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This article presents results from a linearized time-dependent two-dimensional (axial
and azimuthal) fluid model of the Hall thruster discharge. The model is used to carry
out a global stability analysis of the plasma response, as opposed to the more commonly
used local stability analysis. Experimental results indicate the existence of low frequency
long wave-length azimuthal oscillations in the direction of the ExB drift, usually referred
to as spokes. Our model predicts the presence of such oscillations for typical Hall thruster
conditions with a frequency and growth rate similar to the breathing mode, a purely axial
low frequency oscillation typical in Hall thrusters. A comparison between the simulated
breathing mode and the simulated spoke shows similar features between them. More-
over, the contribution of this azimuthal oscillation to electron conductivity is evaluated by
computing the equivalent anomalous diffusion coefficient from the linear oscillations. The
results show a relevant contribution to anomalous diffusion in the rear part of the thruster.

Nomenclature

i,e,n = subindex for ion, electron and neutral species

x,y = subindex for axial and azimuthal coordinates

e,me,mi = electron charge and electron and ion masses
~E, ~B = electric and magnetic field vectors

u0, ũ1 = zero-th and first order solutions of macroscopic variable u

u1 = coefficient of Fourier-expanded perturbation of macroscopic variable u

n, nn = plasma and neutral densities

~vj , vjx, vjy = velocity vector and axial and azimuthal velocities of species j

Te, φ = electron temperature and electric potential

νi, νe = ionization frequency and effective electron collision frequency

νw, νwe = particle and energy wall-loss frequencies

αi = energy loss per ionization

ωi,e = ion and electron cyclotron frequencies

ω, k = angular frequency and azimuthal wave number of perturbation

χ = Hall parameter

aw = wall accommodation factor
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I. Introduction

Hall Effect Thrusters (HET) are a type of electric propulsion device whose operation principle is as
follows. A strong radial magnetic field is imposed together with an axial electric field inside a coaxial

chamber where a neutral gas, typically Xenon, is introduced as propellant. Three species of particles are
present in a HET: neutrals, which are injected from the rear part of the channel and flow axially towards
the thruster exit; electrons, which are introduced by a cathode located just outside the channel and flow
upstream towards the anode describing an ExB closed-drift in the azimuthal direction; and ions, which are
created by ionization of neutrals due to collisions with the counter-streaming electrons and are accelerated
axially by the electric field in the channel and the near plume. For a given thruster, the main control
parameters are the discharge voltage, the magnetic field, and the mass flow rate, being the discharge current
an output of the dynamical system. For a given magnetic field and mass flow rate, it is possible to represent
the evolution of the discharge current as a function of the discharge voltage in the so-called current-voltage
(I-V) curve. This curve shows two distinct regimes: a low ionization regime, where the discharge current
increases with the voltage; and a current saturated regime, where the discharge current is fairly insensitive
to changes in the discharge voltage.

Hall thrusters have now become a mature alternative to chemical propulsion in many space applications
ranging from orbital raising of satellites through north-south station-keeping of geostationary satellites to
low-thrust propulsion of interplanetary probes. However, not all physical processes inside Hall thrusters
are fully understood, in particular, the electron conductivity. Since the early stages of the Hall thruster
technology development, it has been clear that the cross-field electron mobility inside the chamber and in
the plume is too high to be explained with classical collisional theories1 . That is why the term anomalous
diffusion is normally used to refer to the higher-than-expected electron axial current.

The main properties of the anomalous diffusion, experimentally verified, may be summarized as: a) it is
present in the whole channel as well as in the plume of the thruster2 ; b) it is higher outside than inside the
channel3 ; c) there is a dip of electron conductivity in the region of high magnetic and electric field;2–5 d) the
electron mobility scales as 1/B rather than as 1/B2 according to experiments6,7 , where B is the magnetic
field strength; and e) the magnetic field gradients affect greatly the electron conductivity.8

Currently there is no agreement within the Hall thruster community about the mechanism of the anoma-
lous diffusion, but the most accepted explanations are two: plasma oscillations, referred to as Bohm-type or
turbulent diffusion, based on the fact that correlated azimuthal oscillations of plasma density and electric
field can induce a net axial electron current9,10 ; and near-wall conductivity, where secondary electrons
emitted by the walls can induce a net axial current11 . However, near-wall conductivity does not seem to
explain the anomalous diffusion due to the 1/B scaling suggested by Boniface et al.6 . And many simula-
tion codes12–14 that model the near-wall conductivity still need Bohm-type diffusion to match the electron
conductivity measured experimentally. On the other hand, several experiments have confirmed with various
techniques the presence of azimuthal oscillations. These oscillations are normally grouped into low frequency
(5-30 kHz), low-to-medium frequency (30-100 kHz) and high frequency (1-10 MHz) azimuthal oscillations15

. Several experimental analyses show the presence of low frequency azimuthal oscillations originated in the
rear part of the thruster10,16–26 . The theoretical analysis of these oscillations, usually called spokes, is the
topic of the present study.

