|IEPC-99-168

Numerical Study of Onset Phenomena
in a 2-Dimensional Axisymmetric MPD Thruster

Takeshi MIYASAKA* and Toshi FUJTWARA'
Department of Aerospace Engineering,

Nagoya University
Furo-cho Chikusa-ku, Nagoya, 464-8603, Japan

Abstract

Numerical codes of MPD thruster for 2-
dimensional axisymmetric flow are developed,
taking into account the sonic conditions of 1-
dimensional flow analysis. Using the codes, inlet
values can be determined not by arbitrary exper-
imental values but by physical principles. Thus
flowfields can be calculated regardless of existence
of experiments with the same conditions as the
calculation. The calculations are performed for a
fixed mass flow rate and different magnetic force
numbers in a straight-configuration MPD thruster.
Thus, the critical discharge current at which onset
start is determined for the 2-dimensional axisym-
metric flows by taking account the relationship be-
tween the electric field and back-EMF. From the
analyses for different mass flow rates, the depen-
dency of the critical discharge current on the mass
flow rate is obtained.

Introduction

Experiments on MPD thrusters have been per-
formed by numerous workers where results con-
cerning global thrust performance have been
obtained!~%). However, experimental visualization
of the flows in MPD thrusters is difficult, which re-
quires numerical studies using a variety of methods
5-15)  In multi-dimensional numerical codes, the
inlet parameters have been determined by utiliz-
ing experimental data. Such approaches are con-
sidered to be semi-empirical, because they can not
handle closed problems. Here, we assume that
a multi-dimensional plasma flows into a thruster
with a uniform sonic speed across the cross sec-
tion where the sonic condition can be applied: As
the sonic condition, 1-dimensional analyses done
by Lawless et al.'*) are used. Using this model,
the inlet values can be determined not by arbi-
trary experimental values but by physical princi-
ples; thus, we can predict the flowfields of high
discharge current MPD thruster that are difficult
to realize in experiments, and can predict the char-
acteristic phenomena like the "onset”.

*Research associate

TProfessor, Member AIAA

Copyright ©1999 by the Japan Society for
Aeronautical and Space Sciences. All rights reserved.

In the past, we developed a 2-dimensional
code taking into account the sonic condition
of 1-dimensional flow!%) using the 1-temperature
model; we successfully obtained the steady
flowfields®). Here, the code is extended to incor-
porate a 2-temperature model in an axisymmet-
ric MPD thruster, for the purpose of realistic flow
analyses.

In this paper, in order to study the funda-
mental mechanism of onset phenomenon in a 2-
dimensional axisymmetric flows, calculations are
performed for different mass flow rates and mag-
netic force number by applying this code to the
straight configuration electrodes shown in Fig. 1.
The geometric parameters are chosen to be close
to the referred experiment?).

Assumptions

For the purpose of simplification, the following
assumptions are introduced into the present anal-
ysis:

1) The propellant gas is argon, which enters into
the thruster with a sonic speed.

2) Only the single-ionization and recombination
processes are considered:

Ard+e = Art +e +e . (1)
3) The plasma is a perfect gas having constant spe-
cific heats.
4) The magnetic field is entirely self-induced.
5) The Hall effect and ion slip are not considered.

Fundamental Equations

The analysis is based on the 2-dimensional ax-
isymmetric compressible Euler equations that are
written in a conservational and non-dimensional
form as
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where

€ = éiotal — Echemical - (3)

€total ANA €chemicar are the non-dimensionalized
values of total energy and chemical potential per
unit volume, defined as

- 1.0 .2 1. . .
€total = §P(U + %) + mp + EAr+WArt

€chemical = éAr+C:)A,«+ . (4)

where 7 is constant, v = 5/3. é. is the non-
dimensionalized value of electron energy per unit
volume, defined as

€e = ———ﬁe . (5)

Or is the non-dimensionalized energy exchange
term between the electron energy and the heavy
particle energy, given as,

N
Qr = Z neniQei(Th — Te) (6)

1=0

The pressures p and p. are given as

p=pTh+partTe, (7

Pe = /3Ar+Te . (8)

(Re),, is the magnetic Reynolds number:

(Re)m = po0rcUnm 9)
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where r. is the cathode radius at the inlet. The
characteristic magnetic velocity U, is defined as

*2
BC

= —. 10
2pop*a* (10)

G:,Gr, Ge-andger in diffusion flux vectors M an N
are the non-dimensionalized components of heat
conduction terms where § and §. are given as

g=—-MVTh=AVT., g =-AVT., (11)
The coefficients, An, Ae, @i, and o are given by the
reference 9.

