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Particle-In-Cell Modeling of Thruster with Anode Layer (TAL)

James J. Szabo, Jr.*! Manuel Martinez-Sanchez! and Oleg Batishchev §
Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

An anode layer type Hall thruster was numerically modeled using 2-D Particle-in-Cell (PIC) methodology. Az-
isymmetric R-Z coordinates were used with a non-orthogonal variable mesh to account for important small-scale
structures in the device. Electron, ion, and neutral dynamics were treated kinetically. Scattering and ionizing col-
listons were accounted for. The electric field and sheath structures were treated self-consistently. The stmulation
proceeded on the electron time scale to study high frequency instabilities. Preliminary results are presented.

Introduction

With higher thrust densities than ion engines and
specific impulses between one and two thousand sec-
onds, Hall thrusters are useful for many on-orbit
applications including North-South station-keeping,
East-West station-keeping, orbit re-phasing, and orbit
transfer. Originally developed in the 1960’s, the first
successful on-orbit test of the SPT was completed in
1972. For over a decade, Soviet/Russian spacecraft
have used the SPT for station-keeping and on-orbit
maneuvering.

Most flight Hall thrusters have been of the ”Station-
ary Plasma Thruster” (SPT) type, meaning the walls
of the ionization and acceleration channel are made of
an insulating material. These thrusters have been suc-
cessfully modeled at MIT and elsewhere. Lentz used
a one-dimensional numerical model to accurately pre-
dict the operating characteristics and plasma param-
eters in the acceleration channel of a Hall thruster [7].
Fife built a 2-D model of the SPT-100. [2]. His code
was then extended to include detailed wall effects [3]
and applied to different geometries [12].

Fife’s Hybrid Particle-in-Cell (PIC) simulation
treats ions and neutrals as particles, and and elec-
trons as a fluid [2]. It assumes the Electron En-
ergy Distribution Function (EEDF) in the plasma
is Maxwellian, centered about some electron tem-
perature T. which is assumed constant along any
given magnetic streamline. However, experimental
data suggest that the EEDF in a Hall thruster is
not Maxwellian, and that gradients exist along some
streamlines. The PIC/Monte-Carlo/DSMC simula-
tion of Hirakawa treats ions and electrons as parti-
cles [4]. The EEDF starts out Maxwellian, but a
non-Maxwellian develops as elastic and inelastic (ex-
citation, ionization) collisions with neutrals and ions
are accounted for. Neutrals are pre-simulated using
DSMC, and a density gradient due to ionization is ap-
plied. Recombination at surfaces is not considered.
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An artificial mass ratio is assumed.

The less common ”Thruster with Anode Layer”
(TAL) type Hall thrusters have conductive accelera-
tion chamber walls. These walls carry a floating po-
tential and are insulated by the plasma by a sheath.
TAL’s and SPT’s have comparable performance, but
TAL’s show less lifetime limiting erosion. Further-
more, metals have less less secondary electron emission
than the dielectrics used in SPT walls. Thus, there is
less heat loss to the walls, yielding thinner ionization
layers. At MIT, Khayms built a miniaturized 50-Watt
TAL thruster [6].

The subject of this paper is a full PIC/Monte-Carlo
numerical model of Khayms TAL thruster. The sim-
ulation includes ionization, scattering, recombination,
and heavy particle dynamics. It proceeds on the elec-
tron time-scale to capture high frequency dynamics
and provide a snapshot of the Electron Energy Dis-
tribution Function (EEDF). All particles are treated
kinetically, and physical masses and charges are as-
sumed.

Length and Time Scales

Khayms mini-TAL Hall thruster is shown in Figure
1. Operating characteristics are shown in Table 1 [6],
where SPT-100 data are shown for comparison.

SPT-100 | mini-TAL
Propellant Xenon Xenon
Diameter (mm) 100 4.8
Mass Flow Rate (mg/sec) 5.3 .13
Voltage 300 300
Anode Power (W) 1350 50
Thrust (mN) 83 2.2
Isp (sec) 1600 1700
Efficiency .48 .32
Magnetic Field (T) .02 .5

Table 1: Empirical performance of the SPT-100 and
design performance of mini-TAL Thruster.

