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Both fully kinetic Particle-in-Cell (PIC) and hybrid PIC simulations are carried out to
investigate the emission of a collisionless, mesothermal plasma plume from an ion thruster.
The hybrid PIC simulation adopts the commonly used assumption that the electrons may be
modeled by the commonly used Boltzmann relation, while the fully kinetic PIC simulations
are carried out using the real Xe' to electron mass ratio (m;/me = 241073.64). The results
show that both fully kinetic PIC and hybrid PIC lead to similar plume density structures
but very different plume potentials. If one could ignore the ion and electron mixing region
immediately downstream of the thruster, the main physics which is missing from a hybrid
PIC plume model is that from the electron temperature change. Including the initial ion
and electron mixing region further complicates the effects from the electrons. Since the
electron characteristics in a plasma plume is non-equilibrium and anisotropic, neither the
commonly used Boltzmann relation nor the more general polytropic relation is valid for
modeling electrons in an ion thruster plume.

Nomenclature
X, X = Coordinate vector (z,y, z) and its normalized expression
v,V = Velocity vector (vg, vy, v,) and its normalized expression
t, t = Time and its normalized expression
€0 = Vacuum permittivity
e = Elementary charge
ky = Boltzmann constant
y = Electron polytropic cooling coefficient
mi, Me = Jon and electron mass
P, o = Electric potential and its normalized expression
Ny, T = Jon number density and its normalized expression
Ney Me = Electron number density and its normalized expression
AD = Debye length
Wiy Wpe = Ion and electron plasma frequency
Vtiy Vte = Ion and electron thermal velocity
Cs = Jon acoustic velocity
Vdi, Vdi = Ion drifting velocity and its normalized expression
Vde, Ude = Electron drifting velocity and its normalized expression
Ubeam, Ubeam = Beam velocity and its normalized expression
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r;, Te = Ion and electron flux density

Ji, Je = Ion and electron current density

fi> fe = Ion and electron flux velocity distribution function

fi.nm, feor = Ion and electron Maxwellian velocity distribution function
My = Beam Mach number

L,, f/y = Normalized domain size in the x- and the y-direction

AZ, Ay = Normalized mesh cell size in the x- and the y-direction
At = Normalized simulation time step

I. Introduction

N an ion thruster, cold beam ions are emitted from the thruster exit to provide the thrust while thermal
Ielectrons are emitted from a neutralizer to neutralize the ion beam. Studies of ion thruster plume have
mostly focused on the physics driven by ion dynamics. It is thought that the role of the electrons is to simply
provide a charge neutralization mechanism. Hence, a common approach in plume studies is to assume that
the electrons may be modeled as an equilibrium, massless fluid so to simplify the electron dynamics. This
approach, combined with a further assumption that the electrons are isothermal, leads to the commonly
used Boltzmann electron model that builds the relation relation between the electron density n. and the

potential ® as:
e[q; T%]) (1)
ble

where kj, is the Boltzman constant, e is the elementary charge, T; is the constant electron temperature in
this model, ng and @y are the plasma density and potential at a reference state, respectively. Eq. (1) has
been used in almost all electric propulsion plume studies so far. The standard plume simulation approach
has been to use hybrid particle-in-cell (PIC), where the ions are treated as macro-particles and electrons are
assumed to satisfy Eq. (1), seeing Refs.!™® and references therein. The isothermal condition can be relaxed
by allowing T, to change as a function of position in Eq. (1).%® However, while the assumption that the
electrons in a plasma plume may be modeled by the Boltzmann relation has been widely adopted, questions
such as whether this assumption is valid or to what extent it is applicable have not been resolved.

As gas expansion in general is not an isothermal process, several studies have examined the isothermal
assumption in Eq. (1). Refs.51% examined the validity of the polytropic law given in Eq.(2) to model the
electrons and investigated the electron cooling effects on plasma expansion,

Ne = N €XP (

Te TeO
y—1 = -1 (2)
Ne neO

where -~y is the polytropic coefficient, T,y and n.q are the electron temperature and number density at the
reference point. Note that v = 1 corresponds to the Boltzmann relation Eq(1). For example, Merino and
Ahedo® simulated the plasma expansion in a magnetic nozzle with a two-fluid model and observed that the
electron cooling led to lower beam divergence. However, the exact cooling mechanisms were not identified,
and hence the choice of v was arbitrary in that study.’