The equations describing the electromagnetic
field are written as

—“Ap=-V-(VxB)+j- VQU;))’ (12)
E=-V¢, (13)
j=2(Re)m(E+V x B), (14)
j=2VxB. (15)

Numerical Analysis

Figure 1 shows the schematic picture of the uti-
lized grid. In the general coordinate system (&, 7),
the grid points are 226 x 32, where the cells are
concentrated (i) along the both electrode surfaces
and (ii) near the both ends of the cathode where
high current densities are expected. The present
grid number is found to be sufficient through a
grid study in which the grid number is doubly in-
creased.

It should be pointed out, most importantly,
that in the present numerical analysis the Euler
equations are solved using a 2nd-order- accurate
explicit TVD-upwind scheme!®), where the time
increment is determined by the CFL condition.
On the other hand, the corresponding electromag-
netic field is determined by numerically solving the
steady- state Eqs.(12)-(15). Here, for the purpose
of implicitly calculating the source term in electron
energy equation, Zf]:o nenice;(Th — Te), a point
implicit scheme is used.

Calculation of electromagnetic field

First, the potential é is obtained from Poisson
Eq.(12), using a finite element method. Here, B,
which is the magnetic flux density at t=t",is sub-
stituted into B on the right-hand side. The electric
field distribution is obtained by substituting ¢ into
Eq.( 13) Then, the current density j is determined
from E and B™, using Eq.(14). Finally, the mag-
netic flux density can be obtained by integrating
the current density, using Eq.(15), in a following
way: From Eq.(15),
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Thus, the magnetic flux density is calculated in a
general coordinate system by the following 2-step
procedure:

E(&) 770) = B(OO, 770)
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3

B(&,n) = B(¢,m0)
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Because we place the downstream boundary of the
calculation domain far enough to set the magnetic
flux density equal to 0, B = 0 is given at z = oo
(i.e. £ = 00). By integrating the current density
from dowpstream, the distribution of magnetic flux
dens1ty B is obtained up to the inlet. However,
¢, E ,Jj and B given in this way are not the values
at t — tn+1, namely ¢n+1 En+1 in+l and Bn+1
in a strict sense, because B", ie. the value at
{ = i", is used in Eqs.(12) and (14). Thus, to ob-
tain the accurate values at £ = £"*+!, repetition for
B is needed, as concretely shown in the following
section.

Determination of physical values at the inlet
First, the physical values at the inlet must be
determined. The plasma is assumed to flow into
the thruster with the sonic speed, i.e. the sonic
condition is applied to the inlet, by using the result
of 1-dimensional analysis of Lawless et al.'*). The
details are given below.
1) The electric field is given by the choking condi-
tion of a steady-state MHD flow as
E*(T)_S*B* pas!d_a_

s 20
2 J*MAr dzl“ (20)

In this analysis, the second term on the right-hand
side which corresponds to the ionization and re-
combination processes, is ignored because a* is de-
termined from the Saha equation.

2) The magnetic force number S* at the sonic point
is a dimensionless value which represents the ratio
between the magnetic and dynamic pressures by

S* = 2p0 . (21)
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At the sonic point, we have

=4/(1+a*)YRT) , (22)

where R is the gas constant of argon.

Using these equations, physical quantities at the
inlet are determined, which enables us to calculate
the downstream flowfield and the electromagnetic
field. The quantities necessary for flowfield calcu-
lation are a*, T)(= Ty), and p*. With respect
to the electromagnetic field, the voltage difference
V* between electrodes and the electric field E* are
needed. First, we set the mass flow rate i and
the magnetic force number S*, and assume T.
Then, a* is determined by Eq.(22) using a*, and
then p* is obtained using a* and 7. Here, a* can
be calculated on an assumption that the flow is
in ionization equilibrium at the inlet. Because a*
is a function of T} and p*, a*, p*, a* are itera-
tively computed. Secondly, with respect to S} at
the cathode base, B} at the cathode base is deter-
mined by Eq.(21). Because the inflow is assumed
to be 2-dimensional, axisymmetric, and uniform,
the magnetic flux density at the inlet is given by a
value for the cathode radius r.:
e

