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The plasma flow in the magnetoplasmdynamic (MPD) self–field thruster HAT
(Hot Anode Thruster) is described by conservation equations for heavy parti-
cles, turbulence, electrons and the magnetic field for reaction and thermal non–
equilibrium. The equations are discretized on unstructured adaptive meshes. The
numerical results for the HAT which are verified by experimental data show that
the newly developed finite volume code predicts the thrust well.

Nomenclature
�B Magnetic field, T
C Turbulent closure coefficient, −
c Speed of sound, ms−1

�E Electric field, V m−1

e Energy density, Jm−3

F Flux, m−2s−1

F Force, N
f Near wall function, −
�f Momentum flux, Nm−2

�f Energy flux, Wm−2

h Splitting quantity, ms−1

I Current, A
�j Diffusion flux, m−2s−1

�j Electric current density, Am−2

k Reaction rate, m3s−1

ṁ Mass flux, kg s−1

n Particle density, m−3

P Turbulent production term, m2s−3

p Pressure, Pa
q Source term, Nm−3 and Wm−3

q Velocity, ms−1
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R Turbulent conservation quantity, m2s−1

r Radial coordinate, m
s Reference velocity, ms−1

T Temperature, K
t Time, s
U Voltage, V
�v Velocity, ms−1

Z Charge number, −
z Axial coordinate, m
α Parameter, −
α Energy transfer coefficient, Wm−3K
β Hall parameter, m3C−1

γ Adiabatic coefficient (5/3), −
ε Small number (10−40), −
λ Eigenvalue, ms−1

λ Thermal conductivity, Wm−1K−1

µ Dynamic viscosity, kgm−1s−1

ν Kinematic viscosity, m2s−1

ξ Mass fraction, −
ρ Density, kgm−3

σ Turbulent closure coefficient, −
σ Electric conductivity, Ω−1m−1

τ Viscous stress, Nm−2

ϕ Azimuthal, −
χ Ionization energy, J
Ψ Molar fraction, −
Ψ Stream function, Tm
ω Nonlinear weight, −
ω Reaction source term, m−3s−1
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Subscripts

A Anode
b Backward
C Cathode
D Diffusion
e Electron
f Forward
h Heavy particle
i i–fold ionized species
in Inflow
invisc Inviscid
j ×B Lorentz force
n normal
P Plasma
r Radial
T Turbulent
T Triangle
visc Viscous
z Axial
ε, ε1, ε2 Turbulent closure coefficient

Constants

e 1, 60219 · 10−19 As
k 1, 38062 · 10−23 JK−1

mh 6, 63349 · 10−26 kg
µ0 4π · 10−7 V sA−1m−1

Introduction

MPD self–field thrusters are candidates for
propelling manned spacecraft to Mars be-

cause they can achieve a high exhaust velocity
combined with a high thrust density.1–3

Since the early 1980s, MPD thrusters have been
investigated at the Institut für Raumfahrtsysteme
(IRS) experimentally,4,5 theoretically6,7 and nu-
merically.8–10 Engineering apects11,12 as well as
basic plasma processes13–15 are considered in or-
der to achieve higher efficiency, to avoid power–
limiting instabilities and to ensure reliability and
robustness. Reasons for thruster instabilities,
which are identified by voltage oscillations and
increasing anode losses,16 are the depletion of the
charged particle density at the anode,17,18 micro
turbulence19,20 and space charge, drift and gradi-
ent driven instabilities.21,22

For more than three decades, numerical methods
and codes have been developed worldwide,23–29

with the complexity of the discretized conserva-
tion equations increasing with the available com-
puting power.
In order to investigate plasma flows in self–field
MPD thrusters, a new finite volume solver has
been written for solving the conservation equa-
tions describing a continuum–mechanical, turbu-
lent axisymmetric argon plasma flow under the
influence of an arc discharge in thermal and reac-
tion non–equilibrium on adaptive, unstructured
meshes.
The conservation equations and some numerical
aspects will be discussed, and results for the Hot
Anode Thruster HAT, which has been developed
and is being operated in the IRS lab, will be
shown.

