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FLOW ESTABLISHMENT OVER CONSTRICTOR IN ARCJET
OPERATION
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Shock Wave Research Center, Institute of Fluid Science, Tohoku University
2-1-1 Katahira, Aoba-ku, Sendai 980-8577, Japan

A simple arcjet operation model has been developed
based on a steady-state, quasi-one-dimensional dis-
charge /flow analysis. An operation point is determined
from a voltage minimum criterion. Both the high and
low voltage mode solutions are obtained. In the high
mode, an energy input and output are balanced in
the conmstrictor; the discharge current is attached to
the anode in the supersonic flow region. The voltage-
current characteristic exhibits a favorable decreasing
dependence. In the low mode, the energy input from
Joule heating is done effectively in the subsonic flow
region. Plural solutions which correspond to the re-
spective modes can co-exist.

Nomenclatures
A = cross-sectional area
a = speed of sound
a: = speed of sound corresponding to

stagnation state

= specific heat at constant pressure
= thrust

= Eq. (31)

= ehthalpy

= discharge current

= total discharge current

= Eq. (26)

current density

thermal conductivity

atmic mass

mass flow rate

Nusselt number

pressure

= energy input by Joule heating
= energy loss to anode wall

= gas constant
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(r, 2) = axi-symmetric cylindrical
coordinates

Ta = anode radius

Te = discharge current column radius

T = temperature

u = mass-averaged particle velocity

Va = Eq. (28)

2. = axial location of cathode tip

2y = axial location of the inlet of anode

attachment region

{3 (tilde over a quantity) normalized
value, Eq. (14)

Greek symbols

ay =FEq. (22

aw = Eq. (24)

Azy = axial length of anode attach-

ment section

= specific heat ratio

= density

= electrical conductivity

e

ubscripts
anode
cathode tip, arc column
choking (sonic) point
thruster entrance
constrictor entrance
constrictor exit
thruster exit
choking condition
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Introduction

Arcjet has become a practical electric propulsion
thruster which can be utilized in real space applica-
tions. The reason for this success is partly that it can
operate in a favorable mode with required specifica-
tions. However, it has been reported that the oper-
ation of an arcjet sometimes exhibits two modes; the
so-called ‘low’ and ‘high’ voltage modes. In the low
voltage mode, the discharge current seems to be dis-
tributed mainly upstream of the constrictor; the ex-
haust plume has a relatively-low enthalpy, thereby ex-
hibiting a low thrust performance. In the high volt-
age mode, the current distribution shifts downstream,
enhancing the plume enthalpy and the thrust perfor-
mance. An arcjet is practically useful only in the high
voltage mode. So far, the mechanisms of determining
an arcjet operation mode have not been clearly under-
stood. The operation mode is controlled mainly on
experience bases.

Schrade and Slesiona! constructed a simple but
comprehensive model for arcjet operation, which was
named ‘Dual Channel Model.’ The basic idea of the
model is to separate the arcjet flow into two regions, a
core arc column and a surrounding cold annular pro-
pellant flow, with the nature of the flow being kept
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essentially one-dimensional. Uda et al.? conducted one-
dimensional numerical computation based on a similar
core flow model. In their model, the diameter of the
arc column varies along the axis. Assuming dissoci-
ation/ionization equilibria, different discharge charac-
teristics are obtained depending on the propellant spe-
ceis.

Sasoh® constructed a simple, one-dimensional model
of arcjet flow and numerically obtained the correspond-
ing voltage-current characteristics. Like in the Dual
Channel Model, the flow upstream of the current at-
tachment to the anode is separated into two annu-
lar regions; the inner core corresponds to an arc col-
umn, the outer one to a cold propellant flow. Employ-
ing the Champan-Jouguet deflagration condition, the
choking condition, and hence operation condition, are
self-consistently determined.* The arc column length
and the choking location are determined as a voltage-
minimal point. Although this simple model yields basic
acrjet operation characteristics, it cannot obtain plural
solutions for one operation condition mainly because
the Chapman-Jouguet deflagration is applied by as-
suming that the thickness of the current attachment
region to the anode is infinitesimally small. This sacri-
fices one degree of freedom in the determination of an
arcjet operation, and the possibility for plural solutions
to co-exist vanishes.

