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J. Heiermann} M. Auweter-Kurtz! H.J. Kaeppelert
Institute for Space Systems, Stuttgart University
70550 Stuttgart, Germany

A. Eberle}
DaimlerChrysler Aerospace AG, Military Aircraft MT-63
81663 Munich, Germany

U. Iben’
Robert Bosch GmbH
70049 Stuttgart, Germany

P.C. Slezionall
Institute for Industrial Mathematics, University of Kaiserslautern
67663 Kaiserslautern, Germany

In this paper a new flux vector splitting (FVS) scheme and a weighted essentially
non-oscillatory (WENO) reconstruction scheme for the hyperbolic part of the hyperbolic—
parabolic conservation equations for magnetoplasmadynamic (MPD) self-field accelerator
flows are presented.

A criterion for mesh adaptation and a new theoretical and mathematical formulation

of the electric discharge are introduced.

Introduction

PD self-field accelerator flows can be described

by hyperbolic—parabolic conservation equations
with source terms.
Theoretical and numerical investigations have been
performed at the Institute for Space Systems (IRS)
in order to gain a more profound understanding of the
complex physical processes involved!~3.
Because of differences between experimental and nu-
merical results, the theoretical and mathematical for-
mulations of the conservation equations are extended,
and an advanced numerical finite—volume code is writ-
ten to capture the plasma flow physics very accurately.
The argon plasma flow considered in this investiga-
tion is described by conservation equations for mass,
momentum and energy for the heavy particles (atoms
and ions), by the conservation equation for electron
and internal energy, and by the Maxwell equations of
classical electrodynamics reformulated as one equation
for the magnetic field. Furthermore, reaction equilib-
rium, thermal non—equilibrium (two—fluid model), and
laminar flow are assumed at this time.
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Conservation equations
For the axisysmmetric MPD thrusters, the diver-
. 1 O(ra, a
] is defined as ;45;—1 + 5=

r

gence operator div [ @z

in cylindrical coordinates.
The conservation equations for mass, momentum and
energy of the heavy particles are:
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Note that the Lorentz forces fx B are included

as Z> in the fluxes. This allows for the compu-
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tatiog of the magnetoacoustic (fast Alfvén) wave?.
The magnetoacoustic wave is characterized by the
magnetic field B being orthogonal to the convective
velocity ¢. This is the case for self-field accelerators
so that the magnetoacoustic wave must be taken into
consideration when designing an upwind scheme for
the hyperbolic part of the equations.

Additionally, the above formulation achieves a
maximum of conservation, which must be the goal
of any mathematical formulation before discretization.

The conservation of electron and internal energy is
given as

Beei + div(eei¥) + pediv ¥ — $E5VT, + —-—]Vpe =

N
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v=0
(15)
The traditional discharge equation containing the
Maxwell equations

rotB = poj, (16)
. 0B
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and Ohm’s law for plasmas
BE=2_9xB+pjxB-pp. (19)
g

is given as (with ¥ = rB and neglecting 3Vp, in eq.
19)
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The Maxwell equation

divE =0 (21)
is not included in the partial differential eq. 20.
But fulfilling divE = 0 is necessary because of the
quasineutrality assumed for the plasma. A solution
for ¥ without div E = 0 will be a solution for a
plasma that is not quasineutral, and therefore, not
fully correct.

Hence, a new discharge equation has to be derived,
which is done in the next section.

Equilibrium reactions and transport coefficients are
computed with data taken from5®. They are de-
scribed in? in detail.

Theoretical extension
of the discharge equation

While eq. 18 is automatically fulfilled by axisym-
metry, eq. 21 is not because E in eq. 19 is not
dlver_gence—free. The problem is that the condition
div E' = 0 means there is one more equation without
one more variable. Use of a vector potential for E has
not led to a solution for the problem, so another solu-
tion has to be found.
Because of axisymmetry, in eq. 19 f can be put on the
left side:

(3 +0p’B%)j =

— —

E+vxB—-0B8ExB (22)

—0B(7 x B) x B - 082Vp. x B + Vp.