This paper analyzes the stability of the Hall discharge from a global point of view, as opposed to the
more widely used local stability analysis. The latter are based on the analysis of the fluid equations at a fixed
axial location of the channel and need to freeze the macroscopic plasma variables and its derivatives, whereas
the former do account consistently for the axial variation of those variables and of the linear perturbations.
Most of the stability analyses of the Hall discharge in the azimuthal direction carried out so far are local
and can be grouped in those8,27–31 that do not account for the ionization process and those17,32–35 that take
it into consideration in the model through particle source terms and fluid equations for the neutral species.
However, all these local stability studies suffer from the problems mentioned above. On the other hand, the
few studies36–40 that do account globally for the axial variations of the inhomogeneous plasma focus on the
high frequency range. The current study fills the gap of global stability analyses in the low frequency range,
where the ionization process plays a very important role.

The paper is organized as follows. In Section II the formulation of the linearized time-dependent two-
dimensional (2D) model used in the study is presented. Section III shows and discusses the results from the
model, including a parametric variation with respect to the discharge voltage and a comparison against the
breathing mode. Finally, Section IV summarizes the main conclusions of the study.
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II. Formulation

This section presents the formulation used in this study. Firstly, the one-dimensional (1D) model of
Ahedo et al.41 , upon which the 2D model is based, is summarized. Then, the linearised time-dependent 2D
formulation is presented. Finally, the anomalous diffusion caused by the oscillations is evaluated.

A. 1D model of Ahedo

The hypotheses and equations of the 1D stationary model of Ahedo of the Hall discharge are reviewed in this
section. Each one of the species present in a HET (neutrals, electrons and single-charge ions) is accounted for
with a separate set of macroscopic fluid equations based on conservation principles of mass, momentum, and
energy. Quasi-neutrality is assumed as the Debye length in Hall thrusters is much smaller than the length of
the channel. Furthermore, whereas electrons are highly magnetized, ions are considered to be unmagnetized.
On the other hand, due to the very low mass of the electrons, electron-inertia terms are neglected in the
electron momentum and energy equations. At the same time, ions and neutrals are modelled as cold species.
Wall energy losses and wall particle recombination are included in the model via equivalent frequencies. A
sink is introduced in the energy equation to account for the ionization and radiation losses. Heat conduction
is also neglected in the model. Notice that the induced magnetic field is neglected and thus, Maxwell’s
equations are not part of the model. The magnetic field is equal to the field externally applied, which is
stationary (∂ ~B/∂t = 0), solenoidal (∇ · ~B = 0), irrotational (∇× ~B = 0) and mostly radial. Consequently,

the electric field derives from a potential ( ~E = −∇φ). The resulting formulation may be written as:

d

dx
(nvex) =

d

dx
(nvix) = − d

dx
(nnvnx) = n(νi − νw)

minnvnx
dvnx
dx

= minνw(1− aw)(vix − vnx)

minvix
dvix
dx

= −endφ
dx
−minνi(vix − vnx)

0 = − d

dx
(nTe) + en

dφ

dx
−menνeχ

2vex

d

dx

(
5

2
nTevex

)
= envex

dφ

dx
− nνiαi − nνweTe

(1)

where x is the axial coordinate along the thruster channel; e, me, and mi are the electron charge, electron
mass, and ion mass respectively; nn and n are the neutral and plasma particle densities; vnx, vex and vix
are the fluid axial velocity of neutrals, electrons and ions respectively; Te and φ are the electron temperature
and electric potential; νe, νi, νw, and νwe represent the frequencies for effective electron collisions (including
as well Bohm-type diffusion), ionization, particle wall recombination and energy wall losses respectively; αi

is the energy loss per actual created ion; and aw is the accommodation factor of the ions impacting the
walls. The electron azimuthal momentum equation, vey = vexχ, where vey is the electron azimuthal velocity,
which is negative as vex, and χ = eB/meνe � 1 is the Hall parameter, has been used implicitly in the axial
electron momentum equation. The combination of the previous equations allows obtaining an equation for
h ≡ lnn as:

P
dh

dx
= G (2)

where P = Te/mi − (3/5)v2ix and G is a function of the macroscopic variables, but not of their derivatives.
Since heat conduction is not considered, the sonic point condition is P = 0. It is possible to proof that
there are two sonic points in the domain, one singular, G 6= 0, in the anode sheath transition, and another
one regular, G = 0, inside the channel. A detailed description of the boundary conditions associated to
the previous system of ordinary differential equations is described by Ahedo et al.41 . Expressions for the
different frequencies mentioned above (νi, νe, νw, νwe) may be found elsewhere.12,41–43

Various versions of the model presented above including different terms have been used to characterize
the Hall discharge41 , evaluate the influence of the wall losses12 , carry out parametric investigations on the
operating conditions43 , model two-stage Hall thrusters44 , and even analyze the stability of the discharge
against small axial perturbations and study the properties of the breathing mode.45–47
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B. General 2D formulation

The equations presented in the previous section can be extended to two dimensions (axial, x, and azimuthal,
y) with time-dependent terms (t being the time variable). Under the same hypotheses, the governing time-
dependent 2D equations of the plasma discharge may be written as:

∂n

∂t
+∇ · (n~ve) =

∂n

∂t
+∇ · (n~vi) = −∂nn

∂t
−∇ · (nn~vn) = n(νi − νw)

minn

(
∂~vn
∂t

+ ~vn · ∇~vn
)

= minνw(1− aw)(~vi − ~vn)

min

(
∂~vi
∂t

+ ~vi · ∇~vi
)

= −en∇φ−minνi(~vi − ~vn)

0 = −∇(nTe)− en(−∇φ+ ~ve × ~B)−menνe~ve

∂

∂t

(
3

2
nTe

)
+∇ ·

(
5

2
nTe~ve

)
= en~ve · ∇φ− nνiαi − nνweTe

(3)

where ~ve, ~vi, and ~vn are the electron, ion, and neutral velocity vectors respectively, and the rest of the
symbols are as above.

It is important to remark that even though the equations above can be applied to the fully three-
dimensional problem, in this case the radial variation of the variables is neglected reducing the problem to
two-dimensions. Moreover, curvature effects in the azimuthal direction are also neglected as the mean radius
of the channel is typically larger than the width of the channel. Obviously in the limit of a stationary and
axi-symmetric solution Eqs. (3) reduce to Eqs. (1).

Equations (3) can be rewritten in a form more amenable to the current study. To this end, the partial
derivatives with respect to t and y, which will be Fourier transformed during the linearization, are moved to
the right hand side of the equations. In this manner, the left hand side resembles Eqs. (1). The resulting
equations can be combined in order to obtain an equation for the variable h ≡ lnn as:

P
∂h

∂x
= G+Gt +Gy (4)

where P and G are functions identical to the ones derived for the 1D model, and Gt and Gy are functions
of the macroscopic variables and proportional to their time and azimuthal derivatives respectively.

Two equations from Eqs. (3) have special relevance. These are the azimuthal momentum equations for
electrons and ions, which may be expressed as:

0 = − ∂

∂y
(nTe) + en

∂φ

∂y
+menνe(χvex − vey) (5)

vix
∂viy
∂x

= −νi(viy − vny)− ∂viy
∂t
− e

mi

∂φ

∂y
− viy

∂viy
∂y

(6)

where vny and viy are the azimuthal neutral and ion velocities respectively, and the rest of symbols are as
above.

Equation (5) reduces to the condition vey = χvex in the axi-symmetric limit. However, if there are
azimuthal gradients, this equation explains why correlated plasma density and electric field azimuthal oscil-
lations may produce a net axial electron current. This can be seen by integrating Eq. (5) in the azimuthal
direction to obtain the electron axial flux in terms of the electron azimuthal flux and the ExB drift coming
from the electric field in the azimuthal direction.