We now estimate the basic length and time scales
assumed in the simulation. These are collected in Ta-
ble 2. The nominal flow velocity of ions in the ioniza-
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Figure 1: The mini-TAL.

tion region is estimated to equal the acoustic speed,
vsi = \/ksTe /M, Choosing an appropriate plume area
Sp, and utilization efficiency ,e,, we can thus estimate
the plasma density, n,, in the throat. We estimate
the nominal density of neutrals at the anode exit, np 0,
from the area of the anéde, s,, the temperature of the
anode, Tonoge = T, and the mass flow rate through
the anode, m.

= €ut _ 2m 1)
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Here, ¢/2 is the mean flow speed to the right of a
half-Maxwellian entering the simulation region at the
anode exit plane, and ¢ = 4/mvhe. is the mean
neutral thermal speed, Typical electron temperatures
are on the order of 50-eV, while anode temperatures
are closer to 0.1-eV. Thus, the neutral density at the
anode exit is estimated to be about 10 times the max-
imum plasma density.

The electron density allows us to calculate the
plasma frequency, wpe = y/47n.e?/me., and the De-
bye length, Ap = \/kT/4rn.e?. In CGS units, Im-
portant length scales include the electron cyclotron
radius, rce = Meven,ec/eB, the ion cyclotron radius,
Tei = Mwvic/eB, and collision mean-free-paths.

Normalized Unit System

Super-particles (groups of ~ 10° particles) are used
in order to speed up computation. First, a target num-
ber of particles, TARGET, is chosen. This number
depends on the number of grid cells in the simulation;
we need good statistics in all cells. From the total vol-
ume of the simulation region, Vio:, we then calculate
the size of a super-particle, [size]:

ne,o ‘/tot
TARGET )

All equations and quantities are normalized using
the constants shown in Table 3. The fundamental
unit of mass is [m] = m. such that super-particle
masses are 1. = 1[size], Mixes = Tuc[size], and

[size] =
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Parameter Symbol Real Code
Electron Temperature Te 50 -
Neutral Injection Temp. Te .1 2
Ion Sonic Speed Vgg 6e5 -
Plume area Sp 7.54e-2 -
Plasma Density Neo 8.8el5 | 8.8el5
Neutral Density Tin,on 6.9e16 | 1.5e16
Debye Length Ad .00177 .0177
Characteristic Length L/Ap 135 13.5
Neutral Lifetime (w;,_,l) T 1.8e6 42,000
Elec Mean Thermal Vel. Ce 4.7e8 -
Electron Gyro Radius Tce 4.8e-3 -
Ion Gyro Radius Tei 1.7 -
Electron Plasma Freq. Wpe 1.7e11 | 1.7el0
Elec Cyclotron Freq. Wee 8.8e10 -
Ion Cyclotron Freq. Wei 3.7e5 -

Table 2: Estimates of various lengths, velocities, and
frequencies in the channel of the mini-TAL. All units
CGS except T. and T}, which are in eV.

units base
charge [a] e
mass [m] me
distance [x] Ap
time [t] Wpel
velocity [v] Vihe/V2
electric field [E]  VAdrnem.[v)
magnetic field | [B] VATnemec

Table 3: Normalization Constants. Note that [v] =

tif (21 = e, and () = ]

Mxeo = ZEt[size]F, where F is an integer constant.
(Neutrals are F times larger than charged particles
because neutral and plasma densities are observed
to differ by an order of magnitude). Analogously,
he fundamental unit of charge is [¢] = e such that
¢ = *1[size]. Distance is measured in nominal Debye
lengths, [X] = Ap and time in inverse plasma frequen-
cies, [t] = w,.!. The fundamental unit of energy is
the nominal electron temperature. To transform from
normalized units to CGS units, we simgly multiply by

the normalization constants,e.g.: £ = E[E]. In a con-
trol volume, § = (N; — N.)[size] such that Poisson’s
equation may be written:

fE-dé =GnAd) ! (3)

where [neA}] is the nominal number of particles per
Debye length.

Speeding up the Neutrals

At the “correct” neutral temperature (~.1-¢eV),it
will take the neutrals on the order of a million plasma
times to cross the simulation region from the anode to
the exit plane. Since we desire to run the simulation
on an ordinary workstation, we speed up the neutrals
two ways.



