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Abstract

The problem of simulation of a plasma discharge
in Hall accelerators with the closed electron drift
(ACD) is sufficiently actual and the rather large
number of activities is devoted to it. The numerical
simulation of plasma flow in ACD channel is usually
reduced to the solution of a set of differential
equations of plasma dynamics in one or other
approach with the appropriate boundary conditions.
Just with a definition of boundary conditions they
have the main difficulties. Earlier the attention did
not pay to this problem, therefore in the present
report we explain what is the essence of the boundary
conditions problem and show how to decide it.

Introduction

In our days very promising thrusters for
manoecuvring of space vehicles in near-earth space
are the thrusters based on Hall plasma accelerators,
more exactly, their variety - accelerators with the
closed drift (ACD). The plasma acceleration in ACD
happens in crossed electrical E and magnetic B
fields. The large attention from the moment of
appearance of the first ACD was given to the
research of processes in the acceleration channel, as
just these processes determine an overall performance
of the accelerator.

A great deal of activities concern to the area of
numerical simulation of plasma flow in the
acceleration channel ', However, in view of some
new sights and ideas appeared on processes in ACD
>% the problem of simulation of the plasma motion in
the channel remains actual. In this report the closed
set of equations of the plasma motion in the channel
is obtained, and also, that it seems more important,
the new original method of its solution is offered. It's
novelty is, that instead of looking for numerous
boundary conditions, which are necessary for the
solution of a system of differential equations, but
essentially there is no way to find its, we managed to
solve the system, leaning only on those parameters
(consumption G and discharge voltage U), which
determine the real operation mode of the accelerator.
Further in the report the analysis of outcomes of the
numerical solution of the set of equations and
comparison of obtained parameters of plasma with
the experimentally measured data is carried out.

1. Set of equations of plasma dynamics for ACD

We suppose the acceleration channel is located
between two coaxial cylinders with radiuses R and r.
The gas supply happens through the annular anode
located between cylinders. Longitudinal (axial)
coordinate x is counted from the anode in the
direction of the cathode, which is located behind the
exit of the acceleration channel. The external radial
magnetic field B has its maximum in the region of
the channel exit.

If channel walls are made from metal, we have the
accelerator with an anode layer (ALA), if -from
dielectric, - the accelerator with the closed drift of
electrons and extended zone of acceleration (ACD).
We shall give main attention to ACD, that
corresponds to more general case of plasma flow in
the channel, as it is necessary to take into account the
interaction of electrons with walls, while in ALA the
walls are usually under a potential of the cathode and
the electrons do not go on them.

1.1 Equation of continuity

Suppose atoms move from the region of the anode
with a constant velocity V, equal ~ 1/4 of their
thermal velocity, and their temperature is determined
by the temperature of channel walls. In a reality their
temperature will vary slightly because of electron -
atoms collisions and the processes of charge
exchange between ions and atoms.

The ions are born in volume in ionization
processes, and perish on walls, being transformed in
atoms. If V. is the mean velocity of ions in the
direction transversely on the wall, the loss of ions on
walls will be equal

w=2nV, /b (1)
where b = (R-r) - width of the channel. For an
evaluation of the of ionization velocity we shall take
advantage of approach of instantaneous ionization °

3/2 -
porA——R -T2y
JI B - Ey T,
Where a C has
I =4v2ne /dmRy3/2 21731077 em’s; T is the
temperature of electrons; A - parameter which
depends from T (A ~ 1); (E;-E,) — the power interval

numerical factor value
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As temperature of electrons in ACD can reach
several tens eV, we shall take into account in
equations twice ionized ions. And in case of their hit
on walls of the channel they as well as the single-
valued ions recombine and leave in volume as atoms.
Then the equations of continuity for atoms, ions and
twice ionized ions will look like

(nV,)'=St +St, —nn B 3)

(V)= nn,B-St —nnp, =T, “

(nVy))'=nnB, -5t =T, 4)
nly, nl,,

where St =2 St, =2 - flows of single-
valued and twice ionized ions on walls, respectively ;
n, n, m, np - concentration of electrons, atoms,
single-valued and twice ionized ions, respectively;
Va, Vi, V2 - velocity of atoms, single-valued and
twice ionized ions, respectively;
P1 - velocity of of single-valued ions being ionzed to
twice, computed on the formula similar to (2).