Equation (6) has the peculiarity of defining another special point along the channel. In the point that
separates the ionization region and the ion back-streaming region (vix = 0), this equation requires a regular
transition. Thus the right hand side of the equation must be zero at that point as well. This fact has
important consequences on the way the equations are solved.
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C. Linearization

Equations (3) can be linearized around a steady-state and axi-symmetric solution (i.e., zero-th order back-
ground solution). To this end, it is possible to assume that a macroscopic variable u(x, y, t) may be written
as the sum of the zero-th order solution, u0(x), and a perturbation, ũ1(x, y, t). The small perturbations
hypothesis (ũ1 � u0) allows linearizing Eqs. (3) and decouple the evolution of the zero-th order solution,
which is given by Eqs. (1), from the evolution of the perturbations. These can be Fourier-expanded in t and
y and, then, the complete solution may be expressed as:

u(x, y, t) = u0(x) + <{u1(x;ω, k) exp(−iωt+ iky)} (7)

where ω = ωr + iωi is the angular frequency of the perturbation, being ωr and ωi its real and imaginary
parts, and k is the azimuthal wave number of the perturbation. Note that k only admits a discrete number of
values due to continuity conditions in the azimuthal direction, k = m/R, where m is the mode number and
R is the mean radius of the thruster. Note as well that in order to consider consistently the axial gradients
of the variables, the zero-th order solution and the coefficients of the Fourier expansion of the perturbations
must retain the dependence on the axial coordinate. This is the main difference with respect to local stability
analyses such as the one previously presented by the authors48 .

Similarly, the perturbations of any control parameter (say, w) of the Hall discharge (voltage, mass flow,
neutral velocity at the anode, and electron temperature at the cathode) may also be Fourier-expanded as:

w(t) = w0 + <{w1 exp(−iωt+ iky)} (8)

where w0 � w1 is the condition for small perturbations.
It is possible to obtain a linear system of equations with variable coefficients describing the evolution of

the different perturbations along the channel applying Eq. (7) to Eqs. (3). The resulting equations contain
source terms proportional to the angular frequency, ω, and to the azimuthal wave number number, k, of
the perturbation. These equations must be solved several times, once for each fundamental mode associated
to the boundary conditions. Moreover, the zero-th order solution must also be solved together with the
perturbation problem in order to be able to compute the coefficients of the perturbation equations.

The boundary conditions associated to the evolution equations are also derived linearizing the boundary
conditions of the one dimensional problem. The result of this linearization has already been proposed by
Ahedo et al.45

D. Solution method and self-excited modes

The presence of a sonic point and of a zero-ion-velocity point inside the thruster channel makes the inte-
gration process cumbersome. The solution is computed by concatenating the fundamental modes obtained
integrating the equations from the anode and from those two special points. Obviously, the solution must
be continuous in some intermediate points and this imposes additional constraints to the final solution.
Additional initial conditions are necessary so that the integration can be started from the anode and those
two special points. In the end, the value of the weights of the fundamental modes of the final solution are
obtained from the following system of equations:

A~x = ~b (9)

where ~x is a vector containing the weights of the fundamental modes, ~b is a vector with the coefficients of
the linearized control parameters and constraints and A is a matrix with complex coefficients containing the
partial derivatives of the control parameters with respect to the initial conditions of each of the fundamental
modes. This matrix A depends on the control parameters of the zero-th order solution, w0, as well as the
angular frequency, ω, and the wave number, k, of the perturbation, that is, A = A(w0, ω, k).

In order to have self-excited modes, the previous algebraic system of equations must have non-trivial
solutions for the homogeneous problem (i.e., case with ~b = 0). This condition is equivalent to:

detA(w0, ω, k) = 0. (10)

where det is the determinant function.
For each zero-th order solution given by the control parameters, w0, and each wave number, k, Eq. (10)

provides a condition to compute the complex angular frequency, ω, of the perturbation. If the resulting
angular frequency verifies the condition ωi > 0, then the perturbation is self-excited. In particular, the case
k = 0 corresponds to axial oscillations studied in the past for the analysis of the breathing mode45–47 .
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E. Anomalous diffusion and azimuthal oscillations

The formulation presented so far has mostly focused on the analysis of the linear stability of the Hall discharge
against azimuthal perturbations. In case a self-excited oscillation is detected then unstable oscillations grow
and eventually saturate. The linear growth phase is the only one modelled with the 2D model presented here
while the saturation is a non-linear process. Anomalous diffusion is related to that non-linear process and
cannot be determined self-consistently here. Nonetheless, some insight can be obtained. To this end, it will
be assumed that the shape of the saturated oscillations is given by the solution of the first order problem
presented above. This is incorrect as the linear formulation is only valid as long as the perturbations are small
compared to the background solution, whereas the oscillations only saturate when their size is comparable
to the zero-th order solution. Nevertheless, let us continue along this not so consistent path.