A more fundamental question is whether the fluid model for electrons is valid at all. For a fluid electron
model to be valid, the electrons need to be in a thermal equilibrium or near-equilibrium state. Based on
kinetic theory, the random collisions between particles are the primary mechanism to reach the thermal
dynamic equilibrium state. The long-range coulomb interaction in plasmas is generally not considered as an
effective mechanism for equilibrium.!! However, as the characteristic length scale in typical electric thruster
plume problems is much less than the mean free path in the emitted plasma, particle-particle collisions are
generally absent for electrons in the plasma plume. Refs.!?2715 applied fully kinetic PIC simulations, where
both the ions and the electrons are treated as macro-particles, to study beam neutralization process. Hu
and Wang!% 17 investigated the electron characteristics in a plasma plume. They found that the electrons in
the plasma plume mostly undergo a non-equilibrium and anisotropic process. Neither the commonly used
Boltzmann relation Eq. (1) nor the more general polytropic law Eq. (2) is a good assumption for modeling
electrons in plasma plume.

This paper extends'® 17 and investigates the errors resulted from using the Boltzmann relation, Eq. (1),
in a hybrid PIC simulation. In this study, both hybrid PIC simulation and fully kinetic PIC simulations
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Figure 1. Schematics of different injection models: (a) quasi-neutral injection: Injection Setup 1; (b) current-
free injection: Injection Setup 2.
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Figure 2. Photo of USC micro-ion thruster

using the actual Xet ion to electron mass ratio are carried out. Section II describes the simulation model.
Sections IIT and IV discuss the macroscopic plume property and microscopic electron kinetics, respectively.
A summary and conclusions are presented in Section IV.

II. Simulation Approach and Models

In this study, we apply both fully kinetic and hybrid electrostatic (ES) particle-in-cell (PIC) simulations.
In the fully kinetic PIC, both electrons and ions are modeled as particles. The dynamics of electrons and
ions, the space charge, and the electric field are solved self-consistently from

V2P = (e — 1) (3)

d ~ dx
— nv) = F vV = i 4
i) =B, v = @)

where eqgs.(3) and (4) are the normalized Poisson’s equation and Newton’s second law, respectively. In the
hybrid PIC, only ions are treated as particles, and the electrons are assumed to follow the Boltzman relation
given in Eq. (1). The electron density 7. in Eq. 3 is replaced by Eq. (1).

The simulation variables are normalized by the parameters at the reference condition. However, the
normalization schemes for the fully kinetic and the hybrid PIC are different. The fully kinetic PIC needs to
resolve physics at the electron scale while the hybrid PIC only investigates the process at the ion time scale.
Hence, the fully kinetic PIC uses dimensionless variables normalized by the electron plasma parameters, and
the hybrid PIC uses those normalized by the ion plasma parameters. The normalization used for the fully
kinetic PIC is as follows,

LI A Rio = e g o The g
vV = ) = WWpe0, mie = ) Nije = -

m
x ic Y (5)
ADo Vteo Me ng vl eo

i:
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and the normalization for the hybrid PIC is given by,

X3 v t=t i 1, 7 . ) c®
, V= ) = Wpio, My =—=1, Nje= 3 =
ADo Cso m; ng kyTeo

(6)

)2:

In Egs. (5) and (6), the subscript “0” denotes the reference condition, Apg = \/€okpTeo/n0o€? is the
Debye length, wpeo = \/noe?/eom. and wypio = v/noe?/egm; are the electron and the ion plasma frequency,
respectively, vieo = \/kpTeo/me is the electron thermal velocity, and Csg = +/kpTeo/m; is the ion acoustic
velocity.

In an ion thruster, the beam emitted is current free but the region immediately next to the thruster exit
and neutralizer is non-neutral. However, the hybrid PIC approach cannot resovle the ion beam neutralization
process and thus only simulates a quasi-neutral plume. Hence, in this study we shall consider two different
beam emission models, as illustrated in Fig. 1. The first one is the quasi-neutral beam injection setup
(Injection Setup 1). In Injection Setup 1, we assume that a neutral plasma beam has already been formed
within a reservoir upstream of the emission surface. Hence, the emission source is an equilibrium, well-
neutralized plasma beam, where the ion and electron densities are equal (1,0 = 7o), and the net current is
balanced (J;0 4+ Jeo = 0). The fully kinetic PIC based approach allows the inclusion of the non-neutral beam
region and the subsequent ion beam neutralization process. Hence, the second one is a non-quasi-neutral
but current-free injection setup (Injection Setup 2). Here, we consider a plasma beam that is current-free,
Jio + Jeo = 0, but with a different initial number density, 1,0 # neo.

