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Abstract.

In order to establish a macroscopic dispersion relation
with the aid of a computer algebra code (e.g. MAPLE or
REDUCE) for a magnetoplasma consisting of neutrals, single
and double charged ions and electrons, as it appears in MPD
thruster flows, the equations of conservation of mass, mo-
mentum and energy, as well as the necessary electromagnetic
equations, are established from fundamental considerations.
Momentum and energy exchange between the species, visco-
sity, thermal conduction and radiation are considered. Fur-
thermore, the reaction rates for nonequilibrium ionization
with two levels are given. The equations are then linearized
and Fourier transformed, thus providing all necessary ele-
ments to form the linear macroscopic dispersion relation.
Problems appearing in nonlinear development using QAM,
such as equilibrium solutions and linearization, are also dis-
cussed.

1. Introduction.

Since some time, particular interest is given to the study
of instabilities in MPD thruster flows (cf. Refs. in1'2). Other
than the work at the Institut fir Raumfahrtsysteme (IRS) and by
the author!:2, mainly microinstabilities were treated. It seems
justified to make a few principal remarks on this subject. Con-
sidered are only the performance of stationary MPD thrusters
operated at the IRS. The pertaining physical parameters are
given, e.g., in the paper by Wagner et al.2. As To=T;, the ion
acoustic instability can be disregarded as the condition for its
appearance T, » T; is not fulfilled. As electron current drift
velocity over ion thermal velocity ude/u,h‘=0.25, the modified
Buneman instability with ug,, < vg, < U also does not appear.
However, the lower hybrid drift (LHD) instability with its condi-
tion of ug, in the order of vy, could appear if i't were not for
collisional damping. This occurs if the collision frequency is
greater than the lower hybrid frequency, vi> Wih- For the above
mentioned type of thrusters w)p/ v~ 3%1074, thus the LHD insta-
bility is collisionally damped out.

Work at the IRS is concentrated on current driven insta-
bilities in order to try an explanation for the "onset” pheno-
mena. These instabilities can be described with appropriate
systems of macroscopic equations leading to a macroscopic
dispersion relation.

In an earlier paper3, the author presented a four-fluid theory
particularly for the case of turbulent fully ionized plasmas con-
sisting of Maxwellian ions and electrons as well as accelerated
(fast) ions and electrons. It served for studying phenomena in
the pinch phase of the plasma focus experiment and was also
used in connection with QAMA, a quasi-analytical method for
solving systems of nonlinear partial differential equations.

In a modified and reduced form, this four-fluid formalism
was used to establish a three-fluid theory with one ionization
reaction in order to study instabilities in MPD thruster flows,
first without considering gradients of the dynamic variables!
and assuming frozen ionization equilibrium, and then including
temperature and density gradients but still with frozen equili-

brium2. Two essential instabilities were found, the macroscopic
electrostatic electron acoustic wave instability! and a gradient
modified space charge instability?. The latter can possibly lead
to current chopping in its nonlinear development which might
explain the "onset” phenomena in MPD thrusters.

The research program is continued in two branches. First,
the calculation of the linear dispersion relation is to be exten-
ded to a four-fluid formalism. The reasons for this lie in the
appearance of impurities on the one hand, and the detection of
double ionized Argon on the other. Second, the nonlinear de-
velopment of the instabilities is being studied using QAM.

It would of course be desirable to treat both double ionized
Argon and impurities simultaneously. However, computer cal-
culation speed and storage space requirements for solving the
dispersion relation would be formidable and it is questionable
if it ever can be managed. Already the three-fluid formalism
requires the inversion of a 21x21 matrix and the solution of the
determinant leading to an algebraic equation of 21st degree.
This task is just barely manageable with the present methods
available. In order to extend these possibilities, a detailed stu-
dy of methods of solution is under way. However, unless there
is a decisive breakthrough in methods of solution, a four-fluid
formalism is the present limit.

