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Tether electron curr ent collectionin the Orbital Motion Limited regimeis the key mech-
anismallowing for power and/or thrust generationapplications of spaceelectrodynamicteth-
ers. This paper presentsa new approach, basedon a kinetic model, for the accurate analysis
of the electron collection problemto a bare tether moving in a collisionlessplasma. The drift
velocity associatedwith the translational speedof the tether is incompatible with 1-D, cylin-
drically symmetric models[1],[2] and its effectson curr ent collection are not well understood.
A kinetic model is developedfor the two-dimensionalplasmasurrounding the tether. It con-
sistsin solving, self-consistently the Vlasov and Poissonequationsthr ough a semi-analytical,
semi-numericalprocess A Maxwellian velocity distrib ution is assumedor the plasmaspecies
(electrons and ions) at the outer boundary of the solution space;no assumptionis madere-
garding the velocity distrib utions in the vicinity of the tether. Initial resultsare validated with
Langmuir cylindrical probetheory in the ion and electron saturation regimesas well asthe
electron retardation regime. Work is underway to allow the useof the model for caseswith a

drifting plasma.

Nomenclature

Av Rangeof velocitiesaccountedor onthe
outerboundary(m/s)

E, x componenbdf theelectricfield (V/m)

E, y componenbf theelectricfield (V/m)

fe Electronvelocity distribution

fi lon velocity distribution

g(+) Fixed-pointnonlinearoperatorcomposed

of acombinationof the Vlasos andPoisson
solvers(inputin Volts, outputin Volts)
h(-) Fixed-pointnonlinearoperatobasedn the

*PresentedsPaperlEPC-01-243atthe 27" InternationaElec-

tric PropulsionConferencePasadenaCA, 15-190ctober2001.

tCopyright ©2001by Eric Choiniere.Publishedby the Electric

Rocket PropulsionSocietywith permission.

Ge, €
q;

To

r

10F8

Newton method

Net collectioncurrentto the probe(A)
OML theory-predictedaollectioncurrent(A)
Electroncurrentto the probe(A)
Jacobiammatrix of operatorg(-).
Rangeof kinetic enegiesaccountedor
ontheouterboundary(eV)
Electronmasgkg)

lon masskg)
Backgroundplasmadensity(m —3)
Orbital Motion Limit
Electronchage= +1.6021 x 10~19C
lon chage(C)

Proberadius(m)
Radialdistancemeasuredrom the
centerof thetetherconducton(m)



The Radiusof outerequipotentiashell (m)
Net chage densitydistribution (C'/m?)

ps(z,y) Surfacechagedensitydistribution (C/m)

17 Vectorcontainingsampleof thechage
densitydistribution at meshnodes(C /m?)

T, Electrontemperaturdel’)

T; lon temperaturdel’)

Vg x componenbdf velocity (m/s)

Uy y componenbf velocity (m/s)

vg x-directedplasmadrift velocity (m/s)

Vo Probevoltage(V)

Minimum/maximumvelocity accountedor
atary givenposition(m/s)

Umin,max

V(z,y) Electricpotentialdistribution (V)

Vplasma ~ Plasmacontritutionto the electricpotential
distribution (V)

Viobse Outerboundarysurfacechage contrikbution
to the electricpotentialdistribution (V)

Vpse Probesurfacechage contritutionto the

electricpotentialdistribution (V)
1% Vectorcontainingsamplesf the potential
distribution atthe specifiednodeq V)

Intr oduction

Bare electrodynamicspacetethersare underconsid-
erationfor applicationssuchas power generationand
propellantlesspropulsion for orbiting spacecraft. In
theseapplications,one of the primary concernss the
ability of the systemto collect electronsfrom the sur
roundingionospherigplasmain orderto maximizethe
amountof electrical power or thrust provided. This
valueincreasesvith the magnitudeof the currentflow-
ing onthetether whichin turnis, in part,limited by the
tethers ability to collectelectrondrom the surrounding
plasma.