Conservation equations
Conservation of mass

The mass conservation equations for i–fold
charged argon particles can be written as conser-
vation equations for their densities:

∂ni

∂t
= −div (ni�v)− div �jD,i + ωi ; i = 0...6 .

(1)
With the total heavy particle density

nh =
6∑

i=0

ni , (2)

the mass fraction30

ξi =
ni

nh
, (3)

the molar fraction30

Ψi =
ni

nh + ne
, (4)

the diffusion flux31–33

�j′D,i = −nhDim∇Ψi (5)

and the requirement of mass conservativity, the
diffusion flux becomes34

�jD,i = �j′D,i − ξi

6∑
k=0

�j′D,k . (6)

The reaction source term ωi describes the pro-
duction of ions and electrons by electron impact
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ionization35,36 and the neutralization of ions by
three–body recombination:9

ω0 = − n0 ne kf,1 + n1 n
2
e kb,1 ,

ωi = − ni ne kf,i+1 + ni+1 n
2
e kb,i+1

− ni n
2
e kb,i + ni−1 ne kf,i ; i = 1...5 ,

ω6 = − n6 n
2
e kb,6 + n5 ne kf,6 .

(7)

Conservation of momentum

The conservation equation for the axial momen-
tum is

∂(ρvz)
∂t

= −div �fz,invisc − div �fz,visc , (8)

with the inviscid flux

�fz,invisc =



ph + pe +

B2

2µ0
+ ρv2

z

ρvzvr


 (9)

and the viscous flux

�fz,visc =


−τzz

−τzr


 . (10)

The inviscid flux contains heavy particle pres-
sure, electron pressure, magnetic pressure and
dynamic pressure.
The conservation of radial momentum is given

by

∂(ρvr)
∂t

= −div �fr,invisc − div �fr,visc + qr , (11)

with the inviscid flux

�fr,invisc =




ρvzvr

ph + pe +
B2

2µ0
+ ρv2

r


 (12)

and the visous flux

�fr,visc =


−τzr

−τrr


 . (13)

The source term

qr =
ph + pe − τϕϕ − B2

2µ0

r
(14)

is caused by the use of cylindrical coordi-
nates.37,38

The viscous stresses are39

τzz =
2
3

(µh + µT )
(
2
∂vz

∂z
− vr

r
− ∂vr

∂r

)
,

τzr = (µh + µT )
(
∂vz

∂r
+

∂vr

∂z

)
,

τrr =
2
3

(µh + µT )
(
2
∂vr

∂r
− vr

r
− ∂vz

∂z

)
and

τϕϕ =
2
3

(µh + µT )
(
2
vr

r
− ∂vr

∂r
− ∂vz

∂z

)
.

(15)

Conservation of heavy particle energy

The conservation equation for the heavy parti-
cle energy

∂eh

∂t
= −div �fh,invisc − div �fh,visc + qh (16)

includes the inviscid flux

�fh,invisc =
(
eh + ph + pe +

B2

2µ0

)vz

vr


 , (17)

the viscous flux

�fh,visc =



−τzzvz − τzrvr − (λh + λT )

∂Th

∂z

−τzrvz − τrrvr − (λh + λT )
∂Th

∂r



(18)

and the source term

qh =
(
pe +

B2

2µ0

)
div �v − B2

µ0 r
vr

+
6∑

i=0

neniαei(Te − Th) .
(19)

The heavy particle energy eh, when assuming
the equation of state

ph = nhkTh , (20)

is composed of translatory and kinetic energy:

eh =
3
2
nhkTh +

1
2
ρ|�v| 2 . (21)

The diffusion flux of enthalpy
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6∑
i=0

(
5
2
kTh +

1
2
mh|�v| 2

)
�jD,i

is zero because of the above mentioned require-
ment of mass conservative diffusion, and thus it
does not appear in Eq. 16.