Now the operator rot can be applied to both sides.
The term O',BE x B is the important one:

rot(cBE x B) =

E(div (¢8B)) — 08B (div E) (23)

+(0BB-V)E — (E - V)(c8B)

div (¢8B) is automatically zero because of axisym-
metry, but div E can be explicitly set to zero here so
that the information div E = 0 is now contained in the
equation.

After this important step, the discharge equation can
be rewritten including eq. 17:

88 = —div (BY)
+rot(cBB*7 — 1j — 082 B25 — 982Vp, x B + BVp.)

+L(Bv, — 0BBE,) + E V(c8B)
(24)
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Finally, one can substitute E by eq. 19 and ;by eq.

16 so that a partial differential equation of 2nd order
in space for B follows.
It is obvious that it requires a major effort to discretize
this new challenging equation. While the hyperbolic
term div (B¥) describes the convection of B, the phys-
ical meaning of the other terms and the appropriate
discretization are currently being investigated at IRS.
It is interesting to note that the div E=0- problem
can be solved by making use of the j x B-term (without
the Hall term it is not possible in an algebraic way!).
If div E # 0, this local electrostatic charge seems to
be counteracted by a Hall effect.

Numerical methods
and boundary conditions

The finite-element SOR-solvers with linear trian-
gular ansatz functions used for the previous work?
are employed as interim solvers for the egs. 15 (in
stationary form) and 20 for this work.

Eqgs. 15 and 24 will be (re-)written in finite-volume
formulation because this is the natural discretiza-
tion for conservation equations. The FEM schemes
show oscillations at discontinuities which are only
dampened by the SOR scheme used. Also, the FEM
schemes are quite dissipative. The FV formulation
will allow for the implementation of proper upwinding
and for a higher resolution.

On all boundaries, it is assumed that the electrons
behave adiabatically. For the discharge equation,
E) = 0 is assumed at the electrodes, on the outflow
boundary and the symmetry axis ¥ = 0 is set, and
on all other boundaries ¥ = £27 is set because of
Ampere’s law, with I being the total thruster current.
An implementation of an electrode model and, hence,
another boundary condition than E; = 0 at the
electrodes does not make sense at this time because
a numerical capability must still be established to
compute a solution of the plasma flow with very
high spatial resolution, especially in the boundary
layers with their extreme gradients. Also, a reliable
numerical solver for the extended discharge equation
must be made available first.

For the heavy particle conservation eqs. 1 to 4,
a new weighted essentially non-oscillatory (WENO)
reconstruction technique is used to achieve local 2nd
order accuracy in space. The WENO scheme has been
developed for inviscid Euler calculations on unstruc-
tured meshes!®.
For this work, the scheme has been simplified to make
it faster. The linear polynom on each triangle j, that
is given by connecting the centers of mass of dual cells,

is
pi(z,7) = ao + a.(z — z0) + ar(r — o) . (25)

The gradients a, and a, can be easily cofnputed by
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Cramer’s rule. The oscillation indicator is chosen as

a?+a?. (26)
Improving the original formulation, the computation-
ally expensive square root of the oscillation indicator
is omitted.

Every gradient on a triangle j is weighted by

(e + ai,j + a%,j)_2
Wi =
TN+ a, + a2;)"%’

(27)

so that the WENO polynom for each dual cell becomes

PWENo(Z,’I') = Zijj(Z,T). (28)
J

The value € is a small number to avoid division by
zero, the exponent -2 is chosen to reliably avoid
oscillations and ensure high resolution.

The gradient for a certain volume is thus composed of
a sum of weighted gradients. The bigger a gradient,
the smaller its weight. Because the weight w; for
each triangle j includes the sum over all ¢ triangles
attached to the volume, ). w; = 1 is always valid so
that the gradient is computed exactly in the linear
case.

The WENO scheme is used for reconstruction of
PsPhsVz, VUr, Pe and B.

