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Abstract

This work is concerned with perturbations to a microwave antenna power pattern
caused by propagation through an oscillating Hall thruster plasma plume. It builds on
previous steady-state pattern distortion analyses based on ray tracing that have been
implemented in the “BeamServer” code. The plasma is modeled with a periodic electron-
density variation at a much lower frequency than the signal, producing combined phase
and amplitude modulation in the transmitted field. BeamServer uses geometrical opticsto
trace rays through the plasma and compute an equivalent source on a surface, and then it
integrates over the surface to give the far field. To simulate plasma oscillation, the code
has been made time-awar e so that a varying series of asymmetric plume distributions may
be processed. Static samples of the equivalent source are computed over one period, and
Fourier decomposition of these "snapshots' gives equivalent sources at sidebands
equispaced around the center frequency. Realistic examples are studied for a 3 kW
thruster plume and typical satellite reflector systems operating at 1.5 and 4 GHz.
Sideband far-field patterns are shown to be sensitive to the plume modulation amplitude
but less sensitive to its azimuthal mode number.

|. Introduction

Hall current thrusters (HCTs) are currently
under  development  for  dationkeeping  of
communication satellites. These thrusters produce an
inhomogeneous plasma plume, and possible degradation

of a microwave sgna transmitted through the plume
must be investigated. Lower signal frequencies are
most affected; there is concern in a wide range up to
roughly 20 GHz. The effects include beam-pointing
error, beam attenuation, sidelobe increase, and the
appearance of spectra modulation such as sidebands
due to dendity oscillations within the plume. Beam
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atenuation, distortion, and sidelobe pattern changes
caused by refractive propagation through the plasma
have been addressed in severa previous papers, e. g.
[1]-[3]. Hdl thruster plumes are adso known to be
unstable in that they show large amplitude eectron-
dengity fluctuations in the tens of kilohertz [4]-[6].
These oscillations occur at relatively narrow resonance
peaks in the frequency domain, giving rise to distinct
sidebands in the signal spectrum separated by so many
kilohertz from the microwave frequency. Spectrum-
analyzer data between a pair of antennas transmitting
across the plume show these spikes [6], [7]. Fig. 1
gives an example spectrum for a 5 kW class thruster
[8]. There is a sharp resonance appearing at about 25
kHz, so spikes are then seen at +25 kHz, £50 kHz, ...
around the carrier signal. Depending upon the system,
these pesks may or may not be within the utilized
bandwidth and may fdl into the definition of sidelobes.
Also, the sidebands at one frequency may be in the
bandpass of a nearby frequency channel.

The issue addressed in our modeling is the
prediction of the far-field antenna pattern at these
descrete signal sidebands as well as a the center
frequency. Viewed in the time domain, the signal
strength in various directions will waver in accordance
with the modulation. In designing a communication
satellite, it is usudly possible to weigh the advantages
for a range of possible antenna locations. Typical
system specifications dictate beam pointing error on the
order of hundredths of a beamwidth, and maximum
Sdelobe or sideband levels 25-30 dB down. An
accurate calculation is required to evaluate an
antenna's performance with high confidence.

This paper describes how modulation models of
the plume densty are used in a larger study of
propagation through the plume, which then leads to the
caculation of an antenna power pattern. The models
are empirical, guided by experimenta observations of
frequency spectra. We use redlistic tempora behavior
of the density n. (electrons per cubic meter) converted
to arefractive index n by the reation in a collisonless
plasma,

n=_[1- -2 )

where w, = 2p(8.984 Hz ni?)(n. is defined as the
plasma frequency and w is the communication signal
frequency. The refractive index as a function of time
and position is used in the method of geometrical optics
(GO) to formulate the electromagnetic vector field as a
set of rays within the plume. This method is a practical
approximation applicable to geometries such as the
continuous plasma medium where properties change
gradually on a scale of wavelengths.

Rays launched from a feed refract through an
oscillating medium described by the plume modd,
reflect at a surface (before or after refraction), and
eventually terminate on an exit plane. Knowledge of
the time-varying vector field on this plane is used to
compute the far-field radiation pattern with attendant
modulation effects. The overall process is sketched in
Fig. 22 Results are presented for two satellite
communication systems, a large reflector system
operating at 1.5 GHz and a small reflector system at 4
GHz.