Let us define the azimuthal average of a function z(t, x, y) as 〈z〉(t, x) and recall that it is possible to
express:

z(t, x, y) = 〈z〉(t, x) + ẑ(t, x, y) where 〈ẑ〉 ≡ 0 (11)

If we obtain the azimuthal average of the azimuthal electron momentum equation in Eq. (5), then we obtain
the following expression:

〈nvex〉 =
me

eB
〈νenvey〉+

〈n1Ey1〉
B

(12)

where the magnetic field has been assumed to be axi-symmetric (∂B/∂y = 0). The previous expression can
be further expanded to better identify the different terms in the following way:

〈n1vex1〉 =
νe0
ωe
〈n1vey1〉+

1

ωe
(〈νe1n1〉vey0 + n0〈νe1vey1〉) +

〈n1Ey1〉
B

(13)

where Ey1 is the perturbed azimuthal electric field, ωe is the electron cyclotron frequency, and it has been
used that 〈nvex〉 = n0vex0 + 〈n1vex1〉 and vey0 = χ0vex0. Equation (13) shows the additional axial electron
flux caused by the oscillations as the combination of different terms. The second and third terms of the
right-hand side of Eq. (13) correspond to the additional flux from the perturbed collisionality caused by
the oscillations. Finally, the last term corresponds to the flux coming from the ExB drift caused by the
azimuthal electric field oscillation. This last term is suspected to be the source of the Bohm diffusion as the
other are collisional terms and are expected to be much smaller. If we retain only the azimuthal electric field
term, then it is possible to write:

〈nvex〉 =
ν′e
ωe
〈nvey〉 where ν′e = νe + ωe

〈n1Ey1〉/B
〈nvey〉

(14)

If we now obtain the azimuthal average of the axial electron momentum equation in Eqs. (3), then it is
possible to write:

0 = −e〈nEx〉 −
∂

∂x
〈nTe〉 −meωe〈nvey〉 (15)

where the collisional term νenvex has been neglected as νe � ωe and vex � vey. The combination of the
last two expressions yields:

0 = −e〈nEx〉 −
∂

∂x
〈nTe〉 −me

ω2
e

ν′e
〈nvex〉 (16)

Equation (16) resembles the evolution equation of the 1D model of Ahedo et al.. However, it includes non-
linear oscillatory terms such as 〈n1Ex1〉. If we assume that the only relevant non-linear term is the one
associated to the azimuthal electric field, then:

0 = en0
∂φ0
∂x
− ∂

∂x
(n0Te0)−me

ω2
e

ν′e
n0vex0 where ν′e = νe + ωe

〈n1Ey1〉/B
n0vey0

(17)

The last expression resembles the definition of the Bohm diffusion frequency (νB = αBωe). In fact, it is
possible to establish the following relationship:

αB(x) =
〈n1Ey1〉/B
n0vey0

(18)

Given the perturbations of plasma density and azimuthal electric field, Eq. (18) allows obtaining the equiv-
alent anomalous diffusion coefficient associated to the perturbations.
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III. Results and discussion

A. Reference case and background solution

This section is devoted to the presentation of the results of the linearized time-dependent 2D model for
typical Hall thruster conditions. For this purpose, a SPT-100 model has been considered as reference case.
The main operating parameters of this reference case used in this simulation are presented in Table 1.

Table 1. Main operating parameters of the SPT-100 Hall Thruster used as reference case for the simulations.

ṁ 4.85 mg/s Vd 300 V

Bmax 237 G xmax 20 mm

Lch 25 mm LAE 33 mm

hc 15 mm R 42.5 mm

TeE 4.8 eV vnB 300 m/s

αB 0.01 ν̃w 0.16

TSEE 100 V aw 1.0

TeB 1.2 eV Id 5.00 A

where ṁ is the mass flow rate through the anode, Vd is the discharge potential, Bmax is the maximum
magnetic field, xmax is the location of the maximum magnetic field with respect to the anode, LAE is the
distance from anode to external cathode, Lch is the length of the channel, hc is the width of the channel, R is
the mean radius of the channel, TeE is the cathode temperature, vnB is the neutral velocity at injection, αB is
the anomalous diffusion coefficient, ν̃w is a dimensionless coefficient for the wall losses model12 , TSEE is the
electron temperature yielding 100% of secondary electron emission for the wall material and is used for the
wall losses model, aw is the accommodation factor for wall recombination, TeB is the electron temperature
at the the anode, and Id is the discharge current, being the last two variables outputs of the simulation.