Analyticalmodelsareavailable([3] , [4]) for theelec-
tron currentcollection problemin the limiting caseof
theOrbital Motion Limit regimeandastationaryplasma
with respecto the probe. A numericalmodelwasalso
developed[3] for the generalcasewhich wasbasedon
a self-consistent1-D solutionof Vlasos andPoissors
equationsfor a cylindrically symmetric structureand
boundaryconditions.This modeldid not restrictits ap-
plicationto the OML regime, however it did not allow
the inclusion of a plasmadrift or modeling of probes
with arbitrarygeometries.

This paper presentsa novel approach,basedon a

poly-enegetic kinetic model, for the accurateanalysis
of the electron/ioncurrentcollectionproblemto a bare
tetherin a collisionlessdrifting plasma.This technique
is a 2-D extensionof the self-consisteni-D numerical
modelshowvn in [3], andallows inclusionof a drift ve-
locity to the backgroundpblasmaaswell asopeningthe
possibility for accuratamodelingof tethersof arbitrary
cross-sections.

We will first provide a physical and mathematical
descriptionof the problem under consideration. The
proposediterative resolutionschemewill then be in-
troducedtogethemwith theassociatedomputationais-
sues.Finally, we will shov thecomputatiorresultsthat
were obtainedin the initial validation of the proposed
algorithmandcomparethemwith known analyticalre-
sults. Although casesfeaturinga drifting plasmaare
supportedoy the theorypresentedhere,work is under
way to obtainresultsfor suchcases.

Description of the 2-D Conducting Tether
Problem

Figure 1 presentghe basicgeometrybeing consid-
eredhere. The tetheris assumedo be a cylinder of
infinite length, surroundedby a plasmacomprisedof
electronsandions. In the simulation,an outerequipo-
tential shellis placedat a radiusr,. from the centerof
the tether in orderto simulatethe backgroundolasma
potentialandlimit the computationategion. A poten-
tial Vp with respecto the plasmapotentialis specified

attheprobesurface.

Although no assumptionsare made concerningthe
velocity distributions of the plasmaspecieswithin the
computationategion, it is assumedhatboththeion and
electronpopulationshave a drifting Maxwellian veloc-
ity distribution at the outer shell, that s, in the back-
groundplasma:

Me,i

) _ NoMe,i _ _ 2 2
fe,z (/Uivv Uy) 27TeTe,i exp { 26Te,i ((vm Ud) + Uy) }
1)

Thefollowing summarizeshe boundaryconditionson
the problem:

e At theprobesurface:V =1}
e Atr =ry.. V =0, f. andf; areasspecifiedn (1).

In orderto simplify theinitial developmentof the mod-
elingtechniquethefollowing assumptionsveremade:
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Fig. 1 BasicGeometry of the Artificial Tether Problem.

e Theplasmais collisionless;
e Therearenomagnetidields;

e Therearenotime variationsin the densityandpo-
tentialdistributions;

e Theelectricfield vanishedor r > r,..

¢ The potentialdistribution is assumedo be piece-
wisebilinear, thatis, it variesbilinearly within any
of thetrianglesof themesh.

As the last assumptionspecifies,the potential and
chage density distributions are sampledon two sep-
aratefixed grids of points, which togetherform a set
of adjacentriangles. Figure 2 illustratesthe triangula-
tion schemedor both the potentialand chage density
distributions. The meshesare spacedlogarithmically
alongthe radial direction, which is justified by the ex-
pectedarge variationsnearthetetherasopposedo the
smoothervariationsfurther out. The consequencef
the bilinearity assumptiorfor the potentialis that both
componentf the electric field, £, and E,, will be
piecavise constan{constanbn ary singletriangle).