Plasma thrusters may use a variety of neutralization designs. The Injection Setup 2 is similar to that of
the USC micro-ion thruster which uses a thermionic emitter immersed in the ion beam for neutralization.'®
Fig. 2 shows the USC micro-ion thruster. In this source, ions are accelerated through an ion optics to form
a cold beam with a directed energy of ~ 1100eV. A hot-filament neutralizer is located downstream of the
source exit inside the ion beam. Thermal electrons are emitted from the wire with a temperature of a few
eV. The plasma beam immediately downstream of the emission surface is non-neutral.

The Injection Setup 1 is used in both the hybrid PIC and fully kinetic PIC simulations. In a fully kinetic
PIC simulation, both the electrons and ions in the reservoir follow drifting Maxwellian distributions, and
have the same drifting velocity as the beam velocity but very different thermal velocities.

Mi.e mMie [Um - vbcam]z
ie r) — - - : 3 T — X, 7
Jient(ve) = | o s eXp( 2T <0 ) vz € (=00, 00) @
Fremt(v)) = || i ity € (~o0,0) ®)
ie, M Uy = 27kaz_;.760 exp kaﬂ’eo 5 ’Uy o0, OO

Note that we assume vpeay has only the z-component. At the emission surface, the ion flux density towards
the simulation domain fj‘ is much smaller than the electron flux density I’} due to the difference of their
thermal velocities. However, our recent fully kinetic simulation has shown that the emitted thermal electrons
do have the ability to adjust themselves to keep a quasi-neutral, curren-free beam downstream of the emission
source.!” This quasi-neutral beam emission model naturally works for the hybrid PIC since the detailed
electron kinetics are ignored and the electrons are assumed to reach equilibrium instantaneously in the
hybrid PIC model.

The Injection Setup 2 was used only the fully kinetic PIC simulation. In Injection Setup 2, the simulation
domain includes a fraction of the plasma source body. The emission surface is located a few Apg downstream
of the source body.

The current-free condition for the emitted plasma, J; + J. = 0 or F;r =T'F, is imposed at the emission
surface. Because the electron’s thermal velocity is much larger than the ion’s, the current-free condition leads
to a non-neutral plasma near the emission surface. However, a neutral beam can be formed downstream
mainly because of the potential well established in the plume region, seeing Refs.!416:17 The z-component
of the velocity of both the emitted ions and electrons is sampled from a flux velocity distribution by using
an acceptance-rejection method described in.'® The flux velocity distribution functions for the ion and the
electron are given as follows,

miAe[’U:r - Ubeam]2>
i,e\Vx) = Ci,e'vz €x - - , Uz >0 9
(o) p (- ©
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where C; and C, are normalization factors such that the integral of f;(v,) and f.(v,) from 0 to co equals 1.
The y-component of the velocity for each species is sampled from the corresponding stationary Maxwellian
velocity distribution function (Eq. (8)) with the Box-Muller method.

For a typical ion thruster, the radius of the plasma beam emitted, Ryeam, is much larger than the Debye
length at the emission source Apg. In the simulations, the size of the initial beam size in y is taken to be
Rpeam = 20Apo. As a result, we consider the beam reservoir is located in the region of (Z,§) = (0 ~ 6,0 ~ 20)
for the quasi-neutral injection model. Partiles are injected from the emission surface at £ = 6,5 = 0 ~ 20
according to the state of the neutral beam reservoir at each simulation step. The reservoir is kept Maxwellian
and any particle that reaches the reservoir is absorbed immediately. The electric potential in the region of
the reservoir is fixed at zero. For the current-free non-neutral injection model, the thruster body is set
to occupy the region of (Z,3) = (0 ~ 4,0 ~ 30), and its potential is fixed to be zero. The center of the
plasma emission surface is the same as that for the quasi-neutral injection model, namely z = 6,5 = 0 ~ 20.
Particles that are attracted back to and eventually hit the thruster body are thermalized and re-injected
into the simulation domain.