II. Ray Tracing Code

We have previoudy developed an interactive
code, caled BeamServer, for computing antenna
patterns in the presence of a steady plasma plume [1].
The code handles an arbitrary number of reflectors,
feeds, and thrusters, al postioned in three dimensions.
A friendly web-based interface is provided, with the
code organized using a client-server structure. The
client iswritten in Java and the server in C++ and Java.

The code implements vector ray tracing of the
electromagnetic field using the geometrica optics
gpproximation. The direction, amplitude, phase, and
polarization of rays are computed from a starting
location to an exit surface beyond the plume. Once the
rays have been collected on the surface, a far-field
integration can be performed using the exit surface
vaues as input. The result is the far-field antenna
pattern. Typicdly for a satellite, the total integration
path might be a few meters while the antenna pattern
as seen on the ground is thousands of kilometers away.
Details of the ray trgectory, divergence factor, and
wavefront caculations as well as the pattern
cdculation are givenin [2].

Rays are launched from a small sphere
centered at the feed location, which is usually the phase



center of the real feed or the focal point of a reflector.
The initid eectric fiedd of each ray is weighted
proportionaly to the far field radiation pattern of the
feed. The ray density is set at least high enough to
aufficiently resolve any interesting features of the
plume and for predicted patterns to be grid-insenstive.
Rays may be launched with linear or circular
polarizetion.

Reflectors are assumed to be perfectly
conducting surfaces. Reflectors may be axial parabolic
reflectors, offset parabolic reflectors, or generaly
shaped reflectors.  An exact offset reflector is
specified by the position and foca length of its parent
parabola and a cutting cylinder with its axis aong the
boresight, which defines the offset section. Shaped
reflectors are defined by a discrete set of points in an
externd file. A variation of the quintic pseudospline
technique is used to interpolate the points. The radius
of surface curvature should be eectrically large to
meet geometrical optics requirements.

The GO method as used a the surface
describes the vector field reflection in terms of rays.
The rays may traverse the plasma plume both before
and after reflection at the surface. The program traces
a bundle of rays from the source to an imaginary planar
surface outside of the plume region. The far-field
antenna pattern is computed from the field on this exit
aperture. The elemental contribution from each ray is
integrated (summed) using an approximation to the
standard radiation integral. Fields are normalized to
those of an isotropic radiator.

To establish the accuracy of the BeamServer
code a number of validation tests have been performed.
These include various antenna configurations where the
free space (. e., no plasma) solution is known and
several types of inhomogeneous media such as the
Luneburg lens where anaytic solutions of the ray paths
are available. For shaped reflectors, our validation
procedure has been to check our free space results
with physica optics (PO) code results. Some of these
tests are documented in [1] and [2].

Steady-State Plume Results

In this paper, Example 1 discussed in Section V
isa Landmobile Communication Satellite geometry with
at least two HCT mounting options, asillustrated in Fig.
3. It hasa 12 m diameter reflector and operates at a
low 1.5 GHz frequency, which will enhance plume

refraction effects. This geometry was analyzed in [1]
and this same case is updated here to include
modulation effects. The plume density has also been
updated to reflect a more recent prediction for a
thruster operating a 3 kW [9]. The steady-state
(unmodulated) plume dengty is shown in Fig. 4. This
updated plume has more prominent charge-exchange
density lobes toward the sides of the thruster.

Figs. 5 and 6 give computed antenna pattern
results for the steady-state plume in the body-mounted
configuration option. The offset-plane f = 0 pattern of
Fig. 5 and the transverse-plane f = p/2 pattern of Fig.
6 for the steady-state plume (red) are compared with
free-space results (green). The red and green curves
shown were computed for 2400 rays, which is
approximately 1.9 spacing on the exit plane. Runs
with 1350 and 3750 rays were adso made for free
space and were indistinguishable from the 2400 ray
curve plotted, demondtrating that the ray dendty is
adequate. Also shown is a free space prediction in
black that was computed using a Lockheed Martin
physical optics code. This shows good agreement with
the BeamServer free space result and serves to
validate our ray tracing and far-field integration. As
shown by the tiny shift between the red and green
curves, the unmodulated plume has a barely detectable
squinting effect on the patterns. At the - 3 dB points,
turning on the plume shifts the edge of coverage by
0.017 degrees in Fig. 5 and 0.011 degrees in Fig. 6.
Results with plume modulation are discussed in Section
V.