The equations of the four-fluid theory are developed from
basic laws of monofluid .and two-fluid description of a magne-
tized plasma. The components are a neutral gas, the single and
double charged ions therefrom and the electrons. Instead of
the double charged ions, a non-reacting neutral or multiple
charged ionic impurity component can be selected. The reac-
tions in the continuity equations are considered as reversible
collisional reactions, assuming nonequilibrium but requiring a
tendency towards equilibrium. This permits the three-body re-
combination reaction velocity to be expressed by the collisional
ionization reaction velocity and the equilibrium constant. The
possibility of using a collisional-radiative (CR) model is shortly
mentioned. The equations of motion contain the viscosity terms
(Newtonian fluid approximation) and the momentum exchange
terms. The four equations of motion are not added to form a
single common equation of motion in order to avoid additional
equations such as Ohm’s law and the mass flow equations (first
order moments). The electric current density in the Maxwell
equations is expressed by its definition, the velocities of elec-
trons and ionic species to be calculated from the appropriate
equations of motion. The energy equations describe the varia-
tion of thermodynamic internal energy density and contain the
dissipation function, thermal conduction, thermal energy ex-
change between species and the contribution of ionization ener-
gy (nonequilibrium). For electronic energy levels it is assumed
that either there is no excitation or the population of the levels
corresponds to equilibrium. The various transport coefficients,
reaction rates and radiation emission equations are also dis-
cussed.
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In order to connect this formalism to the requirements of
QAM, the questions of equilibrium solutions and linearization
are discussed in some detail.

Finally, the linearized and Fourier-transformed equations
are presented as a basis for establishing the macroscopic linear
dispersion relation of this four-fluid theory.

2. The Monofluid EquationsS-7.

Starting point of the following presentation of a four-fluid
formalism are the theorems of conservation of mass, momen-
tum and energy of the total dynamical system. o shall be the
total mass density and U the flow velocity (mean mass veloci-
ty). The conservation of mass is descibed by the continuity
equation which is obtained by inserting the mass density o for
the general dynamical variable G in the kinematic conservation
theorem

aG
at

+ V-(GU) = QG) ,
thus,

:tq»qu_—ir(u V)g+qu——¢V(pu)-

Derivation of the momentum conservation theorem (eqation of
motion) follows by inserting G = o# into the kinematic conser-
vation theorem, the resulting equation being known as Navier-
Stokes’ Equation. It reads in Eulerian form

th p[at + (U- V)u] oF -V.P.
Here, F is the vector of the external forces per unit mass and

v.P = DivP = a—i P;; the tensor divergence of the pressure
7]

tensor P = (Pii}, Pij= Py
Adding the continuity equation ﬁmltiplied by U to the above
equation of motion and considering that

odt B g[at + (0- V)u] + u[a—+ v. (9")]
. 5(96) + o5 V)5 + 5V-(oB) = 5(95) R,
there follows the equation of motion in its Maxwellian form,
A 2e" g =
E(pu) + V-(M + P) = oF ,
where

ou? ow ouw

M= | ouw pu2 ovw -
ouww opuw ow?

v={uvuwl},

is the momentum flux tensor.
Instead of calculating the pressure tensor from a moment
equation®, Newton’s approximation® may be used,
P=(p+ xV-0)l - 2ndeft ,
where | is the unit tensor and
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the deformator of the velocity U . Its main value (trace) is
Idefol = V-5 =84+ 3. 3%,
the divergence of U. The trace if the pressure tensor P equals
the sum of the normal stresses (normal pressures)
[Pl = Pyx + Pyy + Pyy = 3(p + x V-5) - 2nldef 5|
=3p-2n-3x)V-5.

In order to free the above expression from its dependence on
the velocxty, the hypothencal relation
=%n
is frequently used. Accordmg to the kinetic theory of gases, it
accurately holds for monatomic gases only,
2
= ?Tl ’
where f is the number of degrees of freedom.
Considering the relation

V-(def ) = §(v2%5 + v(V-D))
there follows for the tensor divergence of the pressure tensor
Div P = V.P in the equation of motion
DivP=V.P=Vp- V% - (p-2)V(V-D)
- 2(defv)-Vn + (V-0)Vx ,
or, taking the relation x:?;r) into consideration10,

V.P=Vp- v - InV(v.5) + 3(V-5)¥n - 2 (def )V
This yields for the equation of motion
g &y &

th Q[ + (u'V)v] = a—t(pu) + V.M =
oF -Vp + anﬁ + }n\"(V-U) - %(V-ﬁ)Vﬂ + 2(defD)-Vp .