Yamada® et al. proposed ‘Cross Flow Arc (CFA)’
model, in which the non-dimensional characteristic arc
column length is evaluated by considering its curvature.
The curvature is co-related with a temperature distri-
bution in the arc column. Experimentally observed
tendencies related to the low /high voltage mode tran-
sition can be well interpreted based on the evaluation
of this characteristic length.

Kuriki® gives another insight into necessary condi-
tions for the high voltage mode operation; in order for
the high voltage mode to be established the electron
diffusion velocity needs to exceed a critical value. The
relation between his criterion and other existing models
is still an open question.

The above-cited previous works treat basically
one-dimensional flows. Multi-dimensional computa-
tional fluid dynamics have been conducted by many
authors.”~2! However, there has not existed any work
in which plural solutions coexist.

The purpose of this study is to construct a simple
model of the flow establishment in arcjets, aiming in
understanding the mechanisms of the existence of plu-
ral solutions corresponding to the low and high voltage
modes.

Model and Basic Equations

Figure 1 schematically illustrates the flow /discharge
model in an arcjet. The whole configuration is axi-
symmectric. The arcjet is composed of an anode
which is in the shape of an converging-diverging noz-
zle, a cathode, and an insulation wall on the upstream
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Fig.1 Arcjet flow /discharge model.

boundary (not shown in the figure). The converging
and diverging sections are connected with a constric-
tor, the radius of which is designated by “r,.” Using
cylindrical coordinates, (r,9,z), the shape of the anode
is uniquely defined by specifying z,, 23, 23, ro, 7, and
r3 with the inlet location of 20=0. The discharge cur-
rent is assumed to flow uniformly into the cathode end
at z = 2.

The arc diacharge path has two sections. One is a
“column section’ where the discharge current flows only
in the axial direction with a uniform current density
over a circular cross-section of a radius .. The other
is an “anode-attachment section’ in z = 2z to 25+ Azy
where the discharge current flows out of the anode. The
radial current density at r = r. is uniform there.

The propellant flows in the axial direction into the
arcjet at the entrance ‘0’, and flows out at ‘3.’ The
inlet and exit of the constrictor are labeled by ‘1’ and
2, respectively. The flow is assumed to be in steady-
state and one-dimensional. The flow is subsonic at the
inlet and supersonic at the exit. The flow is choked at
Z = 2, — not necessarily in the constrictor.

The basic equations for this model are:

- Continuity
d(puA)=0 or puA=m (1)
+ Momentum .
dp+ —du=0 @)
PTA
- Energy
u?
d(h+T)ZdQ1-—dQW (3)

where dQ); and dQw denote an energy input by Joule
heating and an energy loss to anode wall, respectively.




In the present analysis, for simplicity, the propellant
is assumed to be an ideal gas. -

h=—"_RT

p = pRT, 71

(4)
The current density is given by the following equa-

tions:

(a) Upstream of discharge current (20 < z < z,)

dJ

r=J.=—=0

Jr=J2= (5)
(b) Column section (2, < z < z;)

Jr=0 (6)

) Ja dJ
= — _— = 7
72(2) 2’ dz 0 @)

(c) Anode-attachment section (25 < 2 < z; + Azy)

1 dJ

Je(ry2) = T onrdz (8)
. _ 1 , dJ _ Ja
=g w6, =3 ®

(d) Downstream of discharge current (25 + Azy < z <

%) dJ
== o = 0
J J dz 0 (1 )

Being combined with the above equations for the cur-
rent distribution, d@; is expressed such that:

_ dz 2.0 1 Ta dJ\?
dQJ = % l:’fl'rc]z + o In (TC) (dz) (11)

The wall heat loss is expressed by

wk
dQw = XF (1 _1,)d> (12)
™m
The choking condition is?? 23
dQs-dQw _dA _, o Mo (13)

cpT A

Method of Numerical Computation
The key in implementing the present numerical compu-
tation is the numerical treatment of the choking con-
dition. Since the choking point is singular, any numer-
ical error may cause the evolution of a solution which
is physically meaningless. In order to avoid such nu-
merical difficulties, here the numerical computation is
conducted in a semi-analytical manner. The numerical
method is described in detail in another article,?® and
is not repeated here.

