the Edelbaum's equation in Ref. [2].
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