Conservation of turbulence

The conservation equation for the turbulent
conservation quantity ρR is:40,41

∂(ρR)
∂t

= − div(ρR �v) + div

[
ρ

(
νh +

νT

σε

)
∇R

]

+ ρ(Cε2f2 − Cε1)
√
R P

−∇
[
ρ

(
νh +

νT

σε

)]
· ∇R− ρ

σε
∇νT · ∇R .

(22)

The turbulent production term is written in
cylindrical coordinates as:

P = νT

{
2

[(
∂vz

∂z

)2

+
(
∂vr

∂r

)2

+
(
vr

r

)2
]

+
(
∂vz

∂r
+

∂vr

∂z

)2

− 2
3

(
∂vz

∂z
+

∂vr

∂r
+

vr

r

)2
}

.

(23)

The closure coefficients and the near–wall func-
tions can be found in Ref. 39.

Conservation of electron energy

The electron pressure pe and the electron en-
ergy ee are defined by

pe = nekTe (24)

and

ee =
3
2
nekTe . (25)

Because of quasineutrality, the electron density
ne is:

ne =
6∑

i=1

Zini . (26)

The conservation equation of electron energy is

given by

∂ee

∂t
= − div(ee�v)− pe div �v

+
5
2
k

e
�j · ∇Te −

1
ene

�j · ∇pe

− div

(
3
2
kTe

6∑
i=1

Zi
�jD,i

)
+ div(λe∇Te)

+
6∑

i=0

neniαei(Th − Te)

+
|�j|2
σ

−
5∑

i=0

ωi+1χi→i+1 .

(27)

Conservation of the magnetic field

With Ohm’s law for plasmas42

�E =
�j

σ
− �v × �B + β �j × �B − β ∇pe (28)

and the Hall parameter

β =
1
ene

, (29)

the Maxwell equations of classical electrodynam-
ics43 can be written as one conservation equation
for the azimuthal magnetic field component B:

∂B

∂t
= − div(B �v) +

Bvr

r

− rot

(
rot �B

µ0σ
+

β

µ0
rot �B × �B − β∇pe

)
ϕ

.

(30)

The first term on the right–hand side of Eq. 30
represents the convective transport of the mag-
netic field, the second is caused by the use of
cylindrical coordinates. The third term describes
the time–dependent change of the magnetic field
by the electric current �j which flows through the
plasma of the conductivity σ, by the Hall current
and by the diffusion because of electron pressure.
In Eq. 30 the magnetic field B can be substi-

tuted by the stream function

Ψ = r B . (31)

In the steady state, a constant electric current
flows between two contour lines of the stream
function Ψ.
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Reaction rates and transport coefficients

The forward reaction rates kf,i are computed
with the formulas from Refs. 35,36,44; the reac-
tion equilibrium constants45 which are needed for
the calculation of the backward reaction rates kb,i

(principle of detailed equilibrium) are computed
with the data found in Refs. 46-48.

Based on the model of electrostatic mi-
crofields49,50 the collision cross sections are cal-
culated with the Gvosdover formula9,51, 52 taking
into account the Debye shielding length.42 For
collisions with neutral particles data given in Ref.
53 are used. The transport coefficients like vis-
cosity or electron thermal conductivity are then
computed following Refs. 6,10,54-61.

Boundary conditions

On the inflow boundary, the prescribed mass
flow with a temperature of 500K is kept constant
by a numerical mass flow controller. The heavy
particles’ temperature is set to a preselected wall
temperature (500 K for all water–cooled elec-
trodes and neutral thruster segments), and their
velocity is zero on all solid walls. On the out-
flow boundary subsonic and supersonic outflow
are distinguished as well as artificial inflow at 1Pa
which simulates a possible recirculation of rest
gas in the laboratory tank. The electrons are as-
sumed to behave adiabatic on all boundaries. The
electric field vector only has a component perpen-
dicular to the electrode surfaces, and everywhere
else Ampère’s law is applied.