[11. Signal Modulation

Experimental evidence suggests that most of
the spectral noise from this type of thruster is caused
by periodic variations of the plume density [6], [7].
Through phase and amplitude modulation, these
oscillations typicaly give rise to equispaced sidebands
on both sides of the microwave signd displaced by
multiples of the fundamental frequency. These effects
are seen in the measured spectrum centered about 17
GHz shown in Fig. 1, where the fundamentd oscillation
occurs around 25 kHz, and the narrow spike
characteristic of a periodic mechanism is clear. A
textbook example of phase modulation on a
monochromatic signa shows a similar result,
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where the modulated signal is Fourier-decomposed into
an infinite series of frequency terms spaced by w
about the center. The Bessal functions Jn(a) decay
rapidly as |n| increases above |a|.

A usegful illustration of pure phase modulation
applied to a steady-state electric field Eq distributed
over an aperture surface (x, y) is given explicitly by
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where the amplitude a(x, y) and the phase f (x, y) of
the modulation are both functions of position. Since the
modulation is periodic with frequency wp, the
coefficient for the nwy frequency component is found
by integrating over one time period 2p/w,

W, 2p/wy i
0 e ja cos(wgt+f )e jrwgt dt
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The e dependence has been suppressed. The n =0
term in the aperture series, which is the time average
of thefield, is not the same as the unmodulated field Eq
since some of the power is now in the sidebands. The
aperture term at each sideband frequency w+ nw
produces a far-field pattern different from the pattern
at the center w. If the modulated area is smaller than
the total aperture, as in the case of a thruster plume
partially blocking a microwave reflector, then the
Sdeband source is smaller than the original aperture
sgnce it only extends over nonzero a. Thus the
sideband patterns are normally broader and radiate less
power.

An idedized example of modulated subareas
within a larger uniform-phase aperture is sketched in
Fig. 7(a), where the upper smal circle has modulation
phase f =p/2 and the lower one has f =-p/2. First
and second sideband patterns are also shown in the

figure. Because the subarea sourcesfor n =1 (or - 1)
are antiphase with respect to each other, the first
sideband pattern has a null on the axis. When n = +2
the product nf brings both sources in phase, so the
individua contributions are in phase on axis. In the
time domain, this modulation of an otherwise uniform
aperture phase causes the far-field beam to shift back
and forth at the oscillation frequency between the
extremes traced in Fig. 7(c). In genera, Fourier
transformation can either be performed on the aperture
fidd or the complex far fiedd. The transform of a
phase-modulated far field vyieddds a freguency
decomposition analogous to Eq. (3), each term of which
describes a sideband pattern.

Direct measurement and theoretica predictions
of Hal thrusters imply a dominant outgoing density
wave, likdy with an azimutha variation, a a
fundamental frequency propagating away from the
nozzle [4], [6]. Some expressions that simulate time-
varying plume dengties are listed in Section IV. The
scale of the plume is such that the signa propagates
acrossit in anegligible fraction of one oscillation period,
dlowing for a smple quas-static treatment of the
electromagnetic field.

When a microwave signa travels through this
sort of varying density, both the amplitude and phase of
the signal are affected. The nonlinear relation between
the plume density and refractive index produces higher
harmonics a multiples of the fundamental frequency.
A smple analytical expression for the frequency series
can no longer be found as in the case of pure phase
modulation.  In this andyss the discrete Fourier
transform (DFT) is peformed numericadly on the
aperture fidd, or more easily on the far field, given
"snapshots’ of the field over one time period. Using
either field at times t; spaced at N equal intervals over
the period, the computed transform is simply

1 NO-l - iNWot:
N E(r.t)e ™ ®
i=0

E(r,nw,) =
which does not depend on wy since Wetj = 2pi/N.

The output of a DFT repeats with period N, so
the computed sideband a frequency nwp s
contaminated by sidebands at higher indicesn + N, etc.
A sufficiently high number of samples N must be used
to overcome this “aliasing” problem. When the higher-



index copies are proportionaly small, the error that they
add is negligible. Redligticaly, the decay rate of the
higher harmonics is rapid enough that only a handful of
samples is needed.

The aperture-field transform is only used when
it isdesired to perturb the field directly at each aperture
point. If the full ray-tracing routine is run, density
fluctuations cause the ray intersection points to move
with time in the aperture, and an accurate interpolation
of the aperture field at a set of fixed locations is
required to apply the transform properly (see Section
V). There is aways an interpolated error uncertainty,
which severely affects the low-power sideband
computation. Transforming the far field avoids this
uncertainty.