For electron components, accordingly, we obtain

-(nV,)'=nn,pB-St +nnf, -25t, (6)

where V - the absolute value of mean velocity of
motion of electrons. A consequence of equations (3-
5) is the constancy of the mass consumption G
through a channel

m=nV, +nV, +n,)-Mr(R* -y (7)
In turn, a consequence of equations (4-6) is the
preservation of the full current J along the channel

J =V, +nV, +2nV,) -en(R* —r?) ®

1.2 Equations of motion

In view of a scarcity of collisions the own pressure
of heavy particles in equations of motion can be
neglected. Then the equation of motion of atoms is
reduced to a condition V, = const, and the equations
of motion for ionic components are the following

(nVMV)) =eEn, 9

(nV,MV,) = 2eEn, (10)
If the number of ions did not vary during motion
((nV) ' = 0), we would simply have the equation of
motion for a single ion in the electrical field (MVV '
=¢E).

The time of motion of electrons on the Larmour
circles is much less than characteristic times of the
considered problem. Then instead of the equation of
motion of electrons it is quite enough to take
advantage of the result of the solution of the classical
problem of electrons motion in the crossed magnetic
and electrical fields'®. From it follows, that the mean
velocity along a field E less by a factor of (v/Q2) than
the drift velocity, that is

v, = Loy (11)

B Q
here v - summarized collision frequency of electrons;
Q - Larmour frequency of an electron; E, — the
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effective electrical field, where we take into account
the gradient of electron pressure
E,=E+Vp,/en

. (12)
1.2 Equation of energy of electrons

Our greatest interest is , certainly, the equation of
energy for electrons, as just their temperature
determines the velocity of ionization, frequency of
impacts etc. The problems connected to power
balance of electrons were considered in®. As to ions,
they mainly take only directional velocity in the field
E (for what, actually, the accelerator serves), and
their temperature does not exceed more than several
units a volt. For classical electrons collisions the time
of transfer of energy from hotter electrons to cold

ions (or atoms) is essentially more (a YA /m times),
than the time of collisions between electrons.

However, generally speaking, in plasma of ACD
some oscillations occur practically always, and, in
these oscillations ions can participate. Basically, the
ions can be heated up in these oscillations, and
strictly to prove, that they would stay cold is rather
difficult. But here to the aid experiment comes. In '
(see also'’) with the help of complex and labor-
consuming spectroscopic measurements it was
shown, that temperature of ions at the exit of ACD
channel makes up some eV, that is i.e. essentially
less than their directional kinetic energy. It is a rather
important fact, upon which we shall lean in
consequent reasons.

By consideration of energy of electrons it is
meaningful to distinguish motions along and across a
magnetic field. In the acceleration layer of ACD the
distribution of electrons on energy is anisotropic®.
Only the electron energy component transverse to B
(T1) is heated up by the electrical field E, and the
longitudinal energy Ty is heated up only because of
collisions. And, these collisions are rather rare,
therefore T. can considerably exceed Ty The
equation for a full energy of electrons T = T + Ty is
the following
—(nV,1)=nV,E-nv,T -n[v,E, +Vv,E,]|-

~ (v, 1mQ*nT) (13)
where v, - collision frequency of electrons with
walls;

V.1, - frequency of ionization collisions and the

il>
cost of an ion for single charged ions;

V,,,E,, - frequency of ionization collisions and the
cost of an ion for twice charged ions;

V,. -frequency of electron - electron collisions.