For the convenience of numerical computation, the
following quantities are normalized by their values at
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a choking point which are designated with a subscript
‘*’, and are presented with a tilde over them.

R P ~ T . u - A
=—, p= y I'=—F, 4=—, A= —,
P=o p.a? . "~ A,
- h T ~  Q o
h=—=—— ==, 0= — :
a2 -1 a?’ 7 O (14)

A quantity which has a dimension of length, say z, is
normalized by the diameter of the constrictor.

B

z

I

o

(15)

™1
Current and current density are normalized such those
J

. - j
J= T T {0om V2
Ja 7 Ja/(2ry)?

J = —nr2j, (16)
Note here, that the choking does not necessarily occur
in the constrictor.

Using these dimensionless quantities, Eqs. (1) to (4)
are transferred to

puA =1 (17)
dit
dp + < =0 (18)
. W2 N
(it ) = s - ddw (19)
. pT
e 20
p=" (20)

where the dimensionless heat input and loss are ex-
pressed by

5 _ | e 1 (T (AT )]
dQy = 3 lnrc]z+27rln(fc> (di dz  (21)

__J:
ar= 20,1a?r, (22)
dQw = aw k(T — T,)d3 (23)
aw _ N'J k*/(ptcp) (24)

- v—1la.A,/(2r)
The choking condition, Eq. (13), is transformed to

1dQ, - Qw 1dA )
(v 1);‘—&——“25—0 (25)

For a given a;, aw and 2., the computation is
started after assuming the values of %,, 7., %, and
AZ;. An operation point is determined as a potential-
minimal one. An exception is that for the mode A
(described later), 7. is uniquely determined from the
choking condition.
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Fig.2 Operation modes, a. mode A, b. mode B.

In order to comprehend the calculated results, it is
convenient to define a normalized discharge current J,
which is defined as follows:

= Jd/e ayg 9
= = —0 26
Ja= GoaZyy (26)
_ s on
w - 2007’1 maf'o (~ ‘)

Containing values at the inlet, J; is calculated after
conducting the numerical computation, which proceeds
from a choking point both upstream and downstream.

Also, a normalized discharge voltage, V3, is defined
by

eVa do x
ma?, a dQy
t,0 J

§|

(28)

Results and Discussions

Operation modes

Before presenting the computational results, let ar-
cjet operation be categorized into two modes. In the
mode A (Fig. 2a), the choking occurs in the column
section; the discharge current attaches to the anode in
a supersonic part of the flow. In the mode B (Fig.
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Table 1_Condition of calculation

Parameter Value
270 3

273 10

% 1.0

29 1.1

Z3 10.0
Ze 0

y 1.666667
aw 0.5

T, 0.01
P 100

2b), the choking point exists in the anode-attachment
section.

The computations are conducted under the condition
shown in Table 1, separately for the respective modes.
It is assumed that & = 715 and k = T'5. Figure
3a and 3b show the spatial variations of a flow Mach
number, M, and a static temperature, T, for an almost
constant J; in the mode A and B, respectively. In both
cases, the flow is choked in the constrictor; on the up-
stream side, the flow is subsonic and M is increased
mainly due to area contraction. On the downstream
side, M is further increased owing to supersonic ex-
pansion.

In the mode A, Fig. 3a, the flow is choked and stays
unchanged in the constrictor. Applying Eq. (25), the
choking condition in this case is expressed by.

dQy; =dQw for

Equation (29) implies that in the constrictor the energy
input from Joule heating is consumed out to the wall
heat loss. Although the heat loss makes operation of
this mode possible, it is unfavorable for efficiently con-
verting the electrical energy to the propellant enthalpy.
This suggests that in practical designs the constrictor
length should not be made excessively long.