Iterati ve consistent2-D plasmasolver

In orderto obtaina consistentsolutionfor the elec-
tric fields andthe densitydistributionsfor both theion

“ Charge Sample
[ ] Potential Mesh

w
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Fig. 2 Triangulation Schemesfor the Potential and
Charge Distrib utions.

andelectronspeciesye needto solve, self-consistently
Vlasov’'s equationfor eachspeciesand Poissors equa-
tion for the electricpotentialandchages,while satisfy-
ing theabove-mentionedoundaryconditions.

An iterative schemewas developed using both a
Vlasov solver and a Poissonsolwer. In the following
we will describeboth solversand presentthe iterative
schemedhatwasused.

Vlasov solver

For a collisionlessspeciesn a quiescentunmagne-
tized plasma,Vlaso/'s equationin 2-D canbe written
as:

df  Ofei Ofei  eiEo(z,y)Ofeci
dt — v ox Ty oy + Me,i Ovg
eiE ) 0 e,
+Q, y('ﬂy) f,:0 @)
Me,i Ovy

Givenaknown electricfield distribution E(z, y) andthe
outer“drifting Maxwellian” boundaryconditionfor the
velocity distributions,equation(2) canbe usedto solve
for thevelocitydistributionsf ;(x, y, vz, vy) of boththe
electronsandions. The speciesdensitiesare then ob-
tainedby integrationover all velocity space:

Neji = //fe,i(wy:%vahvy)dvﬂfdvy (3)
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and the total chage density results from p(z, y)
qiTn; — €MNe.

Equation(2) specifiesthat the distribution function
fei(x,y,vz,vy) is constantalong particle orbits in a
given electric field distribution. Using the specified
boundaryconditionfor the velocity distribution at the
outershell, thevaluefor f.;(z,y, v, vy) for ary point
andvelocity locatedon atrajectoryoriginatingfrom the
outershellcanbeinferred. This canbe doneby track-
ing the particle’s trajectorybackin time until it hits the
outerboundary Any trajectorynot originatingfrom the
outershellis deemedunpopulated3]. Suchis thecase
for thosetrajectoriesoriginating from the tetheritself,
whichdoesnotemitchagedparticlesaswell astrapped
trajectoriesvhichhave nosource®f particlesin thecol-
lisionlesscase.

Figure3 illustratesthe particletrackingprocess.The
trajectoriesare tracked analytically from one edgeof
the meshto anothey assuminga constantelectricfield
within ary given triangle of the mesh. Every sub-
trajectoryis thusresohedby computingtheintersection
of a quadraticparametriccurve with a segmenton the
mesh.This techniquas muchmoreefficient thanusing
a fixed time step particle pushey sincethe amountof
computationsecessaryor one trajectory dependson
thenumberof edgedeingcrossedatherthanthenum-
ber of time stepsnecessaryo reacha boundary Also,
given the assumptiorof a piecevise-bilinearpotential
distribution, it provides exact (nearly exact if we ac-
countfor roundof errors)conseration of enegy along
orbits, which contribtutesto the accurag of the overall
approach.

To obtaina valuefor the particle densityat a given
point, one needsto integrate the values obtainedfor
fei(z,y, vz, vy) usingtheintegralshavnin (3). Tolimit
the computationatask,the domainof integrationis re-
strictedto a limited region outsideof which the velocity
distribution functionis known to beverylow. Knowing
that the velocity distribution function arywhereon the
outerboundaryis givenby (1), we canuseconseration
of enengy to restrictthe integrationdomainto a certain
rangeof kineticenegies. At theouterboundaryarange
of integration K., = xT¢; (unitsof eV’s)is specified
in termsof the speciedemperaturdtypically, = 10).
At this location, the integral could be performedaccu-
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Fig. 3 Example of the Semi-analytical Particle Tracking
ProcessThroughthe Potential Mesh.

rately over adisk of radius:

A/U _ 2€Kma$ _ 26K/T€,i (4)

Mej Me,q
centeredaroundthe centerof the Maxwellian distribu-
tion, locatedatv, = vq, v, = 0. Thisdiskis locatedbe-

tween2 rings of velocity magnitudesv,,,;»| and|v,q|
givenby:

Umin = ImMax (0’ Ud — A’U) Umaz = V4 + Av (5)

which correspondo kinetic enegy values(expressed
"2
in units of eV's) of Ky = Zeimin and Kppep =
.02 . . .
%@mm Sinceenegy is consered alongparticletra-
jectorieswe caninfer thefollowing limits of integration

alongthekinetic enegiesat a locationsituatedat a po-
tential V' (in volts):

2 ;
Kmin = max (o, melmin %V) (6)
merQ

Kooz = max (0, Mei%maz _ @V) @)
2e e
which canbeexpressedn termsof velocity magnitudes:

26Kmin

meﬂ-

2eK,
Umax — € maz (8)

m@’i

Umin —
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Figure 4 shaws the correspondingelocity domainsof
integration. The 2-D integrationis performedin cylin-
drical coordinatesusing 2 embedded’-point adaptve
Newton-Cotesquadratureulest. Thedynamicintegra-
tion routineis performedatall nodesonthe chageden-
sity mesh. This constituteghe “Vlasov solver” which
computeghe chage densitydistribution from a known
potential distribution. It accountsfor the largestpart
of the computationacompleity of the techniquepre-
sentechere.

Poissonsolver

The Poissonsolver is a routine which computes
the potential distribution producedby the sum of a
givenplasmachagedensitydistribution andthe surface
chage distributionswhich arerequiredto meetthefol-
lowing boundaryconditions:

e V =1, attheprobesurface
e V =0andEy = 0 attheouterboundary

Surfacechagesarelocatedon the probesurfaceaswell
asonthesurfaceof the outerboundary

As a first step, Poissons equationand the outer
boundarycondition:

«VV(z,y) = p(z,y), V|, =0Volts (9)

canbe solvedfor to obtainthe “plasmacontribution” to
the completepotentialdistribution:

-1
‘/plasma(r, 0) = dreq //r’dr’d&’ X
r2 4+ 2'rcos (6 — 0
p(r,0)In | 5——5—— ( ), (10)
Ty, + 1'% —2r'ry.cos (0 — ¢)

wherewe find the logarithmic dependenceharacteris-
tic of theinfinite cylindersof chagerepresenteth a2D
problem[2]. A point-matchingtechniqueis thenused
in orderto find therequiredsurfacechagedistributions
ontheprobeandthe outerboundarythatwill resultin a
total potentialV, at all nodeslocatedon the surfaceof
the probe,aswell asa vanishingtotal tangentialelec-
tric field £y = 0 at the outerboundary The “probe
surface chage” and “outer boundarysurface chage”

The integration routine “DQNC79” was used from the
SLATEC Common MathematicalLibrary, distributed by Netlib
(www.netliborg)

(b)

Fig. 4 (a) Domain of Integration of the Velocity Distrib u-
tion Function at the Outer Boundary (V = 0). The shaded
regioncorrespondsto the bulk of the drifting Maxwellian
population. (b) Domain of Integration of the Velocity Dis-
trib ution Function at any Given Point in Space.

contributions to the completeplasmadistribution are,
respectiely:

Vise(r, 0) = ;:2) / / dr'de’ x

2, .2 /
+ 1§ — 2rorcos (0 — 6)

s (r0,6") In | ——0 11

ps (1o )n(rgc—}—rg—%orbccos(@—ﬁ’) (11)
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and

Vipse(r, 0) = —2¢ / / dr'df’ x
7T6()
, r2 + 12 — 2rp.rcos (6 — 0')

Ps (rbc’ 0 ) n <'r’§c + g, — 2r cos (6 — ") ) (12)
where p; (r9,60) and ps (14, 0) are obtainedusing a
point-matchingechniqud6] thatenforces/,,s.(ro, §) +
Vobse(10,0) = Vo — Vpiasma (70, 8) at all nodeson the
probesurfaceaswell asavanishingotaltangentiaklec-
tric field £y = 0 attheouterboundary

The total potential distribution is obtainedfrom the
sumof (10), (11) and(12). Sincetheintegralsareper
formedover piecavise bilinear functions,the complete
Poissorsolver (includingthe point-matchingoperation)
canbe written in the form of a linear matrix operatoy

which makesit computationallytrivial comparedo the
Vlasov solver.