The first term in a right hand side of (13) is
heating of electrons by the field E; the second term —
the power loss of electrons in collisions with walls;
the third term - the loss in the ionization and
radiation processes; and the fourth term - the
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electron heat conduction. The appropriate equation of
energy for parallel component Ty can be written as
follows

—(nVeTH) = n[(vei +tVoq T - 2TH )- vaH]

here v.;, v., - collision frequencies of electrons with
ions and atoms. The first term in the right hand side
describes a transfer of energy from transversal to
longitudinal component, and it is supposed, that

T > 2. Tp. The second term describes power losses
from the longitudinal component on walls of the
channel.

1.3 Condition of quasineutrality and condition for
the E field

To obtain a closed set of equations it is necessary
to add the condition of quasineutrality to the above
equations of continuity, motion and energy already
written out

n,=n=n, +2n, (14)
In our case it can be considered as a first

approximation to the solution of one of Maxwell
equations (A = 47re(n1 + 2n2 —ne) ). However, the

accuracy of condition (15) is enough for use together
with obtained above equations, as we consider the
motion of plasma for time intervals essentially large

than ©,.0,' (. ©; — plasma frequencies of

electrons and ions). The evaluations show that
accuracy of the quasineutrality condition in all areas
of the channel is within the fourth decimal place
(~0.01%), except for narrow zones (~ 1 mm) at the
beginning and at the end of the acceleration layer,
where the accuracy decreased to a level of about ~1%.

A voltage U between the anode and cathode
applied to a discharge from an external source, is
related to the electric field strength E by the obvious

ratio
Anode

J'dezu (15)

Cathode

1.4 Electron collisions

Collisions of electrons, which define their
conductivity across the magnetic field, we shall
separate into elastic (with no energy loss) and
inelastic

V=V + Ve

As inelastic we shall consider the collisions with
walls v and ionization collisions vy

Vaer =V T Vy TV,

As ionization collisions we shall imply as well
collisions causing excitation of an atom or an ion
with consequent radiation of this energy. It may be
done, as the cross-sections of these processes are
close, and the power losses by radiation in linear

spectrum may be taken into account in the cost of
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formation of single and twice ionized ions (E,,,
E,).

The variation of the frequency of collision with
walls from zero is stipulated by secondary electron
emission (SEE). If we neglect SEE, it means, that all
electrons fallen on walls, recombine with ions and
leave from walls as atoms, and hence will not give
the contribution to electron conductivity. Such
collisions are taken into account in our set of
equations and are described by terms w1, w2 in (6).

By derivation of the formula for the collision
frequency of electrons with walls the, v, the
following assumptions are used. The mean time to
run for electron from one wall to another is equal to a
distance between walls divided into a mean thermal
velocity along the magnetic field V.. But not all
electrons reach the wall, some part of them will not

pass through the potential barrier 0, therefore for the
effective collision frequency we shall use the
following formula’

Verr P
v, =—exp(——— 16
v T p( Tn) (16)

For evaluation of the near wall potential ¢ the
following expression is used

MT T, +T
_&zlln(—-—l)+ln(l—50' L L) a7y
T, 2 mT, moe

I ; m

which was obtained in'' for the Maxwellian electrons
distribution function (EDF). However, in the
acceleration layer the distribution of electrons is not
Maxwellian. A series of calculations of the near wall
potential ¢ with the real EDF was carried out (sec®)
by numerical methods. This calculation has shown
that the dependence of the potential ¢ on electrons
temperature T has the same sharp " threshold "
character, as well as for Maxwellian distribution
(17). Therefore for calculation of a potential it was
recognized expedient to use the same formula (17).
Then the expression (17) becomes as follows’

TS

bor-1se"
where € =¢, /50, - first threshold of a duplication
of electrons on a wall, and V;. - thermal velocity of
ions onto the wall. At T—e* the near wall potential
aims at zero, then from (16) we have for frequency of
collisions with a wall vy = V. / b, that is it may be
one order more, than in a reality'®. Such mode is not
realized, as for it the high strengths of the electric
field (drift energy ~ €*) are required. And the
maximum current of discharge is determined not
only by conductivity of the acceleration layer, but by

summarized conductivity of the discharge interval
from the cathode up to the anode.