First, we simply increase the temperature of the
neutrals at the anode exit plane. However, continu-
ity says that the neutral density scales with 1/\/T,.
To ensure enough ionization and scatterin , CTOSS sec-
tions should be increased by a factor of \/! Tn/Tactuar-

Second, we alter the physics of the universe: We
increase the free space Permittivity constant e, by a
factor %

& =€’ 4)

This should slow down the plasma dynamics and in-
crease the the sheath thicknesses, as noted in table 4.
A factor of 42 = 100 increases the physical time-step

Parameter Symbol | x-Factor
plasma frequency Wpe 1/y
Debye length Ap ¥
time t] %
distance [x] ¥
velocity [v] 1
electric field [E] 1/
magnetic field [B] 1/v

Table 4: Effect on reference values of increasing per-
mittivity by a factor of v2.

by a factor of 10, which means that neutrals cross the
grid in (for instance) 50 thousand iterations instead
of 500 thousand. It also increases the Debye length,
giving us greater resolution and decreasing numerical
errors and instabilities. Unfortunately, this trick has
limits: We still want the time-step short enough to re-
solve the gyro motion of the electrons. Unless we alter
the strength of the magnetic field, this limits us in our
case to v2 = 100.

The Numerical Model
The basic structure of the code is as follows:

Pre-computation:

- Calculate Time-invariant magnetic field
-- Dexter Magnetics

- Make Grid

Call "pic"

- Initialize variables

- Calculate normalization constants
-- based on nominal conditions

- Load grid and normalize

- Assign boundary materials

- Seed neutrals, electrons, and ions
-- Maxwellian initial distributions

- Get moments of initial distribution
-- demnsity, bulk velobity, temperature

- Interpolate B-field onto grid

Begin iterating
- Calculate the charge distribution

- Solve Poisson eqn. for electric potential
- Calculate E-field
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- Move neutrals
~- create stream at anode
-- apply boundary conditioms
-- make ions & low energy electrons
- Move electrons
-- scatter
-=- ionize
-- apply boundary conditions
-=- collect charge at walls
—= create stream at cathode
- Move iomns
-- apply boundary conditions
-- collect charge at walls
- Sum kinetic and potential energies

Continue iterating

Postprocess data
- Save data
-~ Clear variables

Time-Step

The stability of typical PIC schemes requires a time-
step on the order of the inverse of the plasma fre-
quency. This means &~ 10~® seconds for the ions, and
~ 10~ seconds for the electrons. The time-step also
needs to be short enough to resolve the electrons’ gy-
roscopic motions. The leapfrog method has error, with
the error vanishing as (At)? — 0. [1] The error terms
dictate a choice of w,At < .3 to accurately observe
oscillations or waves for some tens of cycles.

Grid

Grid spacing should be fine enough to resolve a De-
bye length, in order to measure the charge density and
thus calculate the electric field [1]. After changing €,,
a 25 x 25 grid yields better than a Debye length of res-
olution. We improve statistics near the centerline by
increasing the “height” of the cells. Cells far from the
centerline have a constant volume in three dimensions.

Magnetic Field

The magnetic circuit in the thruster was designed
by Dexter Magnetics, who provided a mapping of the
field. This field was bilinearly interpolated to our nu-
merical grid. The field is shown in Figure 2.

Seeding the Field with Initial Distributions

Initial Maxwellian particle distri-
butions are achieved by using the rejection method
for position, and the Box-Muller transformation for
velocity [9]. A half-Maxwellian is assumed for neu-
trals entering the system at the anode and electrons
entering the system at the cathode. Anode neutrals
are given an initial temperature of 1 or 2-eV in order
to speed up their diffusion across the numerical grid.
This will widen the ionization zone unless the ioniza-
tion cross section is increased to compensate. Cathode
electrons are given a temperature of 0.2-eV. Maxwell’s
equations, elastic and inelastic collisions with the walls
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Figure 2: The magnetic field of the thruster. Nominal
field strength is 5000 Gauss (0.5 Tesla). The anode
is on the upper left hand boundary. The free space
boundary is to the right.

and other particles will alter their distribution. Elec-
trons are not created exclusively at the cathode; low
energy secondary electrons are created in the center of
the plasma through ionization events.