To speed up the computation, the simulation setups shown in Fig.1 were carried out in two-dimensions.
Since xenon (Xe) is the most popular propellent for ion thrusters, we take the real Xe* ion to electron mass
ratio m;/m. = 241073.64 for the fully kinetic PIC modeling in this study. The temperature ratio of ion to
electron at the source exit is taken to be T;o/Teo = 0.01. We consider the Mach number of the beam to
be My = Vpeam/Cso = 20 for all the simulations in this paper. Accordingly, the beam velocity is set to be
Ubeam/Vteo = 0.040734.

The simulations need to run for a time duration long enough to achieve a steady state plume in the region
near the thruster. The simulations also need to terminated far before the beam front reaches the boundary
of simulation domain because it is difficult to accurately pre-determine the far field boundary condition for
the fully kinetic PIC simulation of mesothermal plasma plume expansion. These two constrains determine
the domain size and time in our simulation setup. The simulation domain used is L, x f/y = 2000 x 1000,
with a mesh size of AZ = Agj = 1. The symmetric boundary condition is applied at the plane of § = 0
for the field as well as the particles. The zero Neumann boundary condition for the electric field is applied
at other boundaries of the simulation domain. The vacuum condition is used at the boundaries except
the plane of § = 0 to absorb the particles (only thermal electrons) escaping the domain occasionally. The
simulations are run for a time duration upto twpiy = 35. The time step used for the fully kinetic PIC
simulation is Af = Atw,eo = 0.05, and that for the hybrid PIC simulation is Af = Atw,;o = 0.01. Note that
Wpeo /Wpio = \/M; /M =~ 491 so the total simulation steps are 343700 for the fully kinetic PIC, and are 3500
for the hybrid PIC. We have checked the plume structures at the times of twp;o = 25,30 and 35. The results
show that at twy;0 = 30, the plume reaches a steady state in the region of £ < 550 .

ITI. Results and Discussion

This section presents results using three different simulation models. Hereafter, we refer the hybrid
PIC and the fully kinetic PIC simulations with the quasi-neutral beam injection model (Injection Setup
1, Fig. l.a) as Simulation Model A and Simulation Model B, respectively, and refer the fully kinetic PIC
modeling with the current-free injection model (Injection Setup 2, Fig. 1.b) as Simulation Model C. The
hybrid PIC simulation assumes that the electrons follow the Boltzmann relation, Eq. (1). The fully kinetic
PIC simulations are carried out for a Xe* plasma plume, using the real Xe™ to electron mass ratio of
m;/m. = 241073.64.

Fig. 3 shows the ion and electron number density contours obtained from the three simulation models.
All three models show similar density distributions. In particular, although the beam is initially non-
neutral at the emission surface in Model C, a well-neutralized beam is formed starting at about at about
3Apo downstream. The neutralization process for this emission setup was discussed in detail in Wang et
al.'* Figs. 4 and 5 further compare 1-D density profiles from the three simulation models along the beam
direction and the transverse direction, respectively. Other than the noises shown in the fully kinetic PIC
simulations far away from the emission surface (due to insufficient number of particles per cell), the fully
kinetic PIC and the hybrid particle PIC provide the same result.

The expansion of a quasi-neutral mesothermal plasma into a vacuum has been studied both analytically
and through hybrid PIC simulations. Wang and Hastings2?:2! presented both analytical solution and hybrid
PIC simulations using the Boltzmann electron model, Eq.(1), of the expansion of a mesothermal plasma flow
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Figure 3. Number density contours for ions (colored “———") and electrons (colored “— - —) at twp;o = 30
(twpeo ~ 14730). The black “— — —” represents the Mach line based on My originating from the edge of the

emission source, (Zo, Zo) = (20,6). Results of: (a) Model A, (b) Model B, and (c) Model C.
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Figure 4. Density profiles along the beam direction (z-axis) of all the three models at twy;o = 30 (twpeo ~ 14730):
(a) §=0, (b) § =10(= 0.5Rpeam) (¢) ¥ = 20(= Rpeam)-

into the wake of a large plate. In a quasi-neutral meosthermal plasma flow expansion, the boundary that
separates the undisturbed plasma flow from the expansion region would be the first characteristic line of
the expansion fan, which is also the Mach line computed based on the Mach number inside the undisturbed
region.??: 2! The relation between the slope of the Mach line and the the Mach number is

k =tan(f), where ~sin~! (1> (10)

Mo

In Fig.3, the black dashed line is the Mach line intersecting the edge of the source exit, computed using the

Mach number at the emission exit, M. In the simulation, the inner expansion boundary qualitatively agrees
with this result.