IV. BeamServer Modulation | mplementation

Modulation capability is added to the
BeamServer code by assuming that the densty
perturbations move dowly compared to the
electromagnetic phase velocity. For v, ~ ¢ and density
oscillations in the tens of kilohertz range in Hal
thrusters, this is well satisfied. The thruster plume is
“frozen” a each time value and the ray trajectories
computed.

We have considered modulation functions that
represent a density wave rotating around the annular
HCT nozzle and thereby propagating a spiral wave of
electron density out into the plume. This generd type
of instability appears to have some experimental basis
[4], [6], while other discharge stability analyses suggest
that oscillations do not necessarily require azimuthal
rotation [10], [11]. The amplitude, frequency, azimuthal
mode and propagation wavenumber are left as input
parameters of the models.

Four modulation functions have been
programmed as reative density perturbations M
=Dndne in spherical coordinates centered at the
thruster, namely

M = Acos(w,t - kr) 6)
M = Asn'™q cosw,t - mf - kr) @

_ A2 g0 - mf -
M —Aptan gs—ggcos(wot mf kr) 8
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where A is the oscillation amplitude, wp is the
modulation frequency, m the azimutha mode integer,
and k the radia wavenumber. EQ. (6) is the same as
the tempora density modd used in [7]. For Eq. (9),

a(t) = a, (xcosw,t+ ysnw,t)+a,z (10)

is the center of a Gaussian perturbation orbiting around
the thruster axis z. A nonrotating spherica wave is
obtained in Eq. (6) or by usng m=0in Eq. (7) or Eq.
(8). For higher m the sin'™q term in Eq. (7) forces the
modulation amplitude to zero aong the thruster axis and
ensures continuity in all order derivatives.

The inverse tangent function in Eq. (8) is added
to model redistic behavior in front of the annular
nozzle. It provides continuous firs and second
derivatives at g = O (define g 3 O when mis even) and
alows comparison of azimutha modes. Choosing a
small scale angle s keeps the influence of this function
to a samal region around the axis. All four of these
functions avoid numerical problems with derivatives
near the plume axis, and no problems are seen behind
the thruster near g = p because the density there is
exponentidly small.

The modulation functions are used to multiply
the steady-state thruster density to determine the local
density at aparticular time, i. e.,

n(r,t) =[1+ M@ .t)]n,(r) (1)

The modulation analysis is carried out by specifying a
set of times over one period for which BeamServer
computes the ray trajectories.

Since the location of rays on the exit plane
depends on the plume density, a ray with the same
initial conditions will in general be at a different exit-
plane location for each time value. In order to Fourier-
transform the exit plane a a series of times, the data
are interpolated to a regular grid. For each time
redization, this gives the dectric field at the same
points in the exit plane.

To interpolate the ray exit points to a regular
grid, a Delaunay triangular mesh is first constructed,
usng a dightly modified verson of a randomized



incremental algorithm [12]. The size and location of
the regular grid on the exit plane is defined by input
parameters. For each point in the regular grid, the
triangular mesh is searched for an enclosing triangle.
The three exit points (rays) define a linear interpolation
that is applied to the exit-point quantities. A
normalization procedure is used to conserve energy
within a grid cel. The fidd at grid points located
outside of the mesh region is st to zero.

The exit plane data can be frequency-analyzed
using the discrete Fourier transform. Let E(r, tj) be the
complex dectric fidd a a point in the exit plane
computed at N time values t; spaced equaly over an
ocillation. A new electric field at this location can be
computed using the DFT Eq. (5) with kernel e%"N
over index i. The sideband number n corresponds to a
frequency

Zy

nw, =n——- 11
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where Dt is the interva between times t. The
transform is applied to each grid location and then the
transformed fied is used in the far-field radiation
integral. Fig. 2 illustrates the whole computationa
process.

Alternately, we compute the far-field patterns
for each time redization, and Fourier-transform the
result to obtain the sideband information. This involves
more computation but avoids the exit-plane
interpolation. It appears to give better sidelobe results
compared to patterns using the interpolation method.
We have used the more accurate method for the
results in this paper.