Interpolation and Computational Coordinates

All positions in the computational domain are as-
signed two sets of coordinates: Real coordinates, cor-
responding to the location in Z-R space, and compu-
tational coordinates, which are integers values at the
nodes. Bilinear interpolation (weighting by areas in
computational coordinates) is used to map real coor-
dinates to computational coordinates, and vice versa,
as per Ref. [10]. It is also used to weight particles to
the grid nodes, where the field equations are solved,
and to weight the fields back to the particles.

Calculating the Electric Potential

The electric potential is calculated using finite ele-
ments and the integral form of Gauss’s Law. To es-
timate each ¢f:}l, we use a 9 point successive over-
relaxation (SOR) scheme which accommodates both
Cartesian and elliptic grids . Machine level precision
is achieved on our grid in less than a thousand itera-
tions.

Once the potential ¢: is determined, the electric
field £ = —V¢ is calculated using finite differences.
The field is then interpolated to the particles.

Moving the Particles

The leapfrog method of Boris is used to time-step
the particles forward [1]. This involves separating the
Lorentz force into electric and magnetic components.
First, the electrjc and magnetic forces are intgrpolated

to a particle. (B is assumed invariant, while £ changes
each time-step.) Next, the particle takes half an elec-
tric time-step, followed by a a full rotation according

to B, and then another half electric time-step. Fi-
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nally, we transform coordinates and velocities; a par-
ticle with only a # component of velocity would be seen
to move outward in radius. As a particle is stepped
forward in real coordinates, it is tracked in computa-
tional coordinates, £ and 7, and boundary conditions
are applied, if applicable.

Boundary Conditions

At the free space boundary, neutrals and ions are
deleted. Electrons are collected and those which
match up closest in position with ions are deleted.
Thus, no net current passes out of the control volume.

At the anode, electrons and ions are collected; the
net charge (the anode current) is re-emitted at the
cathode. Ions which hit the cathode are neutralized.
Neutrals bounce off the cathode and anode.

At the floating wall, all electrons are destroyed and
all ions are neutralized. The net charge determines
the floating potential through a pre-computed capac-
itance. The center pole and the outer wall are electri-
cally connected and sit at the same potential. Neutrals
bounce off both.

The gaps between the anode and center pole, the an-
ode and outer floating wall, the wall and the cathode,
and the cathode and free space boundary are mod-
eled as insulators. Ions are neutralized, and the clos-
est impacting electrons are neutralized to compensate
charge. Other electrons and neutrals are reflected.

Any particle which encounters the centerline is re-
flected. This is an extremely rare event; it only occurs
for particles with zero angular momentum.

Tracking the Electron Distribution

The positions and velocities of the particles are
tracked in any PIC scheme. In addition, we subtract
the mean velocity in each cell and calculate the kinetic
energy of the remainder, thus generating T.. This is
done separately for each direction.

Inter-particle Collisions

The electrons gain and lose energy and momentum
during elastic and inelastic collisions with other parti-
cles. This will have a thermalizing effect on the elec-
tron population. Both neutral to singly charged xenon
ionization, and electron-neutral collisions are consid-
ered in this simulation. Coulomb and excitation colli-
sions are not considered.

The simulation treats jonization in two major steps.
In the first step, energy is subtracted from the elec-
trons. In the second, ions are created from neutrals.
Scattering is treated in one step, during the electron
loop.

Electrons

The reaction rate between two species can be ex-
pressed as a function of their densities, relative veloci-
ties, and a cross section: Rj2 = ninavi2o12. Given an
electron of velocity ¥ and a slow neutral background
of density i, [size], the frequency with which one elec-
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tron interacts with the background is:
v = 967in[size] (5)

Each time we move an electron, we calculate the prob-
ability of an ionization or scattering event happening
in that time-step: p=1—e 2. We compare this to
a random number. If R(0 — 1) < p, an event occurs.

If a scattering event occurs, the electron retains its
initial speed (and energy), but is reflected in a random
direction. This aids diffusion across the magnetic field.

If an ionization event occurs, the ionizing electron
loses some energy, but continues on in the same di-
rection. Considering kinetic energy only, E; = E, —
12.1eV where we note that 12.1-eV is the first ioniza-
tion energy for unexcited Xenon. A secondary electron
with a random velocity direction will be created at the
neutral location during the neutral loop (see below).
Ionization events are tabulated as they occur such that
we arrive at Ny, (z,7) due to ionization after each time-
step. We weight the event to the nearest grid node.