v

" : (18)
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As elastic collisions we refer electron - ionic
collisions V., elastic collisions of electrons with

atoms V,_, , and also scattering of electrons by plasma
oscillations v
V, =V, +V,tV,

These collisions, certainly, are not elastic in the
strict sense, but the power losses in them are
insignificant and we may neglect them. It is obvious
for collisions with atoms and ions, as their masses are
by some orders more than that of electron . But as to
electrons scattering by oscillations without essential
power losses, it is not an unobvious fact. Generally
speaking, in plasma oscillations in ACD channel the
energy of electrons can be transmitted to ions or
radiated as electromagnetic waves. In particular it
concerns to oscillations, in which the ions participate
too. For example, the oscillations causing the
anomalous erosion of channel walls’ are just that
sort, therefore ions can be heated up by them.
Theoretically to investigate such problem is rather
difficult, as it is necessary to decide a non-linear
problem about excitation of oscillations, however,
here there is a capability immediately to be supported
by outcomes of experiments. And they show, how we
already mentioned earlier, that the ion temperature

near the channel exit is insignificant (T; = 2eV). It
means, that the oscillations in plasma of ACD, as
well as direct collisions of electrons with ions, do not
result in noticeable heating of ions.

The microwave radiation from plasma was
measured repeatedly, practically, in all ranges (from
MHz up to GHz)"*, and its summarized intensity in
nominal operational modes does not exceed usually
0.1% from an accelerator power.

So, judging from outcomes of experiments, the
power losses of electrons by their scattering by
plasma oscillations may be neglected as compared
with the rest of terms in the equation of energy.
However, it does not mean, that it is possible to
neglect the contribution of plasma oscillations to
electron conductivity, as it can be rather significant.

2. Problem of boundary conditions

In the previous section the full closed set of
equations of plasma motion through the ACD
channel is derived. For its solution it is necessary to
set boundary conditions, and their number must
correspond to the number of differential equations.
However, it appears not a simple task. Really, what
we can, for example, to tell about a density of
charged particles at the anode or at the cathode? At
best we know the current of electrons at the anode,
that is the product (n-V), but the values of n and V by
themselves are unknown. Although the presumable
most probable range of change of their values can be
specified. Similarly the temperature (or energy) of
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electrons is unknown to us. We know from
experimental measurements, that in region of the
cathode T makes up several eV, that is again only the
probable range of values.

Let us try to approach to this problem on the other
hand. How is in the experiments the change from one
operational mode of ACD to another realized? For
this purpose we have only two ways to influence on
parameters of discharge (provided that geometry and
magnetic field are fixed). This is the a variation of
the consumption G or the change of applied voltage
U. And the values of full current J and other
parameters of discharge are established as
consequence by self-sufficient way. We have an
obvious discordance between the physical model (set
of equations and rather large number of boundary
conditions, which are necessary for its solution), and
the actual discharge, which is determined only by the
two parameters, G and U.

It is not accidental that in the majority of the
works concerned to calculation of plasma flow in the
ACD channel the task of boundary conditions is not
discussed at all, or only some words are spoken all
about it. Obviously, if we set various boundary
values, we will obtain also various distributions of
parameters with the channel. Which of them are
true?

Such a situation with lack of boundary conditions
is characteristic for many problems associated with
discharges in gases and plasma. Usually the missing
boundary conditions are introduced by one or other
way, frequently artificially. In this paper we propose
new and rather original, in our opinion, way out.

3. The principle for a maximum discharge
current,

As is known, for boundary-value problems, as
differentiated from problems with the initial data,
there are no standard methods of the solution, that is
the method having result in at the solution of one
problem, may have failed for another. In this case we
used for the solution the method of «preliminary
shot», in which the boundary value problem is
reduced to the repeated solutions of the problem with
the initial data (Cauchy problem). That is the
boundary conditions at the end of the interval of
integration are guessed gradually with the greater
accuracy by varying of initial conditions.