V. Satellite M odulation Results

Two realistic communication satellite test cases
have been andyzed here for modulation effects.
Example 1 has a large reflector and operates at 1.5
GHz, Example 2 has a much smaler reflector
geometry and operates a& 4 GHz. The more
chalenging body-mounted HCT configuration is
assumed in both cases. Feed-reflector-HCT geometry
information is based on particular Lockheed Martin
satellites chosen as design reference vehicles.
Modulation results presented first use the steady-state

plume in Fig. 4, described by a cosine series as in [1],
with Eqg. (8) from Section IV. The pattern is calculated
with modulation amplitude factor A = 0.6667, m =1, wy
= 2p(25000Hz), k = 7.854 mtand s = 0.1 rad. This
vaue of k is associated with a plume velocity of 20000
m/s and a radia wavelength of 0.8 m. Fig. 8 presents
visudizations of this modulated plume. The left side of
the figure shows several cross-axis plume dices with
electron-density contours at two times in the cycle
period. The right side shows the computed phase shift
for non-bending rays traversing the plume normal to the
plane of the paper. The phase shift displayed is the
plasma path-length phase relative to the vacuum path-
length phase for a 2 GHz signd. These straight-line
phase shift caculations are performed for plume
visudization purposes only and are done independently
of BeamServer agorithms. For low density, phase shift
per unit length is gpproximately proportiona to ngw.
Fig. 9 contour plots show the phase shift dong straight
lines through the plume for a few azimutha mode
numbers.

Satellite Example 1

Modulation results for the Landmobile body-
mounted geometry initidly discussed in Section IV are
presented first. A set of six time increments over the
40 ns modulation period was Fourier-analyzed. Phase
contours for the series of snapshot exit planes
computed by BeamServer are given in Fig. 10. The
HCT exit postion and direction are indicated on the
first frame of the figure. Rays pass through the plume
twice, first on the path between the feed and the
reflector and again after reflection. In doing so they
pass through the spherica plume density waves in a
complex geometrical fashion. The maximum phase
shift found on the Fig. 10 exit planes along the near
edges of the beam was 28 degrees. The phase shift
oscillation amplitudes on the exit plane are reatively
smal. Fig. 11 presents distributions of mean phase
shift and standard deviation from the mean, derived
from the six exit-plane snapshots. The standard
deviation averages only 15% of the loca mean phase
shift over the entire exit plane. Thisis significantly less
than might be guessed just considering the Dngne
amplitude factor of 0.6667. Evidently, there is a strong
path-integrating effect across the entire plume that
washes out much of the effect of loca ne oscillations.



The standard deviation aso shows an
interesting standing-wave pattern that might have been
expected to average out. Standing waves appear
because of the double path of rays through the plume in
this geometry. As seen by a reflecting bundle of rays,
plume density waves crossng in opposite directions
before and after reflection cause phase interference
which is the standing-wave pattern in the exit plane.

Principal-plane antenna pattern snapshots and
Sdeband patterns for this plume are given in Fig. 12.
The six snapshot patterns are in red and the two first-
Sideband patterns at £25 kHz are in blue and black.
The second sideband patterns at +50 kHz are green
and ted. This color convention is followed in dl similar
figures. There is clearly only a reatively weak
modulation effect that comes through into the patterns.
Some detectable beam jitter can be seen in the
snapshots but the first frequency sidebands are down
from the main lobe peak by - 47 dB for f =0, and by
-58dB for f =p/2. This should be sufficient isolation
in most cases. Fig. 13 shows a blowup of the -3 dB
region of the pattern. The range of -3 dB edge-of-
coverage jitter among the six snapshots is 0.0025
degrees, only 15% of the total plume-on versus plume-
off movement. Thisis abeneficia result for HCT use.

Sengitivity to azimutha mode number for this
example plume was investigated. Other Eqg. (8)
parameters were left the same. Fig. 14 gives the
results for the first sidebands with m ranging from 0O to
2. Thereis very little sdeband height sengitivity to the
value of mchosen.

Findly, in order to illustrate a much more
severe dtuation, the modulation computations were
repeated for the same geometry but with a 20 times
denser eectron plume. These results are given in Fig.
15, where the exaggerated plume now has a dramatic
effect on the antenna patterns. The pattern main lobe
and sidelobes are highly distorted and more jittery. The
main lobe is squinted off from the origind boresight by
0.2 degrees and thereisa 2 dB peak power loss. The
first sidebands increase to only —21 dB and —-35 dB
below the main lobe. This modulation effect would not
be acceptable but, of course, the average pattern is
already unacceptable based other pattern measures.