Iterati ve Resolution Technique

Usingthe PoissorandVlasov solvers,we would like
to find a solution for the potential and chage distri-
butionswhich simultaneouslsatisfiesthe Poissonand
Vlasov equations. Figure 5 depictsthe generalfixed-
pointoperatolcomposeaf boththe PoissorandViasor
solvers. The fixed-pointoperatortakes a potentialdis-
tribution V atits inputandgenerates new estimatel’:

v -g(7)
Thereare known difficulties arisingin solving sucha
problem[3]. Simpleiterationof the fixed point opera-
tor doesnot in generalyield cornvergence,sinceit is a
non-contractre mapping[5]. Insteadwe have usedthe
Newton methodwhich necessitatethe Jacobiammatrix

of the fixed point operatorandis equivalentto iterating
thefollowing fixed point function:

V=i(V) =7+ (3 (V) 1) (V-£(7))

whereJ, (\7) is the Jacobiarmatrix of operatorg (-)

(13)

evaluatedat V. If thereare N unknawns (N potential
nodes),the Jacobiammatrix is a N x N matrix andis
definedby:

9g;

Jg (i,5) = v’

i=1,..,.N, j=1,..,N. (15)

Solving (14) is equialentto finding the solutionto the
linearizedoperatorg nearan operatingpoint V. Suc-
cessie linearizationsshouldleadto the solutionto the
nonlinear problem. Using finite differencesto com-
pute an approximationfor J; would be prohibitively
expensve computationally Instead,it was decidedto
implementthecomputatiorof J¢ directly. Thisinvolves
combiningthe Jacobian®f every sampleof thevelocity
distribution functionthatwastaken at that particularit-

erationusingall the operatorghatwereappliedto those
sampleresults. To obtainthe Jacobian®f velocity dis-
tribution samplesthe analytical Jacobiansbtainedat
the outerboundaryusing(1) have to be propagtedand
transformedalongeachpatrticletrajectory

Software Implementation

The iterative resolutionhigh-level algorithmandthe
Poissonsolver, both fairly light computationallywere
implementedin Matlab. The Vlasov solver, being
much heavier computationally was implementedin
Fortran 90 using a parallel processingschemebased
on the Parallel Virtual Machine library (available at
www.epm.ornl.gg/pvm/pvmhome.html). Between20
to 50 workstationnodeswereusedconcurentlyto form
theVlasor solver. Simulationtimeswereontheorderof
15-30minutesfor theresultspresentedn thefollowing
section.

Simulation Results& Validation

In order to gain confidencein this modeling tool,
somevalidationrunswereperformedwith simplecases
that can be checled againstknown theories. Figure 6
presentsheresultsobtainedor thel-V curve of aLang-
muir cylindrical probeof radiusry = 0.14 mmin a
Xenor? plasmawith a densityng = 1.42 x 106m=3
and a temperatureof 7, = T; = 1.07 eV. Thel-V
curve hasbeensplit in two separatgartsto emphasize
thesmallvariationin theion saturatiorregion.

In boththeion andelectronsaturatiorregions,ourre-
sultsarein goodagreementvith the Orbit Motion Limit
theory which s valid in the presentcasefor large volt-
agesdueto thefactthatthe proberadiusis fairly small
in termsof the Debyelength(\; = 0.062 mm). The
OML expressiorusedfor comparisonis [4]:

2e |V|

e,

I, = 2rgeng (16)

2Massof anatomof Xenon:2.18 x 1072° kg
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Vin(z, 1)

Viasov
Solver

1>
p(T,y)

'

Poisson |:
Solver '\

Fig.5 Fixed Point Operator Comprised of Both the Pois-
sonand Vlasov Solers.

wherem,. andm,; were used,respectiely, in the elec-
tron andion saturatiorregions.