B*(r) =B (23)
Then, E*(r) is obtained from Eq.(20) with the use
of B*(r) and a*. Finally, E*(r) being known, the
voltage difference V' between electrodes is obtained
as

szuﬁqu (24)

Boundary conditions

The boundary conditions are given as follows:
1) At the thruster inlet, each physical property
other than the temperature remains unchanged
from its initial value (determined by the sonic con-
dition). The process of obtaining the inlet temper-
ature is outlined in the following section.
2) On the electrode surface, we have

un, By = 0, and g—f =0 for f = a,ut, Th, Te.
(25)
where the subscript t represents the component
tangential to the electrode surface, n the normal
component, and n the outward unit vector normal
to the wall.
3) On the insulator surface, we have

Un, En =0, and g—f- =0 for f = a,us, T, Te.
; (26)
4) At the downstream boundary, each property is
extrapolated from the adjacent inner point, due to
its supersonic character.
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Fig. 1. Thruster geometry and grids.
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Fig. 3. Comparison between calculated and
measured thrust-dischrge current dependency.

Table 1. Geometric parameters.

o [cm]
3.50

7. [cm]
1.74

L, [cm]
9.30

L, [cm]
9.58

Table 2. Calculated inlet temperature and thrust performance.

. S¢ Te [K] J [kA] v [V] CFN] Iy [sec] 7 [%]
8.0 9.6 x 103 10.1 6.8 6.9 354 17.6
10.0 10.2 x 10° 11.7 8.5 9.5 483 22.7
12.0 10.9 x 10° 13.5 10.8 12.6 642 27.2
13.0 11.3 x 10° 14.4 12.2 14.2 726 28.8
14.0 11.5 x 10° 15.2 13.2 16.0 817 32.0
15.0 11.7 x 10° 15.9 14.3 17.9 916 35.2
15.5 11.8 x 102 16.2 14.7 18.7 956 36.8

Numerical procedure

Time-integration of the flowfield is done by us-
ing a 2nd-order- accurate explicit TVD-upwind
scheme, whereas the electromagnetic field is given
by the steady electromagnetic field equations. The
integration proceeds until the time-dependent flow-
field calculation converges to a steady solution.

In this way, a steady-state MHD flow is obtained
for the assumed inlet temperature T, (= Ty), how
ever the correct steady-state MHD flowfield satis-
fying the sonic condition has not been determined.
In other words, B, at the inlet is not guaran-
teed to be equal to B!, the one which satisfies

the sonic condition for the specified magnetic force
number. In order to obtain a final solution, we al-
ter T*(= T}) and repeat the flowfield calculation
until B;n coincides with B*. Thus, a steady-state
solution is finally obtained self-consistently from
and S? for given thruster geometry.

Results and Discussion

Numerical results are given for a fixed m(=
2.0g/s) and seven different S7. These parameters
along with the geometric parameters (cathode ra-
dius r¢, anode radius r,, cathode length L, and
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Fig. 4. Distributions of r-component of electric
field E, and back-EMF uB non-dimensionalized
by inlet electric-field E* for J = 10.1 kA and
J = 16.2 kA along (a) cathode surface, (b) ce-
nter of electrodes, and (c) anode surface.

anode length L,) are given in Table 1. The pa-
rameters were chosen to be as close as possible to
the referred experiment 2). The discharge current
J and the inlet temperature T, are eventually de-
termined as the eigen values, and then the thrust
performance is calculated for each S7, as shown
in Table 2. Figure 3 indicates that the calculated
thrust agrees reasonably well with the experimen-
tal results.

Figure 4 shows the distribution of E, and uB(i.e.
back-EMF) in the z-direction, for cases J =10.1kA
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Fig. 5. Comparison among left-hand-side terms
in Eq.(28) along center line between electrodes
for J = 16.2 kA. '
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Fig. 6. Comparison among left-hand second
terms in Eq.(28) along center line between
electrodes for J = 10.1, 14.4, and 16.2 kA.

and 16.2kA, along (a) cathode surface, (b) cen-
ter of two electrodes, and (c) anode surface, re-
spectively. Note that all the quantities are non-
dimensionalized by the inlet electric field E;. On
the cathode surface, as shown in Fig. 4(a), E, is
higher than E?. On the anode surface, in contrast,
E, is lower than E, as seen in Fig. 4(c). Along
the center line, as seen in Fig. 4(b), E” is nearly
equal to E*. As a result of comparison among Figs.
4(a)-(c), deflection of E./E} from unity depends
not only on the location but also on the discharge
current J; a higher discharge current brings about
larger deflection.