Figure 1 shows the axial profiles of the main macroscopic variables corresponding to the background
solution of Eqs. (1) for the reference case described in Table 1.

Figure 1. Axial profiles of main macroscopic variables of the background solution for the reference case: x
is the axial location, ne0 is the plasma density, nn0 is the neutral density, Te0 is the electron temperature, φ0
is the electric potential, B is the magnetic field and χ0 is the Hall parameter. In each plot, the left asterisk
corresponds to the zero-ion-velocity point whereas the right asterisk corresponds to regular sonic point inside
the channel. The space between both points corresponds roughly to the ionization region of the thruster.

7
The 33rd International Electric Propulsion Conference, The George Washington University, USA

October 6–10, 2013



B. Azimuthal oscillations

As a result of the global stability analysis of the reference case described in Table 1, a self-excited oscillation
is detected with an azimuthal mode number m = −1, where m = Rky, a frequency f = 11.1 kHz, and
a growth-rate ωi/2π ≈ 3 kHz. Based on these values, the azimuthal oscillation has properties similar to
those experimentally observed for the spoke. As it will be shown later, its growth rate is similar to the
corresponding one for the breathing mode (m = 0). Thus, it is not clear from this analysis which oscillation,
the azimuthal one or the axial one, dominates in the reference case.

It must be noted that other mode numbers (m = −2, m = +1 or m = +2) have been evaluated as
part the of global stability analysis looking for possible self-excited solutions. However, for the reference
case under consideration the only mode numbers resulting in self-excited solutions are m = 0 (breathing
mode) and m = −1 (spoke). This is in line with experimental results for normal-size thrusters, where the
spoke is normally detected as a single oscillation in the azimuthal direction. In the case of larger thrusters,
experiments show that higher modes (m = −2,−3,−4) might become dominant25 . However, the scaling of
the azimuthal oscillations shown here to bigger thrusters has not been investigated in the current study.

Figure 2 shows the contour maps in the x − t space (at y = 0) of the main macroscopic variables as
combinations of the background solution and the perturbations for the self-excited oscillation mentioned
above. As the size of the perturbations does not result from the linear perturbations problem, it must be
chosen arbitrarily. This size has been selected so that the maximum electron temperature perturbation is
100% of the background electron temperature at the same location. Obviously, this size is outside the range
of validity of the linear approximation, but allows representing more clearly the oscillations. This is justified
as typical spoke oscillations have a size of similar magnitude as the average value. A side effect of this
selection is that some macroscopic variables can reach non-physical values (e.g., negative temperature or
negative density). In reality, before these non-physical values are reached non-linear effects start playing a
role and make the oscillation non-linear. Moreover, the growth of the oscillations over time is not represented
in the plots.

Figure 2. Oscillations of the main macroscopic variables as combinations of the background solution and the
perturbations shown as functions of x and t at y = 0 for a self-excited unstable oscillation of the perturbation
problem for the reference case presented in Table 1. The azimuthal mode number is m = −1, the frequency
is f = 11.1 kHz and the growth-rate is ωi/2π ≈ 3 kHz. Variables represented (from left to right and upper
to lower): plasma density, ne; neutral density, nn; electron temperature, Te; electric potential, φ; ionization
frequency, νi; electron axial flux, Γe.
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Figure 3 shows contour maps in the x− y space for different instants of time, t, during one cycle of the
azimuthal oscillation. In this figure, it is possible to observe how the oscillation travels in the −y direction,
this is, in the ExB direction. As expected, the same patterns shown in Fig. 2 are observed in Fig. 3 moving
in the azimuthal direction.

According to Fig. 3, the azimuthal oscillation is due to an azimuthal variation of the ionization. The
connection between the spoke oscillation and the ionization process had already been suggested theoretically
by the authors35,48 and, based on experiments, by other researchers.49 This fact is further analysed in the
next section, where the azimuthal oscillation is compared against the breathing mode.

It is also interesting to point out that the perturbed electric field has a roughly constant azimuthal
component upstream of the ionization region (see fourth row of Fig. 3). This fact, together with the plasma
density variation, causes a net axial electron current to the anode coming from the ExB drift in the axial
direction, as can be observed in the last row of plots of Fig. 3.