We do not currently consider excitation/radiation
collisions. This has the effect of increasing the ioniza-
tion.

Neutrals

After cycling through the electrons on any given
time-step, we know Nn(z,r), which is the number of
neutrals which need to be ionized as a function of
space. As we move the neutrals, we calculate a prob-
ability of ionization: p = Ny (z,7)/Nn(z,7) and com-
pare it to a random number. The ionization rate N, is
maintained as a static variable such that the number
of events is conserved. Hence if the ionization rate in
a given cell in a given time-step from this method is
insufficient, the tally is maintained for the next time-
step, when more ions and electrons are created.

When an event occurs, we create an ion with the
parent neutral’s velocity, as well as a low energy elec-
tron. Recall that neutral super-particles are an inte-
gral factor F times larger than charged particles; if
F > 1, then F - F — 1, while if F = 1, the neutral is
deleted. . Larger neutrals continue on their way a bit
smaller, but spawn an ion and electron nevertheless.
Ions and electrons are always of size one.

Cross Sections

Ionization probabilities are calculated directly from
the experimental cross sections detailed in reference
[11] (Figure 3). The experimental data was fitted to
2nd and 3rd order polynomials. Here, only the neutral
to Xe+ 1 transition is modeled.

Cross sections for scattering are based upon data
from Brode (1933) which is presented in McDaniel [8]
(Figure 4). The data was again fit to a polynomial.

Diffusion

In Hall thrusters, diffusion of electrons toward the
anode is thought to result from classical diffusion,
ionization, wall effects, and azimuthal plasma waves.
Since this model is axisymmetric, azimuthal wave ef-
fects are not considered. Wall effects such as secondary
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Figure 3: Ionization cross sections: Experimentally
measured cross sections for the neutral to Xe*! (top),
Xe*? (middle) and Xet? (bottom) transitions, along
with 2nd and 3rd order polynomial fits for the neutral
to Xe*! transition. Cross section for Xe*! transition
is assumed constant above 62-eV. Also shown is total
of all three transitions (circles).
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Figure 4: Electron-neutral cross section as a function
of incoming mono-energetic electron energy.

emission are also not included, which is appropriate for
metallic walls. Thus, diffusion in this model results
from ionization and electron-neutral scattering.

Testing the Code

Particle Mover

We tested the leapfrog algorithm by tracking single
particles with electric field only, magnetic field only,
and a combination of the two. Cyclotron motion and
ExB drift were successfully observed to high levels of
accuracy. Several of the tests performed will be dis-
cussed.

The magnetic part of the Lorentz Equation is a ro-
tation of the velocity vector about a magnetic field
line. We tested the accuracy of the solver by taking
the magnetic field to be entirely along the different
axes. For instance, we let the B-field be entirely in
the 6 direction. We place one electron in the center of
the domain, giving it velocity ¥ = v, = 1.0. Then we
step the electron position forward by 150 time-steps,
at At = .25 . The resulting position trace is plotted in
Matlab, and a fast Fourier transform is performed to
confirm the result (See Figure 5). The particle cycles
back on itself 6 times without appreciable error.’

We also tested for the guiding center’s ExB drift.
TeExp = E x B/B*. Welet E=E, =3.0,and B =
Biheta = 5.0, and start with an electron initially at
rest. The drift velocity of gxp = 0.6i, is successfully
reproduced (Figure 6).
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Figure 5: Cyclotron motion of a single electron. In
normalized units, wee = B and wei = -

Electron in field of Ba5, dt=25

T T T T 80

it of position (150 steps)

80+

75F o -

~
=
T

@
o
T

Radial direction R
@
=]
T

551~

50

asb i ]

i . J L
60 [ 70 s 10° 107 107 10°
Axial direction Z frequency(cyciestimestep)

Figure 6: ExB drift of a single electron.