We try to find out the reasons for the deflection A

by evaluating the influence of the right-hand side
of Eq.(12) on the electric field. If we consider the
electrostatic field here instead of Eq.(12), the Pois-
son equation yields

—Ng = {; : (27)

where p. and € are the cha;ge density and dielec-
tric constant of vacuum, respectively. Since the
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" Fig. 7. Back-EMF uB and r-component of
electric field E, non-dimensionalized by
inlet electric field E*, and uB/E, against
the discharge current at the point where
uB/E, is closest to unity on (a) cathode
surface, (b) center of electrodes, and (c)
anode surface.

right-hand side of Eq.(27) corresponds to the right-
hand side of Eq.(12), we have

dv|B| 10ru|B| | . 1 Pe
- = : =P (28
Oz r Or +J V(2(Re)m) €0 (28)
Namely, the right-hand side of Eq.(12) can be in-
terpreted as the equivalent charge. For example,
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Fig. 8. Critical discharge current J.r;¢ and
critical magbetic force number at the ca-

thode base S%,;; against mass flow rate .

if the left-hand side of Eq.(28) is positive at a cer-
tain point, a positive equivalent charge exists at
that point. In 2-dimensional axisymmetric flows,
the primary contribution of the left-hand side of
Eq.(28) comes from the second term due to the
straightness of the electrodes. Thus, the equation
can be approximated by the following form:

10ru|B| _ pe
Tr or e
We can justify this simplification by observing Fig.
5. Since B is nearly inversely proportional to ,

(29)

" r|B| ~ constant and, in addition, u decreases as T

increase. Thus, we can conclude that the equiva-
lent charge is positive. This can explain that E, is
high on the cathode while it is low on the anode in
comparison with the value at the inlet; this effect
becomes higher for a higher discharge current, as
seen in Fig. 6.

As shown in Figs. 4(a)-(c), a higher discharge
current generates a higher positive shift in uB.
Since the z-component of Lorentz force Bj. in-
creases as the radius decreases, uB becomes strong
on the cathode surface. Figure 7 shows the be-
haviors of E,, uB, and uB/E, against the dis-
charge current at the point where uB /E- is closest
to unity (see Fig. 4). As the discharge current
increases, in Figs. 7(a)-(c), uB/E. approaches
unity at J =17kA. The variation of uB/E, sug-
gests that the electric field is equivalent to back-
EMF at about J =17kA both on the ¢athode and
anode surfaces. The discharge phenomenon be-
comes unstable where the back-EMF exceeds the
electric field near the electrodes. Thus, we can
conclude that the onset occurs at this discharge
current. The onset in the referred experiment of
the straight-type thruster doesn’t start at J =12.4
kA, whereas the critical discharge current at which
onset starts obtained from the inequality —Jmi < 25
kA2?/(g/s) is 7.1kA in the flare-type thruster'”.



The numerical critical value J =17kA is about 2.4
times higher than the experimental value. Thus, a
higher specific impulse is expected in the straight-
type thruster. The critical discharge current would
depend on the inlet conditions and geometric pa-
rameters. Therefore, it is important to analyze the
onset phenomenon by taking account of the rela-

tion between the electric field and back-EMF in -

multi-dimensional flows as well.

In order to observe the relationship between the
critical discharge current and other parameters, we
also performed the calculations for four different
m. Figure 8 shows that as  increases, the crit-
ical discharge current J..; increases. However,
the critical magnetic force number at the cathode

base S7 ... is almost constant and is higher than
?

the value obtained from 1-dimensional analyses'4’.
This fact suggests that it is important to analyze
the onset phenomenon by taking account of the
magnetic force number in multi-dimensional flows
as well.

Summary

Numerical analyses of MHD flowfields in a self-
field MPD thruster have been done for various
magnetic force numbers, based on the physical
model satisfying the sonic condition with the ge-
ometric parameters as close as possible to the
referred experiments, enabling us to achieve the
steady flowfields. We have found that the pressure
rapidly changed in three regions, one of them was
due to an oblique shock wave.

In addition, at higher discharge currents, we an-
alyzed the onset phenomenon in 2-dimensional ax-
isymmetric MHD flows by observing the relation
between electric field and back-EMF, which en-
abled us to understand the fundamental mecha-
nism of onset phenomenon.
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