Another important aspect to mention is the large relative size of temperature and electric potential
oscillations in the narrow ionization region. The reason for the ionization region being so narrow resides in
the fact that heat conduction effects are not considered in the model. The version of the 1D model of Ahedo
that takes into consideration heat conduction terms42 gives smoother temperature profiles, wider ionization
regions and lower temperatures inside the thruster. These facts could help in reducing the relative size of
the temperature and electric potential oscillations.

Figure 3. Oscillations of the main macroscopic variables as combinations of the background solution and the
perturbations shown as functions of x and y at different values of t (@ t ms) for the same conditions used
previously in Fig. 2. Variables represented (from upper to lower): plasma density, ne; neutral density, nn;
electron temperature, Te; electric potential, φ; ionization frequency, νi; electron axial flux, Γe.
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For completeness, Fig. 4 shows the axial profiles of the complex coefficients of the Fourier-expansion of
the perturbations of Eq. (7). These are the variables resulting from the integration process of the linearized
equations.

Figure 4. Axial profiles of the coefficients of the Fourier-expanded perturbations of the main macroscopic
variables corresponding to a self-excited unstable oscillation of the perturbation problem for the reference case
presented in Table 1 and the same conditions as in Fig. 2. Variables represented: x is the axial location, ne1 is
the perturbation of the plasma density, nn1 is the perturbation of the neutral density, Te1 is the perturbation of
the electron temperature, φ1 is the perturbation of the electric potential, νi1 is the perturbation of the ionization
frequency, and αB is the equivalent anomalous diffusion coefficient derived from the linear oscillations. Dotted
lines are used for the real part of the perturbation coefficient, dash-dotted lines are used for the imaginary
part and continuous lines are used for the modulus of the perturbation coefficient.

C. Parametric continuation

As starting point for the parametric continuation the same case as described in Table 1 is used, except that
this time wall losses are not accounted for. Under these reference conditions, the mode m = −1 has a growth
rate five times larger than the m = 0 mode and thus, the spoke oscillation dominates over the breathing
mode. The parameter that is modified as part of the parametric variation is the discharge voltage together
with the magnetic field. In all cases, the mode number is kept constant at m = −1 together with the rest of
operating parameters such as the mass flow rate or the electron cathode temperature.

Table 2 shows the variation of the frequency, f , and growth rate, ωi/2π, of the azimuthal oscillation
with the discharge potential, Vd, and the maximum magnetic field, Bmax. The frequency increases with Vd
whereas the growth rate decreases. Experimental results26 show also the increase of the oscillation frequency
with the discharge voltage. Moreover, the spoke oscillation tends to become less important when operating
the thrusters at high voltage in the current-saturated part of the I-V curve,16 what is coherent with the
decrease in the growth rate of the oscillation with the discharge voltage reported here.

Table 2. Variation of the frequency, f , and growth rate, ωi/2π, of the azimuthal oscillation with the discharge
voltage and the maximum magnetic field.

Vd, V Bmax, G f, kHz ωi/2π, kHz

300 237 12.5 13.3

333 265 22.7 0.6

366 294 26.5 -8.7
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D. Comparison with the breathing mode

Similarly to Fig. 2, Fig. 5 shows the contour maps in the x− t space of the main variables for an unstable
oscillation with m = 0 for the case presented in Table 1. The frequency at which the oscillation is unstable
is f = 9.1 kHz whereas the growth-rate is ωi/2π ≈ 3 kHz. The frequency of the simulated breathing mode
is smaller than for the azimuthal oscillation presented previously, as normally observed in experiments15,19 .

In the azimuthal oscillation (see Fig. 2), the ionization front moves back and forth, as in the breathing
mode (see Fig. 5). Moreover, at a fixed axial and azimuthal location, the azimuthal oscillation also shows
a standing wave of plasma density and a travelling wave of neutral density, as for the breathing mode. The
similarity with the breathing mode, thus, seems clear and the fact that both modes are recovered with
the very same model reinforces this idea. Moreover, the differences between both modes, apart from the
azimuthal variation in the case with m = −1, are not obvious in terms of instability of the ionization process
and the presence of travelling waves.

