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Tether electron curr ent collection in the Orbital Motion Limited regimeis the key mech-
anismallowing for power and/or thrust generationapplicationsof spaceelectrodynamic teth-
ers. This paper presentsa new approach,basedon a kinetic model, for the accurateanalysis
of the electron collection problem to a bare tether moving in a collisionlessplasma. The drift
velocity associatedwith the translational speedof the tether is incompatible with 1-D, cylin-
drically symmetric models[1],[2] and its effectson curr ent collectionarenot well understood.
A kinetic model is developedfor the two-dimensionalplasmasurrounding the tether. It con-
sistsin solving, self-consistently, the Vlasov and Poissonequationsthr ough a semi-analytical,
semi-numericalprocess.A Maxwellian velocity distrib ution is assumedfor the plasmaspecies
(electronsand ions) at the outer boundary of the solution space;no assumptionis made re-
garding the velocity distrib utions in the vicinity of the tether. Initial resultsarevalidated with
Langmuir cylindrical probe theory in the ion and electron saturation regimesas well as the
electron retardation regime.Work is underway to allow the useof the model for caseswith a
drifting plasma.

Nomenclature���
Rangeof velocitiesaccountedfor on the
outerboundary(���
	 )�
� �

componentof theelectricfield ( ����� )�
� �
componentof theelectricfield ( ����� )���

Electronvelocity distribution���
Ion velocitydistribution�������� Fixed-pointnonlinearoperatorcomposed
of acombinationof theVlasov andPoisson
solvers(input in Volts,outputin Volts)� �!��� Fixed-pointnonlinearoperatorbasedon the
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Newtonmethod+-,�.0/!132
Netcollectioncurrentto theprobe( 4 )+-/6587
OML theory-predictedcollectioncurrent( 4 )+ 2
Electroncurrentto theprobe( 4 )9;:
Jacobianmatrix of operator

��<���=� .>@?�A �
Rangeof kineticenergiesaccountedfor
on theouterboundary( BC� )� � Electronmass( D � )� � Ion mass( D � )E;F Backgroundplasmadensity(�HG;I )

OML OrbitalMotion LimitJ �LK B Electroncharge MON@PRQ=SUT
VUPXWYPUT G;Z\[U]J � Ion charge( ] )^3F Proberadius(� )^ Radialdistancemeasuredfrom the
centerof thetetherconductor(� )
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^`_ba Radiusof outerequipotentialshell(� )c<� � K � � Netchargedensitydistribution ( ] ����d )cfe`� � K � � Surfacechargedensitydistribution ( ] ��� )�c Vectorcontainingsamplesof thecharge
densitydistributionat meshnodes( ] ��� d )g �
Electrontemperature( BC� )g �
Ion temperature( BC� )� � �

componentof velocity (���
	 )� � �
componentof velocity (���U	 )�ih �
-directedplasmadrift velocity (���
	 )�Rj Probevoltage( � )� ? �=kml ?�A �

Minimum/maximumvelocityaccountedfor
atany givenposition(���U	 )� � � K � � Electricpotentialdistribution ( � )� j!n A e ?�A Plasmacontribution to theelectricpotential
distribution ( � )�Ro _ e a Outerboundarysurfacechargecontribution
to theelectricpotentialdistribution ( � )� j e a Probesurfacechargecontribution to the
electricpotentialdistribution ( � )�� Vectorcontainingsamplesof thepotential
distributionat thespecifiednodes( � )

Intr oduction
Bareelectrodynamicspacetethersareunderconsid-

erationfor applicationssuchas power generationand
propellantlesspropulsion for orbiting spacecraft. In
theseapplications,one of the primary concernsis the
ability of the systemto collect electronsfrom the sur-
roundingionosphericplasmain order to maximizethe
amountof electrical power or thrust provided. This
valueincreaseswith themagnitudeof thecurrentflow-
ing on thetether, which in turn is, in part,limited by the
tether’sability to collectelectronsfrom thesurrounding
plasma.