Numerical methods

The computational domain is discretized with
a mesh consisting of triangles produced by an
advancing front algorithm. Then, dual cells are
constructed, with their corners being in the cen-
ters of the triangles. These dual cells represent
the toroidal control volumes which “contain” the
average values of all the variables.
In order to achieve second–order accuracy, the
variables needed to compute the inviscid fluxes
through the cell faces of the dual cells have to
be reconstructed linearly on each cell. This is
accomplished by a Weighted Essentially Non–
Oscillatory (WENO) scheme62 which is described
here for the density ρ as an example: As a non–
linear weight for the gradient (∇ρ)Tj on one of
the triangles Tj associated with a dual cell i, one

computes

ωj =
(ε+ ρ2

z,j + ρ2
r,j)

−2

J∑
k=1

(ε+ ρ2
z,k + ρ2

r,k)−2

. (32)

Then, the WENO gradient for the dual cell i is
given by

(∇ρ)WENO
i =

J∑
j=1

ωj (∇ρ)Tj , (33)

where J denotes all the triangles associated with
the dual cell i. This reconstruction algorithm can
be implemented easily on unstructured as well as
on structured meshes, and it proves to be very
robust.

The inviscid fluxes are computed by a flux vec-
tor splitting scheme.63 Because the magnetic field
is always perpendicular to the flow velocity vector,
the speed of sound is given by the magnetoacous-
tic wave:

c =

√
γ(ph + pe)

ρ
+

B2

µ0ρ
. (34)

Now, a new reference velocity is defined:

s =

√
αc2 + q2

(
1− 2α+ α

q2

c2

)
, (35)

with
q2 = min(c2, qn

2) . (36)

The velocity normal to a cell face of two neigh-
boring dual cells is

qn = vznz + vrnr . (37)

The eigenvalues are now defined by

λ0 = qn ,
λ1 = λ0 + s ,
λ2 = λ0 − s .

(38)

With the states left (l) and right (r) of a cell face
the following ansatz is made for the mass flux
splitting:

h1l =
1
4
(λ1l + |λ1l|), (39)

h1r =
1
4
(λ1r − |λ1r|), (40)
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h2l =
1
4
(λ2l + |λ2l|), (41)

h2r =
1
4
(λ2r − |λ2r|). (42)

For example, the species density flux is now
computed as

Fni
invisc = nil(h1l + h1r) + nir(h2l + h2r) . (43)

The parameter α is chosen in such a way that
in the case of vanishing (macroscopic) normal ve-
locity qn the single–sided mass flux equals the

effusion flux
nhc̄

4
of the particles, which leads to:

α =
2
γ π

. (44)

The parabolic fluxes are evaluated on each
triangle with Cramer’s rule so that their dis-
cretization has a quasi–central character.64,65

Other differentials are approximated by the
least–square method.
In the finite volume context, the theorems of
Gauß and Stokes are used extensively in order
to assure a maximum of conservativity in the
numerical code.
Mesh adaptation is performed using an indicator
which is asymptotically exact for the Euler
equations. Time–stabilization of the steady
state is relatively quickly achieved with explicit,
first–order, randomized local time steps.66

Results
Hot Anode Thruster HAT

The MPD thruster HAT is a generic design
for the examination of MPD thrusters with
diverging nozzles. Diverging nozzles are used to
convert thermal energy into kinetic energy so
that “thermal” thrust is produced in addition to
the electromagnetic thrust.
The HAT was designed with a hot anode to
investigate the usefulness of a glowing anode in
comparison with water–cooled anodes. Fig. 1
shows the HAT firing in the vacuum chamber.
The oblique shock inside the nozzle is cap-
tured nicely by mesh adaptation (Figs. 2 and
3). It can also be seen in the heavy particle
temperature distribution (Fig. 4) that its po-
sition correlates well with the picture of the
experiment. For a current of 4000A, the shock

vanishes which is also observed in the experiment.