Figure 5. Oscillations as a function of x and t for the breathing mode (m = 0). The conditions and variables
represented are similar to those shown in 2

Another interesting property common to both oscillations is the non-uniformity (in space and time)
of the neutral density at the anode plane. This seems in contradiction with the imposed anode boundary
conditions that enforce uniform neutral velocity and mass flow rate. The reason for the neutral density being
non-uniform at the anode resides in the neutral recombination at the back wall of the thruster. This may
be one of the reasons why the breathing mode and the spoke oscillation are unstable as it is explained next.
Part of the ions generated in the ionization region are attracted to the anode through the ion-backstreaming
region and are recombined into neutrals. These neutrals travel downstream and are available for subsequent
ionization cycles, and thus, more ions are generated than in previous ionization cycles and sent back to the
anode. The complete process is repeated again and, hence, the growing character of this mechanism.

In order to validate the previous mechanism, the following numerical test has been carried out. The
boundary condition for neutral recombination at the anode has been relaxed in such a way that ions reaching
the anode are not recombined to neutrals, but lost. Under these unrealistic boundary conditions, the growth
rate of the breathing mode oscillation for the reference case is reduced by a factor greater than 2. Thus, it is
verified numerically that the neutral recombination process promotes the instability of the breathing mode.
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E. Anomalous diffusion

One of the consequences of the azimuthal oscillation is the enhanced electron conductivity inside the channel
as observed in Fig. 3. In order to evaluate the net effect on the electron current, it is convenient to
compute the equivalent anomalous diffusion coefficient, αB(x), associated to the linear perturbations. This
computation is shown in the last plot of Fig. 4 based on Eq. (18). That last plot shows the axial variation
of αB(x) averaged over time and azimuth. It is possible to observe that the net effect of the oscillation on
the electron conductivity is concentrated in the rear part of the thruster, in the ion-backstreaming region.
The values reached by αB(x) in this region are of the same order of magnitude to that used for αB in the
simulation of the background solution of the reference case (see Table 1). However, this is only true for
the selected size of linear oscillations that, as mentioned above, is such that the maximum temperature
perturbation is 100% of the background temperature.

Another relevant aspect is the fact that αB(x) reaches negative values in some regions of the channel.
This is due to the change of phase between the plasma density and the azimuthal electric field perturbations
that induce electron current to and away from the anode. In any case, for the case under analysis the average
value of αB(x) is positive although smaller than the peaks observed in Fig. 4. Moreover, the large variations
of αB(x) anticipate important changes in the background solutions, where αB is considered constant, in
case the profile of αB(x) is used in the computation of the background. This is something that needs to be
further investigated.

Furthermore, no contribution to electron conductivity is seen downstream the ionization region, where ex-
periments also show a higher-than-expected electron mobility. Non-linear effects affecting the low-frequency
azimuthal oscillation might resolve this contradiction. Another possible explanation is that high-frequency
oscillations50 (1-10 MHz) might play an important role in that region.

IV. Conclusions

A linearized time-dependent 2D model has been used for the analysis of the global stability of the Hall
discharge. Contrary to more widely used local analyses, this approach takes into account consistently the
axial variation of the plasma variables. Results show an unstable self-excited azimuthal oscillation travelling
in the ExB direction with a mode number m = −1 and a frequency around 11 kHz. These features are
similar to those experimentally observed for the so-called spoke. The analysis of the oscillation and the
comparison with the breathing mode reveal that the ionization is the main driver for the azimuthal variation
of the plasma and neutral densities. Moreover, estimates of the electron conductivity caused by the azimuthal
oscillation show a relevant contribution in the rear part of the thruster. However, in the acceleration region
this oscillation does not seem to impact the electron mobility. Additionally, a parametric variation shows
that the frequency of the oscillation increases when the discharge voltage decreases, whereas its growth rate
decreases. These two trends are also found in experiments.

As part of future work to be carried out, aside from additional parametric analyses to understand how the
azimuthal oscillation scales with different operating parameters, we identify more areas of research. Firstly,
a comparison between the stability criteria derived from local stability analyses29–31,35 and the results from
the global stability. This can be achieved by analyzing the local stability of the axial profiles of the reference
case and compare the results against the ones presented here. This comparison should allow us to identify the
local stability analysis that best matches the global one, if any. Secondly, we intend to extend the linearized
time-dependent 2D model to high frequency (1-10 MHz) so that electron drift oscillations50 in the azimuthal
direction can be analysed numerically. This analysis would continue the theoretical analyses already carried
out in previous studies36,39 . Thirdly, the inclusion of heat conduction effects in the model might help in
widening the ionization region and smoothing the temperature profile as in the current simulations it is too
steep. And finally, another aspect to be studied is the use of the profile of the equivalent anomalous diffusion
coefficient, αB(x), derived from the linear oscillations in the computation of the background solution.
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