In Fig. 3a, the anode attachment region is in the
diverging section where the flow is supersonic. From
classical gasdynamic relation,2? a Mach number incre-
ment is related to an area variation and a heat input

by
dM 1 vy—1, ,\dA
M T 1-M?2 w[ (]+TM>7

dQs — dQw
T

M=1 (29)

+ 12201+ 9 M7) (30)
In determining the gradient of M, the heat input due
to Joule heating competes with the effect of the cross-
sectional area increment. As seen in the figure, in this
case M continue to increase. In the present anode
shape, dA/A discontinuously increases at the exit of
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Fig.3 Spatial distributions of flow Mach number, M,
and temperature, T. a. mode A, b. mode B.

the constrictor. With smooth variation of dQ; — dC:)W,
in order to keep M continuously increasing past the
constrictor, the choking location needs to exist in the
constrictor, where dA = 0, including its entrance and
exit. If the choking occurred in the diverging section,
the flow would collapse at the exit of the constrictor
because of the sudden increase in dA in the subsonic
flow.

In Fig. 3b, the mode B, the flow is choked at the
entrance of the constrictor. For a given aj, once the
choking location is given, A%; and %; are determined
from the choking condition, and hence a flow solution
is uniquely obtained. In Fig. 3b, the discharge current
is attached to the anode both in the converging section
and in the constrictor. Even downstream of the chok-
ing point, the flow is continuously accelerated due to
supersonic cooling because the Joule heating decreases
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Fig.4 Vi vs. A%y for different ZJ8, mode A.

with decreasing the current density while the decrease
in the wall heat loss stays smaller.

Determination of Operation Conditions

[Mode A]

As is explained above, in the case of the mode A it
is reasonably assumed that the choking occurs over the
constrictor. The rest parameters to be determined are
Zy, AZy and 7. 7. directly controls the current density,
2, and affects dQ ;. Tt is uniquely determined from the
choking condition.

Figure 4 shows the dependence of V3 on 3; and A3,.
For a constant Z;, there exists a voltage minimal point
for a Az;. The minimal value decreases with decreas-
ing Z;. Therefore, under the present operation condi-
tion, 2; = 2, with the value of AZ; which corresponds
to the voltage minimum criterion.

Figure 5 shows the variation of A%; and . in the
operations thus determined. For small Jgs, AZ%; in-
creases. Increasing J; past a certain value results in a
decrease in A%;. 7. monotonically increases with in-
creasing J4; with increasing the discharge current the
choking condition requires alleviation of the Joule heat-
ing by thickening the arc column radius, or by decreas-
ing the normalized current density. 27. can theoreti-
cally increase up to unity. However, from the practical
point of view, the value of . is limited by the so-called
‘thermal pinch’ effect; at least near the cathode tip the
arc column is surrounded by a cold propellant flow and
the radius of the arc column is limited. In order to take
this effect into account, 27, is assumed to be equal or
smaller than a certain value; in the present study the
maximum value is set 0.5.

[Mode B]

In the case of the mode B, 7. is not determined from

the choking condition. However, in the present model
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Fig.5 A%; and #. as a function of Ji, mode A.

Viis a decreasing function of #.. Therefore, from the
voltage minimal condition 27, is assumed to equal to
the set maximum value, being assumed to be 0.5 in this
study. Figure 6 shows the variation of the anode at-
tachment region with a given AZ;. Once A3, is given,
the choking condition yields a unique value of 7., which
is determined from Z;. A physical solution can be ob-
tained as long as the entrance of the discharge region
exists at or downstream of the cathode tip and its exit
exists in or downstream of the constrictor. If the exit
existed in the converging section, the flow would not
have a smooth solution past a sonic point. This condi-
tion limits the possible range of AZ; value.