Fig. 6 compares the potential contours obtained from the three simulation models. While the density

contours are similar from all three models, there are significant differences in the potential contours between

10? 10? 10!
— Model A — Model A — Model A
10°

107

& 1072

Figure 5. Density profiles along the transverse direction (y-axis) of all the three models at twp;o = 30 (twpeo =
14730): (a) T — i‘emission plane = 0, (b) T — -%emission plane = 10(: 0~5Rbeam)7 (c) T — iemission plane = 20(: Rbeam)'
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Figure 6. Comparisons of potential contours between fully kinetic PIC and hybrid PIC results at twy;o = 30
(twpeo =~ 14730): (a) Model B versus Model A, (b) Model C versus Model A. The fully kinetic PIC results
(Model B and Model C) are shown by colored contours. The hybrid PIC result (Model A) is shown as black
contour lines with valued labels and laid out together with the fully kinetic PIC results.
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Figure 7. Potential profiles along the beam direction (z-axis) of all the three models at twp;o = 30 (twpeo ~ 14730):
(a) =0, (b) § =10(= 0.5Rpcam) (c) ¥ = 20(= Rpeam)-

the hybrid PIC and the fully kinetic PIC. For both Injection Setup 1 and Setup 2, the hybrid PIC simulation
(Model A) shows a significant higher potential difference from the plume to the ambient. Figs. 7 and 8
further compare 1-D potential profiles from the three simulation models along the beam direction and the
transverse direction, respectively. These profiles show that the hybrid PIC approach leads to significantly
larger potential drop from the plume center to ambient.

The discrepancy between the hybrid PIC and fully kinetic PIC is to be expected. The assumption of the
Boltzmann relation Eq. (1) ignores both macroscopic energy transfer and microscopic kinetic processes of
the electrons. From Eq. (1) and allows an infinitely large potential drop as the electron density decreases.
This is clearly an unphysical result. It is also not surprising that the density profiles obtained from Model
A are similar to Models B and C. This is because the potential drop in the plume is small as compared to
the kinetic energy of the beam ions to have any noticeable effects on the beam ion trajectories and density
distribution. The electron density distribution follows the ion density distribution. Hence, the effect of the

2 2 2
— Model A ". — Model A '-| — Model A
0 : ~+ Model B Oy “+ Model B OF=y -+ Model B
- - Model C _2 ‘\ - Model C - ‘\ --- Model C
-4 -4
=Y "
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-8 -8
-10 : -10
(a) (b)
1% 50 100 150 200 1%
7] v y
Figure 8. Potential profiles along the transverse direction (y-axis) of all the three models at twp;o = 30

(twpeO =~ 14730): (a) Z — Zemission plane — 0, (b) Z — Zemission plane = 10(: O-5Rbeam)a (C) Z — Zemission plane = 20(: Rbeam)'
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Figure 9. Contours of electron temperature predicted by Model B at twp;o0 = 30 (twpeo =~ 14730). The black
“— — —” represents the Mach line based on M originating from the edge of the emission source, (%o, Z0) = (20, 6).
Results of: (a) v(Te,z), (b) 7(Te,y)s (¢) Y(Te,avg)-
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Figure 10. Contours of electron temperature predicted by Model C at twpio = 30 (twpeo =~ 14730). The black
“— — —” represents the Mach line based on M originating from the edge of the emission source, (%o, Z0) = (20, 6).
Results of: (a) v(Te,z), (b) 7(Te,y)s (¢) Y(Te,avg)-

discrepancy in plume potential on plume density distribution is minimum.

The effects of microscopic electron characteristics on macroscopic plume properties are most easily ob-
served through electron temperature in the plume. Figs. 9 and 10 show the contours of the electron
temperature obtained from Model B and Model C, respectively. The electron temperature T. refers to the
second electron velocity moment averaged over the macro-particles within each cell. The normalized 2-D
electron temperature at each mesh point is calculated from

5 s~ =2 s~ ~2 ~ 2

Te,j(xvy) = Ute,j(xﬁy) = (< v; > — <v; > ) (11)
Here, j = z,y refers to the electrons’ motion in the corresponding direction, and < - > indicates a quantity
averaged over individual particles within each cell.