Potential Solver

We tested the accuracy of the potential solver on a
function which is periodic in z and r:

Tz na7mr
) + Creos(

F = Czcos(nz Z

)+C  (6)

We used this function to produce a charge density pe,
then used that charge density to calculate the charges
at the nodes gi,;. We then worked backwards to find
¢ numerically and compared. To mimic the boundary
conditions of a TAL thruster, we chose constants C.,
L., C;,and L, such that ‘%’E = 0 on the outer (r = L,)
and inner (r = 0) boundaries, and %—f = 0 on the
right hand side boundary (2 = L,). The number of
maxima and minima was controlled by varying n; and
ny. High order functions show deviations (%—:’l.—i) of 1
percent on both Cartesian and elliptic grids, while low
order function show deviations << 1 percent.

Plasma Oscillations

To test the code, we look for oscillations at the
plasma frequency. We start by placing 100,000 zero
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energy electrons in the simulation, using the rejec-
tion method to achieve a uniform density distribution.
Next we create a zero energy ion for each electron, giv-
ing it the same position. Then we perturb the simula-
tion by displacing all of the electrons in some grid cell
by some 6z or ér. These electrons still have zero ve-
locity. The results of the perturbation test are shown
in Figure 7. For this test, all particles are bounced off
the walls like billiard balls.

After each time-step, we calculate the kinetic and
electric (potential) energy densities. These should os-
cillate at twice the plasma frequency; the period of the
oscillations, 7 should be .

Electrostatic Oecitations: At-z/m”

10 12
Time (Vo)

Figure 7: Oscillation Test. The kinetic and potential
energies are plotted alongside their fast Fourier trans-
forms. A period of 7 is clearly shown.

Numerical Heating

The PIC simulation conserves momentum, but not
energy; non-physical heating of the plasma occurs.
Such heating in electrostatic simulations has been de-
scribed by Hockney [5] and others. This heating may
be observed by creating an initial thermal distribution,
closing the boundaries such that no particles may es-
cape, and letting the plasma oscillate. The rate of
energy increase is observed to depend on time-step,
grid-spacing, and particle count. The rate of heating
observed for the chosen parameters is about 1 percent
per 10 thousand time-steps. The sum of the charges
over all the nodes is observed to fluctuate from pos-
itive to negative and back, yet the mean is of order
O(107'3), which is nearly zero to machine precision.

Preliminary Results

Preliminary results indicate that the model works
as expected, with the caveat that we are still in the
process of reaching a “converged” solution.

We begin the simulation by allowing a plume of neu-
trals to expand from the anode with a long time-step
until we approach a steady state, Figure 9. Next we in-
troduce a background plasma at 50-eV. This “ignites”
the neutrals. A high density plasma develops in the
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near anode region (Figure 10) and the ions accelerate
toward the free-space boundary under the influence
of the electric potential ( Figure 11). The simulation
shows a high density cone developing near the axis.
Electrons compensate the ions and leave at the right
hand boundary. A cloud of electrons develops in the
near-cathode region (Figure 12). Some of these elec-
trons escape out the free space boundary to compen-
sate the ions. Others diffuse inward. Some are drawn
into the wall, where they counterbalance ions to de-
termine the wall potential. Cathode electrons gain
energy as they scatter across the potential difference.
The electron temperature along the coordinate axes
is modified with collisions, etc., (Figures 13, 14, 15.
These figures do not represent a converged solution.

Anode current, thrust, average electron and ion
temperature, and other predicted quantities are saved
at each time step. Thus, the time history of the
thruster can be viewed with ordinary plotting pro-
grams.

Future Work

The simulation region will be expanded to include
the diverging exit region of the thruster. This will alter
the shape of the potential drop. Excitation collisions
will be added, which will result in radiative losses. The
run time will be increased to search for either a steady
state or a repeatable oscillatory regime.

outer magnetic pole

wsulator |

Tl

wsulatur
SIMULATION REGION

free space boundary

inner
magnetic
pole
centerline

Figure 8: Details of the simulation region.
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Figure 9: Neutral plume before ionization begins.
Neutrals are produced at the anode and time-stepped
200K nominal plasma times for an initial distribution.
Units are [size]/A}. 50K particles
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Figure 10: Ion distribution after 25K plasma times
Units are [size]/A}, (super-particles per Debye length).

Figure 11: The electric potential in volts. The anode
is at 300-V, the cathode at 0-V. The wall potential has
here been limited to no less than 50-V.
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Figure 14: Radial electron temperature (eV) after 25K

plasma times. 11K particles
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