The behaior of the responsean the electronretar
dationregion (nearV = 0 Volts) is also as predicted
by Langmuir cylindrical probetheory ascan be seen
on figure 6. The expressionusedfor comparisorhere
was[1]:

el \%4
exp —
TMe p T.

I, = 2mngrge a7
This initial validation of the proposedalgorithm con-
firms that the importantphysical mechanismsnvolved
arebeingaccuratelyrepresenteth themodel.
Additionally, further qualitatve confirmation of
the validity of the model is provided by figures 7
throughl0,whichdepicttheconsistensolutionthatwas
obtainedfor the potentialdistribution and the ion and
electrondensitydistributions. The figuresshavn here
correspondo thesimulationparametersentionedore-

| | * Simulated Data ﬁ%"**
1500~ | oML Prediction S
- - Electron Retardation Predigt.»
1000 —
—~~ ‘ 3
E 5
E /
N—r 2 L xw*:‘
— A P
\(D |
o] |
2 o0 !
—Q- *
-2t P *
—4}/* o -
-30 -20 -10 0 10 20
\% -V (Volts)
probe ~ plasma
Fig. 6 |-V Characteristic Curve of a Langmuir Probe.

Note that the ion and electron saturation regionsare dis-
played on two separatelinear scalessincethe variations
in the ion saturation regionsare very small.

Potential Distribution

20

V (Volts/m)
5

0 HTWNNS
WANSESS:
-2 SR 2
e
L1
log, (¥/r ) X/t log, ((t/rp) yir

Fig. 7 Potential Distrib ution Around the Probe usedin
figure 6 (biasedat V,, = 21 V).

viously, with anappliedpotentialof 21 volts. Notethat
the z andy axesaredisplayedon alogarithmic scaleto
allow properviewing of the importantfeatures,which
occurmostly nearthetetheritself.

PresentStatusand Conclusions

A novel approachbasedon kinetic theory was pre-
sentedfor the 2-D modeling of the tether problem.
The proposedalgorithm was validatedwith the well-
documented.angmuircylindrical probetheoryby sim-

70F8



lon Density Distribution

=
Tt

s DRI
x 10" " h’() ~ />
NAL
N\

o
Sl

WK
X FASN
AR M%Z%;lr

=
o

U

>

o u

LSS
="

Nb. Density (rﬁs)

log, (r/r ) XIr log, ((r/r)) yIr

Fig. 8 lon Number Density Around the Probe usedin
figure 6 (biasedat V,, = 21 V).

Electron Density Distribution

Nb. Density (rﬁs)

Ioglo(r/ro) ylr

Fig. 9 Electron Number Density Around the Probe used
in figure 6 (biasedat V,, = 21 V).

ulatinga 1-D problem.As mentionedn [3], oneof the
importantdifficultiesin finding self-consistensolutions
for suchproblemsis finding an appropriatealgorithm
that will yield corvergencein order to find the fixed
pointof theVlasov-Poissoroperator To addresshisis-
sue,a numericalalgorithmfor computingthe Jacobian
matrix of the Vlasov-Poissonoperatorwas developed
which allowed useof the Newton root finding method.
This hasdramaticallyincreasedhe rateof corvergence
for the casesthat were testedand shavn here. Fur-
therimprovementsto the iterative root-finding process
aswell asthe Vlasov-Poissoroperatorareneededn or-
derto allow similar corvergencefor casesncluding a
nonzeradrift velocity in thebackgroundlasma.Future

Charge Density Distribution

/V.»

<mwz,/l/#’§§’}7

NS

log, (r/r,) Xir log, (rr)) yIr

Fig. 10 Charge Density Distrib ution Around the Probe
usedin figure 6 (biasedat V,, = 21 V).

developmentsncludethe accuratemodeling of tethers
of arbitrarycross-sectiongswell asmagnetidield and
time variationeffects.
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