Analyticalmodelsareavailable([3] , [4]) for theelec-
tron currentcollectionproblemin the limiting caseof
theOrbitalMotion Limit regimeandastationaryplasma
with respectto theprobe.A numericalmodelwasalso
developed[3] for thegeneralcasewhich wasbasedon
a self-consistent,1-D solutionof Vlasov andPoisson’s
equationsfor a cylindrically symmetricstructureand
boundaryconditions.This modeldid not restrictits ap-
plication to the OML regime,however it did not allow
the inclusion of a plasmadrift or modelingof probes
with arbitrarygeometries.

This paperpresentsa novel approach,basedon a

poly-energetic kinetic model, for the accurateanalysis
of theelectron/ioncurrentcollectionproblemto a bare
tetherin a collisionless,drifting plasma.This technique
is a 2-D extensionof theself-consistent1-D numerical
modelshown in [3], andallows inclusionof a drift ve-
locity to thebackgroundplasmaaswell asopeningthe
possibility for accuratemodelingof tethersof arbitrary
cross-sections.

We will first provide a physical and mathematical
descriptionof the problem under consideration. The
proposediterative resolutionschemewill then be in-
troduced,togetherwith theassociatedcomputationalis-
sues.Finally, we will show thecomputationresultsthat
wereobtainedin the initial validationof the proposed
algorithmandcomparethemwith known analyticalre-
sults. Although casesfeaturinga drifting plasmaare
supportedby the theorypresentedhere,work is under-
way to obtainresultsfor suchcases.

Description of the 2-D Conducting Tether
Problem

Figure 1 presentsthe basicgeometrybeing consid-
eredhere. The tether is assumedto be a cylinder of
infinite length, surroundedby a plasmacomprisedof
electronsandions. In the simulation,an outerequipo-
tential shell is placedat a radiuŝC_ba from thecenterof
the tether, in order to simulatethe backgroundplasma
potentialandlimit the computationalregion. A poten-
tial � F with respectto the plasmapotentialis specified
at theprobesurface.

Although no assumptionsare madeconcerningthe
velocity distributionsof the plasmaspecieswithin the
computationalregion,it is assumedthatboththeion and
electronpopulationshave a drifting Maxwellianveloc-
ity distribution at the outer shell, that is, in the back-
groundplasma:

p�q�r sutwvCxUybvCzL{}|�~���� q�r s�!����� q�r s��b��� � � q�r s�C�u� q�r s twvCx � vC�C{0����vL�z
(1)

Thefollowing summarizestheboundaryconditionson
theproblem:

� At theprobesurface: ��M�� F
� At ^ M ^C_ba : ��MOT , � � and

���
areasspecifiedin (1).

In orderto simplify theinitial developmentof themod-
eling technique,thefollowing assumptionsweremade:
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Fig. 1 BasicGeometryof the Artificial Tether Problem.� Theplasmais collisionless;

� Therearenomagneticfields;

� Thereareno time variationsin thedensityandpo-
tentialdistributions;

� Theelectricfield vanishesfor ^���^`_ba .
� The potentialdistribution is assumedto be piece-

wisebilinear, thatis, it variesbilinearly within any
of thetrianglesof themesh.

As the last assumptionspecifies,the potential and
charge density distributions are sampledon two sep-
aratefixed grids of points, which togetherform a set
of adjacenttriangles.Figure2 illustratesthe triangula-
tion schemesfor both the potentialandcharge density
distributions. The meshesare spacedlogarithmically
alongthe radial direction,which is justified by the ex-
pectedlargevariationsnearthetetherasopposedto the
smoothervariationsfurther out. The consequenceof
the bilinearity assumptionfor the potentialis that both
componentsof the electric field,

�
�
and

�
�
, will be

piecewiseconstant(constanton any singletriangle).

Iterati ve consistent2-D plasmasolver
In order to obtaina consistentsolution for the elec-

tric fields andthe densitydistributionsfor both the ion
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Fig. 2 Triangulation Schemesfor the Potential and
ChargeDistrib utions.

andelectronspecies,weneedto solve,self-consistently,
Vlasov’s equationfor eachspeciesandPoisson’s equa-
tion for theelectricpotentialandcharges,while satisfy-
ing theabove-mentionedboundaryconditions.