But the main problem, as we already noted, is that
we do not know precisely the values of unknown
functions (n;, ny, Vi...) at the boundaries. However
we know of them a little and consequently we can set
rather broad bands of possible initial values of
unknown functions. Then we can divide each range
into some equidistant intervals and decide for all of
them a boundary value problem. Certainly, it is
difficult to realize such program directly. So, for
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example, if we take ten intervals for each unknown
(six unknowns in our case) then we must solve one
million of systems of differential equations. However
it was possible for us to overcome this difficulty by
entering ranges of " reasonable change " for
unknowns, thus we have been able to decrease
essentially the volume of calculations. As the ranges
of "reasonable change" we understand rather broad
and really quite reasonable limitations, for example
such: temperature of electrons can not be negative or
too large (0 < T < 100 eV), the electrical field E must
be inside the certain range (10 V/cm < E < 500
V/cm) etc. As soon as some value leaves its range,
the computation of this variant ceases, and it is
excluded from consideration.

After computation of several hundreds of
thousands of initial variants it is possible to receive
usually only a few tens or hundreds solutions of the
boundary-value problem, and the rest are eliminated.
Each from various versions obtained can be the
solution of our problem, but actually (in experiment)
only one is realized and just this one should be
determined. Let us remark also, that in all solutions
obtained the mass flow rate G and full current J are
the same. But, reasoning from common, the full
current should be derived from the solution, therefore
it is necessary to change J too. This, seemingly,
would increase a number of possible solutions
further.

However, the surprising thing is that variation of
the full current J results in just an opposite result, i.e.
in determination of the unique solution. It appears, if
the value of current J is increased the number of the
possible solutions of the boundary-value problem is
reduced, and at some critical value of the current the
solution remains single. If further increasing of J
does not let to find any solutions.

From such behavior of solutions of the problem at
hand the clear postulate (or principle) outflows,
which is very natural and intuitively clear: « From
all possible discharge solutions only such is valid
which provides the greatest current ». Probably such
or similar maximality principle of a discharge
current, in view of its intuitive clearness and
evidence, was already formulated ever -earlier,
however, we had not met its formulation in the
scientific literature, and, especially, its use for the
solution of a set of differential equations.

Let us note a curious way of determination of the
current J in’. The simplified model of plasma flow in
ACD (only three equations) was used there. And the
current was determined from the requirement of
regularity of the solution in a singular point, which is
located somewhere inside the computational interval.
But this way is only a mathematical method, and the
current maximality principle proposed by us is
physical and more general one. By the way, the usual
Ohm’s law for circuits of a direct current can be
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validated from this principle. Really, no boundary
conditions would forbid a smaller current from
flowing through the same circuit. And in the
beginning after a voltage supply a current grows from
zero up to a maximum value, and that last is included
in the Ohm’s law.

Thus, with the help of the discharge current
maximality principle it becomes possible to find the
unique solution from a set of the possible solutions
of a boundary value problem, underdetermined on
boundary conditions, for plasma flow in ACD. It was
possible to remove the inconsistency between
reproducibility of a specified mode of ACD
functioning in experiments only by two parameters:
mass flow rate G and voltage U, - and the necessity
by calculation of the same mode to set six or more
(depending on a number of differential equations)
boundary conditions.

4. Analysis of results

With the help of above method the large
number of versions of calculation was carried out.
Some of them were presented in’. Here, because of
absence of place, we show only the most interesting
results obtained to the present time.

Certainly, the main result is that now we have
the correct understanding of the basic processes in
ACD plasma, and leaning upon these understanding
we have constructed the closed physical model
permitting the calculation of plasma flow. And
already in consequensce thereof , the obtained
distributions of parameters with the channel, despite
of a little bit simplified one-dimensional model,
surprisingly well correspond to the experimental
data, both qualitative and quantitative sense, what
could not manage to be achieved earlier in other
works.