<o 5= 3 G/, (12)

where n = 1,2 and IV, is the number of macro-particles in a given cell. The statistical noise of Teﬂ' in each cell
is std((0;,— < ©; >)?)/+/Np, where std is the standard deviation. To reduce the interference of the statistical
noise, the calculation of eq(11) was carried out only for those cells with a number of macro-particles per cell
N, > 16. We also take the average temperature into consideration.

Toavs = (Tow + o) /2 (13)

Considering that the electron temperature is highly anisotropic, we may need to investigate the polytropic
relation for the electron temperature in different directions. According to the polytropic relation given in
Eq. (2), we can write the polytropic coefficients for different components of the electron temperature as,

= log(T.,;/Teo)

W) =18 Sog e o) (14)
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Figure 11. Contours of polytropic coefficient v predicted by Model B at twpio = 30 (twpeo =~ 14730). The black

“— — —” represents the Mach line based on My originating from the edge of the emission source, (Zo, Zo) = (20,6).
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Figure 12. Contours of polytropic coefficient v predicted by Model C at twpip = 30 (twpeo ~ 14730). The black
“— — —” represents the Mach line based on M originating from the edge of the emission source, (%o, Z0) = (20, 6).
Results of: (a) 7(Te,2)s (b) Y(Te,y)s (¢) Y(Te,ave)-

where T, ej = Tem T@y or Te’a\,g. Figs. 11 and 12 also show contours of the polytropic coefficient « obtained
from Model B and Model C, respectively.

The electron temperature T, contours from Model B show that Tt , and T, , behave very different. The
conotour of T¢ , shows mostly electron cooling as the plume expands outward, as expected. However, T, ,
is a relative constant inside the main beam region but exhibits a slight heating in the plume expansion
region. The polytropic coefficient «y contours from Model B show that the v for 7, , is v ~ 0.9 in the plume
expansion region and is v ~ 1 inside the beam region, consistent with the 7t , contours.

The electron temperature T, contours from Model C exhibit a more complex behavior. The main dif-
ference from the result of Model B is that there is also a heating region for T, , inside the main beam.
This is due to electron acceleration by the sheath next to the emission surface. Ref.!” also studied the T,
characteristics using Model C for a proton plasma plume and observed the similar behavior. Hence, the
initial ion electron mixing region will have a significant influence on the electron characteristics in the plume.
(see Ref.!” for more detailed discussion on the influence of the ion electron mixing region on microscopic
electron characteristics). The polytropic contours of v for T, , from both Model B and Model C show that
the v ranges from 1.2 to 2.4.

IV. Conclusion

Both hybrid PIC and fully kinetic PIC simulations were carried out to investigate the emission of a
collisionless, mesothermal plasma plume. The hybrid PIC simulation adopted the commonly used assumption
that the electrons may be modeled using the Boltzmann relation, Eq. (1). The fully kinetic PIC simulations
were carried out using the real Xe™ to electron mass ratio (m;/m. = 241073.64). The focus is on the electron
characteristics and the validity of the commonly used Boltzmann relation for electrons in plume modeling.

Three different simulations were carried out. Simulation Model A and Model B considered the emission
of a beam that was already completely neutralized upstream of the emission surface (Injection Setup 1) using
hybrid PIC and fully kinetic PIC, respectively. Simulation Model C considered the emission of a current-free
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but initially non-neutralized beam (Injection Setup 2) using fully kinetic PIC. In Simulation Model C, beam
neutralization was achieved self-consistently in the simulation.

The results show that all three models lead to similar plume density structures but very different plume
potentials. If one could exclude the ion and electron mixing region immediately downstream of the thruster,
the main physics that is missing from a hybrid PIC plume modeling that from electron temperature change.
Since the initial ion-electron mixing region drives the ion beam neutralization process, and thus has a
significant effect on electron microscopic kinetic characteristic, including the initial ion and electron mixing
region further complicates the effects from the electrons. Since the electron characteristics in a plasma plume
is non-equilibrium and anisotropic, neither the commonly used Boltzmann relation, Eq. (1), nor the more
general polytropic relation, Eq. (2) is valid for modeling electrons in a plasma plume. This paper considered
electrons emitted from a neutralizer immersed in the ion beam. Future studies will need to resolve the
physics in the ion-electron mixing region for more complex neutralization schemes.
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