An iterative schemewas developed using both a
Vlasov solver and a Poissonsolver. In the following
we will describeboth solversandpresentthe iterative
schemethatwasused.

Vlasov solver

For a collisionlessspeciesin a quiescent,unmagne-
tized plasma,Vlasov’s equationin 2-D canbe written
as:� ��3� M � ��� � � l �� ��N � ��� � � l �� ��N J � l � ��� � � K � �

� � l � � � � l �� � �
N J � l � ��� � � K � �

� � l � � � � l �� � � MOT (2)

Givenaknown electricfield distribution
�� � � K � � andthe

outer“drifting Maxwellian” boundaryconditionfor the
velocity distributions,equation(2) canbeusedto solve
for thevelocitydistributions

� � l � � � K � K � � K � � � of boththe
electronsand ions. The speciesdensitiesare thenob-
tainedby integrationover all velocity space:

E � l � M � � l � � � K � K-� � K � � �
� � � � � �

(3)

3 OF 8



and the total charge density results from c<� � K � � MJ � E �¢¡ B E � .
Equation(2) specifiesthat the distribution function� � l � � � K � K-� � K � � � is constantalong particle orbits in a

given electric field distribution. Using the specified
boundarycondition for the velocity distribution at the
outershell, thevaluefor

� � l � � � K � K � � K � � � for any point
andvelocity locatedona trajectoryoriginatingfrom the
outershell canbe inferred. This canbedoneby track-
ing theparticle’s trajectorybackin time until it hits the
outerboundary. Any trajectorynot originatingfrom the
outershell is deemedunpopulated[3]. Suchis thecase
for thosetrajectoriesoriginating from the tetheritself,
whichdoesnotemitchargedparticles,aswell astrapped
trajectorieswhichhavenosourcesof particlesin thecol-
lisionlesscase.

Figure3 illustratestheparticletrackingprocess.The
trajectoriesare tracked analytically from one edgeof
the meshto another, assuminga constantelectricfield
within any given triangle of the mesh. Every sub-
trajectoryis thusresolvedby computingtheintersection
of a quadraticparametriccurve with a segmenton the
mesh.This techniqueis muchmoreefficient thanusing
a fixed time stepparticle pusher, sincethe amountof
computationsnecessaryfor one trajectorydependson
thenumberof edgesbeingcrossedratherthanthenum-
ber of time stepsnecessaryto reacha boundary. Also,
given the assumptionof a piecewise-bilinearpotential
distribution, it provides exact (nearly exact if we ac-
countfor roundoff errors)conservationof energy along
orbits,which contributesto the accuracy of the overall
approach.

To obtaina value for the particledensityat a given
point, one needsto integrate the valuesobtainedfor� � l � � � K � K-� � K � � � usingtheintegralshown in (3). To limit
thecomputationaltask,thedomainof integrationis re-
strictedto a limited regionoutsideof which thevelocity
distribution functionis known to bevery low. Knowing
that the velocity distribution function anywhereon the
outerboundaryis givenby (1), wecanuseconservation
of energy to restrictthe integrationdomainto a certain
rangeof kineticenergies.At theouterboundary, arange
of integration

> ?�A � M¤£ g � l � (unitsof eV’s) is specified
in termsof thespeciestemperature(typically, £¥M�P
T ).
At this location,the integral could be performedaccu-
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Fig. 3 Example of the Semi-analyticalParticle Tracking
ProcessThr ough the Potential Mesh.

ratelyover adiskof radius:

��� M VRB > ?�A �� � l � M VUBC£ g � l �� � l � (4)

centeredaroundthe centerof the Maxwellian distribu-
tion, locatedat

� � M �
hUK � � M�T . Thisdisk is locatedbe-
tween2 ringsof velocity magnitudes¦ � ? �§k ¦ and ¦ � ?�A � ¦
givenby:

� ? �§k MO¨ª©�« � T K-�
h ¡ ��� � � ?�A � M �
h N ��� (5)

which correspondto kinetic energy values(expressed

in units of eV’s) of
> ? �=k M ?­¬u® ¯±°L²³ ¯±´d � and

> ?�A � M?­¬µ® ¯¶°C²³�·�¸d � . Sinceenergy is conservedalongparticletra-
jectories,wecaninfer thefollowing limits of integration
alongthekinetic energiesat a locationsituatedat a po-
tential � (in volts):

> ? �§k M�¨ª©�« T K � � l � � d? �=kVRB ¡ J � l �
B � (6)

> ?�A � M�¨ª©�« T K � � l � � d?�A �VRB ¡ J � l �
B � (7)

whichcanbeexpressedin termsof velocitymagnitudes:

� ? �§k M VUB >¹? �=k� � l � � ?�A � M VUB >¹?�A �� � l � (8)
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Figure4 shows the correspondingvelocity domainsof
integration. The 2-D integrationis performedin cylin-
drical coordinates,using2 embedded7-point adaptive
Newton-Cotesquadraturerules1. Thedynamicintegra-
tion routineis performedatall nodeson thechargeden-
sity mesh. This constitutesthe “Vlasov solver” which
computesthechargedensitydistribution from a known
potentialdistribution. It accountsfor the largestpart
of the computationalcomplexity of the techniquepre-
sentedhere.

Poissonsolver

The Poissonsolver is a routine which computes
the potential distribution producedby the sum of a
givenplasmachargedensitydistributionandthesurface
chargedistributionswhich arerequiredto meetthefol-
lowing boundaryconditions:

� �¤M�� F at theprobesurface

� �¤MOT and
�
º MOT at theouterboundary

Surfacechargesarelocatedon theprobesurfaceaswell
ason thesurfaceof theouterboundary.

As a first step, Poisson’s equation and the outer
boundarycondition:

»µF
¼ d � � � K � � M c<� � K � � K �½¦ ¾�¿À¾�Á0ÂÃM�T Volts (9)

canbesolvedfor to obtainthe“plasmacontribution” to
thecompletepotentialdistribution:

� j6n A e ?�A �\^ K3Ä � M ¡ PÅ�Æ » F ^iÇ
�
^iÇ
� Ä Ç W

c ^iÇ KÈÄ Ç É(Ê ^ d8N ^ Ç d ¡ V ^ Ç ^ÌËÈÍUÎ�� Ä ¡ Ä Ç �^ d_ba N ^ Ç d ¡ V ^ Ç ^`_ba�ËÈÍUÎ�� Ä ¡ Ä Ç � (10)

wherewe find the logarithmic dependencecharacteris-
tic of theinfinite cylindersof chargerepresentedin a2D
problem[2]. A point-matchingtechniqueis thenused
in orderto find therequiredsurfacechargedistributions
on theprobeandtheouterboundarythatwill resultin a
total potential � F at all nodeslocatedon the surfaceof
the probe,aswell asa vanishingtotal tangentialelec-
tric field

��º MÏT at the outer boundary. The “probe
surface charge” and “outer boundarysurface charge”

1The integration routine “DQNC79” was used from the
SLATEC Common MathematicalLibrary, distributed by Netlib
(www.netlib.org)
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Fig. 4 (a) Domain of Integration of the Velocity Distrib u-
tion Function at the Outer Boundary ( ç |Hè ). The shaded
regioncorrespondsto the bulk of the drifting Maxwellian
population. (b) Domain of Integration of the Velocity Dis-
trib ution Function at any Given Point in Space.

contributions to the completeplasmadistribution are,
respectively:

� j e a �b^ K3Ä � M ¡ ^3FÅ�Æ » F
�
^
Ç
� Ä Ç W

cfe ^`F K3Ä Ç É(Ê ^ dÃN ^ dF ¡ V ^3FÈ^ÌËÈÍUÎ�� Ä ¡ Ä Ç �^ d_ba N ^ dF ¡ V ^ F ^`_ba�Ë3ÍUÎm� Ä ¡ Ä Ç � (11)
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and