Satellite Example 2

The second example beam-plume geometry
investigated has a much smdler, shorter focal-length
parabolic reflector 254 m in diameter. This yieds ray
paths that come closer to the HCT. A 4 GHz carrier
frequency is assumed, which is at the low end of our
applications for this particular reference design. The
general arrangement is otherwise similar to the body-
mounted HCT option in Fig. 3. The same rotating
plume ingtability is used asin Example 1.

Results for the f =0 cut are shown in Fig. 16.
The first sidebands were down - 55 dB from the peak
and the second ones fall off the plot. The f = p/2 plot
had ill lower sidebands and is omitted for brevity.
The overdl result exhibits dignificantly less plume
influence than found with the larger Landmobile
reflector example. A case with the plume density
multiplied by 20 was aso run in order to investigate
sengtivities when modulation becomes significant. Fig.
17 shows phase-shift contour plots for the snapshot exit
planes. The plume side-jets can be seen to be the
principa features in the beam. The correlated zones of
oscillation occupy a much larger portion of the exit
plane for this smaller reflector. The resulting antenna
patterns are shown in Fig. 18.  These now have
modulation effects that at least approach significance,
but to a lesser degree than the case in Example 1 with
Ne increased 20 times.

The same exaggerated plume was used in
sengitivity studies varying both the modulation amplitude
A and the mode number m  Results are presented in
Figs. 19 and 20 respectively. A large sengtivity to A is
found, as might be expected. As with Example 1,
however, very little sengtivity to azimutha mode
number is seen in the Fig. 20 sideband heights. Since
this antenna beam is much closer in diameter to the
propagation wavelength of 0.8 m, we found this
surprising. We had speculated that there would be an
increased effect for the more ordered m= 0 plume.

VI. Conclusons

Plume-modulation sideband antenna pattern
prediction provides a useful capability in an overdl
anayticd tool for HCT signal transmission analyss.

Modulated plume effects are studied for a 3
kKW thruster and redlistic satellite systems operating at



1.5 and 4 GHz. Sideband far-field patterns are shown
to be sengtive to the plume modulation amplitude but
insengitive to the azimuthal mode number. Drawing
upon previous plume measurements, this paper has
emphasized a single dominant mode of low order m= 0
or 1. Knowledge of the electron-densty mode
structure will be refined when more data is gathered in
the future.

For the assumed plume parameters and test
cases investigated so far, the modulation phenomenon
is not a highly dominating effect that impacts other
system requirements such as beam pointing error or
sidelobe level. However, it should be afactor in design
trades since it is not generdly negligible. Unwanted
modulation must be quantifiable as one of a number of
plume effects that need to be assessed in particular
satellite applications.
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Fig. 1. Cross-plume transmission spectrum measurement [8].
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Fig. 2. BeamServer modulation model.
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Fig. 3. Landmobile Communication Satellite, HCT mounting options.
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Fig. 4. Steady-state HCT plume before modulation.
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excitation. (b) Center-frequency and sideband patterns in the frequency domain, vertical cut
(zy-plane), modulation amplitude a = p/4. (c) Extremes of beam shift in the time domain.
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Fig. 8. Examples 1-2 modulated plume with rotating instability (m = 1).
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Fig. 9. Examples 1-2 scalar phase shift for azimuthal mode mvarying, t =0, 2 GHz.
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Fig. 11. Example 1 mean and standard deviation of phase shift over 6 exit-plane
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Fig. 12. Example 1 modulated antenna patterns. (a) f =0cut. (b) f = p/2 cut.
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m = 2 (black).
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Fig. 15. Example 1 modulated antenna patterns with 20n, exaggerated plume. (a) f =0 cut.
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Fig. 17. Example 2 exit-plane phase shift contours from BeamServer with 20n, plume,
m=1. The plume side-jets are in the beam.
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Fig. 18. Example 2 modulated antenna pattern with 20n, plume, f = 0 cut.
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Fig. 19. Example 2 modulation amplitude sensitivity with 20n, plume, A = 0.10 (red),
A =0.25 (green), A=0.667 (blue), A=0.98 (black), m= 1, f =0 cut.
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Fig. 20. Example 2 modulation mode sensitivity with 20n, plume,
m=0 (red), m=1 (blue), m = 2 (black), f =0 cut.
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