In Fig. 7, Vys are plotted as a function of AZ; for
various values of aj. The operation condition is deter-
mined as a potential minimal point. For small a s, V;
has a minimum for the smallest value of AZ;. However,
for intermediate values of AZ; (=0.30 and 0.35 in Fig,
7), Vi has another local minimum in between. Increas-
ing ay further (> 0.40), V4 begins to have a minimum
for the largest value of AZ;. From such characteristics,
the mode B operation is subdivided into three sub-
modes depending on the value of AZ; for a minimal Vi
In the mode B(1), V4 becomes smallest with the small-
est value of AZ;; in the mode B(3) with the largest

value of it. In the mode B(2), V; becomes smallest in
between.

Figure 8 shows Vis as a function of J; for two chok-
ing locations, the entrance (2, = %) and exit (2, = 2;)
of the constrictor. As seen in this figure, V; is always
lower with Z, = %, than with 2, = 2. With increasing
3,, V43 monotonically increases. Hence, under an oper-
ation condition in the mode B, the choking point exists
at the entrance of the constrictor.
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Opeation Characteristics

Figure 9 shows V;s as a function of Jy correspond-
ing to the respective operation modes. For a small J4
(< 0.01), solutions of the mode A and B(1) co-exist. In
the mode A, the V;-.J; characteristic exhibits a decreas-
ing dependence. In practice, the operation with this
discharge characteristic becomes stable if a constant-
current power supply is used.?4 Although V is lower in
the mode B(1), that increasing dependence on the cur-
rent does not match with the constant-current power
supply characteristic.
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Tt is not clear for larger J,s if a physical solution ex-
ists or not, or if yes which mode corresponds to it. As
seen in Figure 10, in the mode B(1), Joule heating is
distributed mainly in the subsonic region, and termi-
nates almost at the entrance of the constrictor. In the
mode B(2) and B(3), it continues past the sonic loca-
tion. However, the net energy input becomes negative
in the supersonic flow region because of the dominating
heat loss to the anode. In the mode B(3), the discharge
current attaches to the anode from the cathode tip and
the attachment region is relatively wide, spreading even
over the diverging section.

N
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A dimensionless thrust F is defined by

F J PpdA

F= =
poazoAr  ypo (14 L5 ME)

Q)]

Figure 11 shows the variation of F as a function of Jy.
On one hand, in the mode A and B(1), F becomes an
increasing function of J;. On the other hand, it be-
comes a decreasing function in the mode B(2) and (3).
In most of practical arcjet operations so far reported,
it is an increasing function. Therefore, the solution of
the mode A presented here qualitatively agrees with
common experimental observation.



Model Applicability

As seen above, this model yields qualitatively-
reasonable solution for the mode A. However, under
the present operation condition, the fraction of the en-
ergy input from the Joule heating is of the order of 10
% of the total energy input, which is mainly supplied as
the static enthalpy of the propellant. Such operation
is practically useless because the arcjet performance
is not vastly enhanced by the electrical energy input.
So far, more realistic solution is not obtained mainly
because 7. reaches the upper limit before sufficiently
increasing Q. This problem is caused by the simple
treatment of the flow field, in which radial variation of
flow properties is neglected. This difficulty is thought
to be overcome by modifying the present model to such
a more-realistic one as the Dual Channel Model. The
problem is how to employ such a model without losing
reasonable simplicity of the analysis.

Conclusions

A simple arcjet operation model has been developed
and the possibility of the existence of plural solutions
are demonstrated. An operation point is determined
from the voltage minimum criterion for each operation
mode. In the mode A, an energy input and output are
balanced in the constrictor; the discharge current is at-
tached to the anode in the supersonic flow region. The
arc column thickness is uniquely determined from the
choking condition. The voltage-current characteristic
exhibits a favorable decreasing dependence. The mode
B is subdivided into three sub-modes, depending on
the condition for voltage minimum. At a constant dis-
charge current, a voltage in the mode B(1) is lower than
that of the mode A, while the former has an increasing
dependence on the discharge current. The mode A and
B qualitatively reproduce some important characteris-
tics of the high and low voltage modes, respectively.
Quantitative agreement warrants further modifications
of the present model in particular on treating the radial
variation of flow parameters, and by including particle
diffusion from a discharge column as is done in Kuriki’s
model.8
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