In fig. 1 the typical distributions of the electrical
field and potential obtained from calculations are
shown. An acceleration layer is selected clearly, and
its length was obtained very close to the real one.
Note that, as far as we know, until now it was not
possible to derive the distribution of the potential
close to the real one, by a computational way. For
example, in® any attempts to calculate the electrical
field E were not made at all, the distribution of E
simply is thought to be a predefined set . In work'
the mobility of electrons due to collisions with atoms
is considered as the main reason of electron current,
therefore the computational electrical field prooves to
be rather homogeneous with the channel and rather
small ( ~ 30 V/cm). However, it is not far from
reality, as in the first models of ACD'’ the channel
was very extended (L ~ 13 cm).

In recent work® the two-dimensional non-
stationary task of motion of plasma in the ACD
channel and partially in the jet was solved. It is
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rather complicated from the stsndpoint of numerical
realization. But in the physical model by statement of
the problem the inaccuracies were allowed, for
example, the collisions of electrons with walls are not
taken into account. As a result the distribution of the
potential was obtained much more smooth and
"spreaded" than it must be, that is the acceleration
layer was obtained approximately twice-trice that the
real one. By the way, by the solution of equations of
motion of plasma in non-stationary statement the
principle of a maximum current remains in effective.
From the mathematical point of view the satisfactory
solution can be obtained for the range of a steady-
state current, but from the physical point of view that
solution will be valid only, at which a current is the
greatest.

In fig. 2 the typical distributions of the atoms
density, temperature of electrons, collision frequency
of electrons and velocity of ions along the channel are
shown. The area of fast decreasing of the density of
atoms determines the ionization zone. It is peculiar
that the main acceleration of ions happens already
after the ionization has taken place. Thus, the results
of calculations confirm our statement expressed
earlier that it is necessary to distinguish the
ionization zone and the acceleration layer, as they are
spatially separated , and the prevaling processes in
them are different.

It is also curious enough that despite of high
temperature of electrons in the of acceleration layer
and hence a high wvelocity of ionization, the
concentration  of atoms  therein  remains
approximately constant, because of dynamic
equilibrium between the recombination of ions on
walls and the consequent volume ionization thereof.
The equilibrium concentration of atoms is rather
high, namely, the degree of ionization of plasma
proves to be at a level of ~ (10 to 20) %. However, if
we compare flows of atoms and ions, the atom flow
makes up about ~ 5 % of the ion one, as the velocity
of ions is two orders more.

The distribution of temperature shows evolution
of energy of electrons with their motion from the
cathode to the anode. Leaving the cathode with a
small temperature ~ 2 eV, the electrons come in the
zone with a strong electrical field (the layer of
acceleration) and at a distance of the order of
Larmour radius (r; ~ 1 mm) gain the energy, which
is defined by a velocity of drift (c-E/B), that is 20 to
30 eV. They continue to gain energy further
proportionally to a potential difference, until their
energy reaches the value of the first threshold of
duplication of electrons for the material of the
channel wall. At this point the near-wall barrier of
potential is sharply decreesed and the electrons begin
to release their energy on walls, and their
temperature does not practically vary through the
entire length of the acceleration layer. When the layer
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of acceleration is finished, and the electrical field
drops fast, the temperature (energy) of electrons
begins intensively to be spent for ionization and
decreases at first sharply, and then, when the velocity
of ionization processes is decelerated, more smoothly.

Conclusion

The self-consistent closed set of equations
describing in the hydrodynamic approach the motion
of plasma through the ACD channel is composed in
view of modern ideas about physical processes in
ACD plasma.

The new method of the solution of a system of
differential equations has been developed that
permits one to conduct " numerical experiments "
with a discharge in a channel. This method is based
on the use of the maximum discharge current
principle, which is entered in the present work.

It had been possible to simulate the discharge in
ACD only by those parameters, which are sufficient
for reproduction thereof in the experiment:
consumption and voltage, - without using boundary
or entry conditions attracted from any additional
reasoning.

The distributions of the potential, concentration,
temperature of electrons and other parameters
obtained by computational way are very close to the
real ones, and so, the correctness of the model
proposed has been verified.
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