A completely unanswered question in CFD is where
mesh refinement has to take place in order to reduce
the numerical error. The mathematical analysis re-
quired for hyperbolic equations is extremely difficult,
and the situation becomes worse for the complex set
of hyperbolic—parabolic conservation equations with
source terms which describe MPD flows.

However, recent investigations'! have led to an asymp-
totically exact error estimator for the inviscid Euler
equations, and the method has been extended for use
with the heavy particle conservation equations includ-
ing source terms.

The local and weighted indicator vt is computed as

max {|[pt- 7i]g| A}

V(Tl):EcaT T , (20)
foii| A
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/8 ey P NN A
o B {1 H;} o
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The indicator takes the maximum jumps of fluxes
over cell faces and the source terms into account, with
respect to the conserved variables.

The local mesh size g is then defined as
Ce
g= e (34)

Eberle has developed a new parameter—controlled
flux vector splitting (FVS) scheme that has proven to
be extremely robust when compared with earlier'? Rie-
mann solvers. The central idea is a variable reference
speed which differs from the sonic speed. Also, this
mass flux splitting scheme has a continuous slope at
the sonic point.

The FVS scheme has been extended for the computa-
tion of MPD plasma flows.
The magnetoacoustic speed is

e B?
c= 7P+ pe) 4+ = (35)

P kop

The reference speed is now defined as

P
s = ac2+q2(1—2a+ac—2) , (36)
with

¢* = min(c?,v? +v?) . (37)

The free parameter a controls the numerical diffusion
of the scheme.
The speed normal to the cell face is ¢, = v,n, + v.n,.
The eigenvalues are defined as Ao = gn, A1 = Ao + s
and /\2 = /\() - S.

The mass flux splitting is now defined as (I: state
left of the cell face, r: state right of the cell face)

1
Ty = ZptA(/\u + |Aul), (38)
1
Tir = ZPTA(/\IT - I)\lrl)a (39)
1
Ty = ZP!A(/\M + |Aal), (40)
1
Tor = Zp,-A(/\Qr et |)\2,~D (41)
Then the mass flux is
FP=ry+rr+ra+rey. (42)

The momentum flux is given by

ps ps
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< (Ph+pe+E£-)n

ps ps
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The choice of o depends on the robustness required.
For the start of the iterations, & = 5 has proven to be
useful, shocks with pressure jumps of 4 orders of mag-
nitude are overcome easily. However, for later stages
of the iteration process, Fertig has suggested defining
o in such a way that in the case of zero velocity the

mass flux equals the effusion flux of the particles Bhs,

with ¢ = %.
This idea leads to 9
= e 4
a= = (46)

For the dicretization of the term div ¥ in the
heavy particle energy equation the mass flux splitting
scheme is used with setting p to one. This is obviously
necessary because a central discretization has caused
oscillations.

The boundary condition for the inviscid part is
¥ -7 = 0 at solid walls.
Because only the mass flow is known from the ex-
periment, on the inflow boundary, a numerical mass
flow controller solves the Riemann problems between
a prescribed inflow state and the inner state at the
inflow face. With a constant temperature (300 K) and
a parabolic velocity profile, the pressure of the inflow
state is varied after every 20th timestep until the
solution of the Riemann problems delivers a certain
mass flux.
On the symmetry axis, no flux conditions are set.
For supersonic outflow, the flux at the boundary is
computed from variables inside the cell attached to
the boundary.
For subsonic outflow, the pressure is prescribed in
ghost cells behind the last real cell so that a Riemann
problem must be solved at the connecting cell face.
Pe is assumed to be constant over the cell face, p is
computed by assuming isentropic expansion.
For subsonic inflow at the outflow boundary, a
reservoir condition is set in the ghost cells; pressure
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and temperature are prescribed, the velocity is set to
Zero.

For the parabolic part, the gradients of tempera-
ture and velocity in the corners of the dual cells are
computed on the triangles connecting the centers of
mass of the dual cells; the transport coefficients in
the corners of the dual cells are computed by linear
interpolation on the triangles. The fluxes through the
cell face are finally computed as the average value of
the fluxes in the corners belonging to the cell face.
On solid walls, temperatures taken from measure-
ments are prescribed, the velocities are zero. These
conditions are used for the computation of the gra-
dients on the triangles which possess an edge on the
wall and, hence, for the computation of the surface
integrals on the solid walls. The transport coefficients
are computed as the average of the values in the three
dual cells connected by a triangle.