�fo _ e aÈ�\^ K3Ä � M ¡ ^`_baÅ�Æ » F
�
^iÇ
� Ä Ç W

c e ^`_ba K3Ä Ç É�Ê ^ d N ^ d_ba ¡ V ^C_ba ^ÌË3ÍUÎm� Ä ¡ Ä Ç �^ d_ba N ^ d_ba ¡ V ^ d_ba ËÈÍUÎ�� Ä ¡ Ä Ç � (12)

where cfe��\^3F K3Ä � and cfe��\^`_ba KÈÄ � are obtainedusing a
point-matchingtechnique[6] thatenforces� j e a �b^3F K3Ä � N�Ro _ e aÈ�b^3F K3Ä � Mé� F ¡ � j!n A e ?�A �b^3F K3Ä � at all nodeson the
probesurfaceaswell asavanishingtotaltangentialelec-
tric field

�
º MOT at theouterboundary.
The total potentialdistribution is obtainedfrom the

sumof (10), (11) and(12). Sincethe integralsareper-
formedover piecewisebilinear functions,thecomplete
Poissonsolver (includingthepoint-matchingoperation)
canbe written in the form of a linear matrix operator,
which makesit computationallytrivial comparedto the
Vlasov solver.

Iterati ve ResolutionTechnique

UsingthePoissonandVlasov solvers,we would like
to find a solution for the potential and charge distri-
butionswhich simultaneouslysatisfiesthe Poissonand
Vlasov equations. Figure 5 depictsthe generalfixed-
pointoperatorcomposedof boththePoissonandVlasov
solvers. The fixed-pointoperatortakesa potentialdis-
tribution

�� at its inputandgeneratesanew estimate
�� Ç :�� Ç M �ê �� (13)

Thereare known difficulties arising in solving sucha
problem[3]. Simpleiterationof the fixed point opera-
tor doesnot in generalyield convergence,sinceit is a
non-contractivemapping[5]. Instead,we have usedthe
Newton methodwhich necessitatestheJacobianmatrix
of thefixedpoint operatorandis equivalentto iterating
thefollowing fixedpoint function:�� Ç M � �� M ��ëN 9�: �� ¡íì G;Z �� ¡ �ê ��

(14)

where
9�: �î

is the Jacobianmatrix of operator
�ê �����

evaluatedat
�� . If thereare ï unknowns ( ï potential

nodes),the Jacobianmatrix is a ïðW�ï matrix andis
definedby:

9;: �\ñ K ò � M � � ��;�Ró K ñ MOP K Q(Q(Q K ï Kôò MOP K Q(Q�Q K ïõQ (15)

Solving(14) is equivalentto finding thesolutionto the
linearizedoperator

�ê nearan operatingpoint
�� . Suc-

cessive linearizationsshouldleadto thesolutionto the
nonlinearproblem. Using finite differencesto com-
pute an approximationfor

9 :
would be prohibitively

expensive computationally. Instead,it was decidedto
implementthecomputationof

9�:
directly. Thisinvolves

combiningtheJacobiansof everysampleof thevelocity
distribution functionthatwastakenat thatparticularit-
erationusingall theoperatorsthatwereappliedto those
sampleresults.To obtaintheJacobiansof velocity dis-
tribution samples,the analyticalJacobiansobtainedat
theouterboundaryusing(1) have to bepropagatedand
transformedalongeachparticletrajectory.

Software Implementation

The iterative resolutionhigh-level algorithmandthe
Poissonsolver, both fairly light computationally, were
implementedin Matlab. The Vlasov solver, being
much heavier computationally, was implementedin
Fortran 90 using a parallel processingschemebased
on the Parallel Virtual Machine library (available at
www.epm.ornl.gov/pvm/pvm home.html).Between20
to 50 workstationnodeswereusedconcurentlyto form
theVlasov solver. Simulationtimeswereontheorderof
15-30minutesfor theresultspresentedin thefollowing
section.