Also, the prediction of thrust (Table 1) agrees
nicely with experimental data. During the
measurements, the thrust data drifted slightly
which is due to the thermal load on the structure
because of the radiation from the glowing anode.
The numerical determination of the anode and
cathode drop voltage UA and UC remains to
be done by implementing appropriate electrode
models.

Conclusions

The complex system of conservation equations
describing the plasma flow in IRS–developed
MPD thrusters is solved on adaptive unstructered
meshes accurately and efficiently by the imple-
mented numerical schemes.
The code predicts the thrust well so that it can
be used for the design of MPD thrusters. The
thruster geometry can be optimized with respect
to maximum thrust and specific impulse. The
numerical techniques are robust, simple and ac-
curate. They should allow a relatively quick dis-
cretization of additional conservation equations
describing different gases or solid body proper-
ties.
For the prediction of the overall voltage, electrode
models17,67 will be implemented in the next step.
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Table 1 Inlet pressure, voltage, thrust HAT (num.: numerical, exp.: experimental5)

I[A] ṁ[g/s] pin[kPa] UP [V ] UC+P+A[V ] Fj×B [N ] F [N ] F [N ]
num. num. exp. num. num. exp.

2000 0,8 7,3 29,3 39,2 1,0 4,3 3,7 - 4.7
3000 0,8 9,1 35,2 47,9 1,9 5,9 5,7 - 7,0
4000 0,8 11,3 44,8 58,3 3,3 8,5 7,8 - 9,4
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H. Hügel, Zur Funktionsweise der Anode im

Eigenfeldbeschleuniger, Habilitation, Fakultät für Luft-
und Raumfahrttechnik, Universität Stuttgart, DFVLR
Forschungsbericht 80–20, 1980.

18
J. Heiermann, M. Auweter–Kurtz, Numerical

and Experimental Investigation of the Current Distribu-
tion in Self–Field MPD Thrusters, AIAA 2001–3498, 37th
AIAA/ASME/SAE/ASEE Joint Propulsion Conference
and Exhibit, July 8–11, 2001/Salt Lake City, UT, 2001.

19
E.Y. Choueiri, Electron–Ion Streaming Instabilities

of an Electromagnetically Accelerated Plasma, Ph.D. thesis,
Princeton University, New Jersey, USA, 1991.

20
E.Y. Choueiri, Anomalous resistivity and heating in

current–driven plasma thrusters, Physics of Plasmas, Vol.
6, No. 5, pp. 2290–2306, 1999.

21
H.P. Wagner, H.J. Kaeppeler, M. Auweter–

Kurtz, Instabilities in MPD thruster flows: 1. Space
charge instabilities in unbounded and inhomogeneous plas-
mas, J. Phys. D: Appl. Phys. 31, pp. 519–528, 1998.

22
H.P. Wagner, H.J. Kaeppeler, M. Auweter–

Kurtz, Instabilities in MPD thruster flows: 2. Investiga-
tion of drift and gradient driven instabilities using multi–
fluid plasma models, J. Phys. D: Appl. Phys. 31, pp. 529–
541, 1998.

23
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Fig. 1 HAT, firing, 2000A, 0.8 g/s argon
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Fig. 2 HAT, entire adapted mesh with 28034
cells, 2000A, 0.8 g/s argon
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Fig. 3 HAT, adapted mesh with highly re-
solved boundary layers and oblique shock,
2000A, 0.8 g/s argon
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Fig. 4 HAT, heavy particle temperature,
2000A, 0.8 g/s argon
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Fig. 5 HAT, heavy particle temperature,
4000A, 0.8 g/s argon
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