At the inflow and outflow boundary and on the
symmetry axis, no flux conditions are prescribed.

Time stabilization is done by explicit Euler time
stepping. An operator splitting technique for the in-
viscid and the viscous fluxes and subiterations for the
source terms used earlier was omitted due to its inac-
curacy.

Convergence is achieved after the L;~norm of the den-
sity residual has been lowered by at least four orders
of magnitude.

Results

In order to test the new FV solver for the heavy

particles, the argon plasma flow in the Hot Anode
Thruster HAT of IRS was computed.
The WENO scheme has proven itself. It always
provides extremely smooth solutions throughout the
iteration process and thereby increases robustness of
the code. It seems very recommendable not to use
a TVD scheme (which was previously used). TVD
schemes have a much too dissipative behaviour in
areas of strong gradients by their definition, while
the WENO scheme clearly makes much better use of
the discrete information available. This is especially
important for the iterations on an initial coarse grid
where the WENO scheme already allows the evolution
of strong gradients.

The mesh refinement indicator has pleasant pro-
perties. Refinement takes place on the boundary
layer regions with their strong gradients, in front
of the cathode tip in the nozzle throat area with
strong source terms, and in the area of the oblique
shock, see Fig. 1. The area above the nozzle exit was
intentionally not refined in order to keep the number
of cells lower.

In contrast to previous work, where the temperature
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Fig. 1 Unstructured adapted mesh for the Hot
Anode Thruster HAT

m/ —

——
Insulator : k\
,1,,

§8::me\ i N -//a/_ /ﬂ’?_\x

Fig. 2 Contour lines of the heavy particle tem-
perature (HAT, thruster current 2000 A, mass flow
rate 0.8 £)

Fig. 3 Contour lines of the electron tempera-
ture(HAT, thruster current 2000 A, mass flow rate
0.8 £)

of a cell at a solid wall was set to the wall temperature
(with the velocity of the cell set to zero, all of which
made the inclusion of B in the fluxes impossible and
caused non-smooth pressure contour lines), the inclu-
sion of the wall temperature and the velocities in the
boundary integrals, which is the exact way to include
the boundary conditions, has revealed gradients of
the heavy particle temperature being dramatically



larger at the solid walls than previously thought, see
Fig. 2. This makes even higher resolution absolutely
necessary.

The contour lines of the electron temperature
seem to indicate a stronger gradient of T, in the
area of the oblique shock (Fig. 3). This must be
investigated further with a new FV scheme includ-
ing upwinding for the electron and the internal energy.

The new FVS scheme invented by Eberle has
excellent properties.
It is very important for the numerical iteration
procedure that pressure and density, which dominate
the super—/hypersonic, reacting, magnetic plasma
flow in an MPD thruster, do not become negative if
critical flow conditions like very strong shocks or flows
around corners are encountered.

The very compact algorithm always keeps pressure
and density positive and shows superior robustness
when compared, e.g., with the Osher scheme. The
scheme also has a very low dissipation when o = %
is used. Comparing results of a reentry vehicle
simulation (IRS URANUS code), the result obtained
with the new FVS was nearly identical with a solution

obtained with the Roe scheme.

Conclusions

The new FV solver for the heavy particle flow in
MPD thrusters has proven to be very robust.
This has been achieved by using WENO reconstruc-
tion and a new FVS algorithm. Both schemes combine
high spatial resolution and robustness.
The FVS can cope with very strong shocks, flow
around corners and large source terms.
Upwinding is done with respect to the magnetoacous-
tic wave.
An improved mesh refinement indicator also works re-
liably.
A new theoretical formulation for the discharge equa-
tion including the div E = 0 — condition has been
developed. For this equation and the conservation
equation for the electron and internal energy a new
FV solver will be written in the next steps.
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