Simulation Results& Validation
In order to gain confidencein this modeling tool,

somevalidationrunswereperformedwith simplecases
that canbe checked againstknown theories. Figure6
presentstheresultsobtainedfor theI-V curveof aLang-
muir cylindrical probeof radius ^3F M�TUQ�P Å mm in a
Xenon2 plasmawith a density E�F MéPRQ Å VöW÷P
TRZùøÈ�HG;I
and a temperatureof

g � M g � MúPRQ=TUû eV. The I-V
curve hasbeensplit in two separatepartsto emphasize
thesmallvariationin theion saturationregion.

In boththeion andelectronsaturationregions,ourre-
sultsarein goodagreementwith theOrbit Motion Limit
theory, which is valid in thepresentcasefor largevolt-
agesdueto thefact that theproberadiusis fairly small
in termsof the Debyelength ( ü h MýTRQ=TUS
V mm). The
OML expressionusedfor comparisonis [4]:

+ o ? n MOV ^3F B E�F VUBÌ¦ �ö¦� � l � (16)

2Massof anatomof Xenon: #�þ¶ÿ����­ÿ���� ²�� kg
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Fig. 5 Fixed Point Operator Comprisedof Both the Pois-
sonand Vlasov Solvers.

where � � and � � wereused,respectively, in the elec-
tronandion saturationregions.

The behavior of the responsein the electronretar-
dation region (near � MðT Volts) is also aspredicted
by Langmuir cylindrical probetheory, as can be seen
on figure 6. The expressionusedfor comparisonhere
was[1]:

+ � MOV Æ E F ^ F B B g �V Æ � ��3 «54 �g � (17)

This initial validation of the proposedalgorithm con-
firms that the importantphysical mechanismsinvolved
arebeingaccuratelyrepresentedin themodel.

Additionally, further qualitative confirmation of
the validity of the model is provided by figures 7
through10,whichdepicttheconsistentsolutionthatwas
obtainedfor the potentialdistribution and the ion and
electrondensitydistributions. The figuresshown here
correspondto thesimulationparametersmentionedpre-
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Fig. 6 I-V Characteristic Curve of a Langmuir Probe.
Note that the ion and electron saturation regionsare dis-
played on two separatelinear scales,sincethe variations
in the ion saturation regionsarevery small.
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Fig. 7 Potential Distrib ution Ar ound the Probe usedin
figure 6 (biasedat ç76 | �98 ç ).

viously, with anappliedpotentialof 21 volts. Notethat
the

�
and

�
axesaredisplayedon a logarithmicscaleto

allow properviewing of the importantfeatures,which
occurmostlynearthetetheritself.

PresentStatusand Conclusions
A novel approachbasedon kinetic theory was pre-

sentedfor the 2-D modeling of the tether problem.
The proposedalgorithm was validatedwith the well-
documentedLangmuircylindrical probetheoryby sim-
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Fig. 9 Electron Number Density Ar ound the Probeused
in figure 6 (biasedat ç76 | �98 ç ).

ulatinga 1-D problem.As mentionedin [3], oneof the
importantdifficultiesin findingself-consistentsolutions
for suchproblemsis finding an appropriatealgorithm
that will yield convergencein order to find the fixed
pointof theVlasov-Poissonoperator. To addressthis is-
sue,a numericalalgorithmfor computingthe Jacobian
matrix of the Vlasov-Poissonoperatorwas developed
which allowed useof the Newton root finding method.
This hasdramaticallyincreasedtherateof convergence
for the casesthat were testedand shown here. Fur-
ther improvementsto the iterative root-findingprocess
aswell astheVlasov-Poissonoperatorareneededin or-
der to allow similar convergencefor casesincluding a
nonzerodrift velocity in thebackgroundplasma.Future
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Fig. 10 Charge Density Distrib ution Ar ound the Probe
usedin figure 6 (biasedat :76<;�= 8 : ).

developmentsincludethe accuratemodelingof tethers
of arbitrarycross-sections,aswell asmagneticfield and
time variationeffects.
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