To complete the equation of motion, the external forces F
must be defined. Gravitational contribution 9?‘5) is generally
neglected. In the case of a conducting fluid there appear elec-
t}omagnetic forces. For this case

F = e—?E *%z-ﬁxg

(e = elementary charge, Z = charge multxphc:ty) thus,
OF = p,E + jxB ,

if the charge density can be defined by p, = p(eZ/m) and the
current density by J, = (eZ/m)ob. This, however, applies only
to a single conducting body (fluid) and not to a plasma (multi-
fluid). The correct expression for the external forces of a two-
or more-component plasma can only be derived from two- or
more-fluid equations. Especially p,=0 as a consequennce of
quasi-neutrality and thus the external forces for the plasma as
a quasi-neutral monofluid

oF = jxB
cannot be derived from monofluid formalism.

The energy conservation theorem can be derived as follows.
According to the first law of thermodynamics Q is the total
amount of heat and g the heat per unit mass to be imparted to
the system in order to increase the internal energy U or the
specific internal energy u and to perform compression (expan-
sion work) [pd(1/p), thus,

=uofpd(l/p)-‘-uop/p-f%g.:h-f%_p,

Here, p/p is the pressure energy per unit mass, | dp/p volume
work and h = u+ p/p the specific enthalpy. Writing this with
total differentials, there follows
dg = du + pd(1/p) = c,dT + pd(1/p)
=dh -dp/p = cpdT - dp/e ,
where T is the absolute temperature and c,, ¢cp the specific
heats for constant volume and pressure. Thus, the heat imparted
to the system per unit volume and time is
d du d(1/p) du
odf dr * dt9]=odt zf"’dt
with the equation of continuity employed in the derivation.

On the other hand, this amount of heat is equal to that impar-
ted from the outside plus the frictional work ® converted into
heat. The latter is shortly designated as frictional heat or energy
of dissipation. This yields

dg dgq
odr 2 d‘z
External energy is imparted to the system by thermal conduc-
tion. If A is the heat conduction coefficient, the expression for

+pV-0,

+ @,



thermal conduction is
pﬂd‘-’l = V-(AVT) .

Introducing the trace-less pressure tensor
p=P-pl, pij=Pij-Psij,
there follows for the dissipation energy
® = - prdefD = - P:def + pv-U = 2n(defd)? - §n(V-0)%,
where @ is always real and 2 0 !1. This yields for the heat

transport equation,
dg du = dh dp

et Rl At T S
= T.(ATT) + 27 (def)? - § 1 (V-0)?
=-V-Ga + 2 p (defD)? - %n(Vi)z

where the heat flow due to thermal conduction is designated

by Gy
The external forces F can be expressed by their potential V,
thus, 2
Fo-B s oV,
ar

To add the kinetic energy, the equation of motion is is added
after scalar multiplication with U,

-do _ d(w?/2) . Se's
evgr =e—q; = -p0-VYV-0.V.P,

or,
pdt[%u 'V] al/

to the heat transport equation
d op =
odT[h-qa] s repee,
resulting in the energy equation of monofluid theory
0—[51’ +h- ‘Ia‘v] Oav 6 +®-0-V-p.

With the expression for g, there follows, finally,
d - S a
ga[&u2+hoV] + Vg -®+0-V.p= pst—(Vop/e) >

Concluding, a few remarks on the electromagnetic part of
the energy equation must be made. In the equation of motion,
the expression

-'vx

OF = 0E + joxB
with J, = poU appeared and it was pointed out that Jo was not
to be identified with the current density in a plasma. This holds
similarly for the energy equation. Scalar mulnpllcat\on of the
above equation by U and considering that 0-[DxB]=0, there
follows the expression
oF .0 = 00-E = Jo-E ,

the similarity to the expression for a plasma being purely formal.

3. Equilibrium Solutions.

In order to arrive at a desciption of equilibrium states of a
dynamical system, the differential conservation theorems for
mass density o, mass flow density (momentum density) ovU and
energy density %@u2 + ou (cf. the preceeding section) are em-
ployed in their Maxwellian form?. In the following, this proce-
dure is shown for the equations of continuity and motion only.
For further details, the reader is referred to literature12.

The equation of continuity is

)
+ a—xi(pui) =0.
In the stationary case dp/dt = 0 and integration yields
a
Ir(oul) dr = J-Puidfu .
g S
For the equation of motion the procedure is similar. G is py;

and 3
Q(G) & = ax, Plj’ El]k.’)Bk 3
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The second member may be expressed with the aid of the Max-
well equations as

aB, 8B; a8
m _ %
E(]I(B Eklm axl lax, Blaxl_.

If B is perpendicular to the normal vector 7 of the surface over
which is integrated (7indf ), the second member in the above
expression becomes zero. Therefore it will be disregarded. The
first member is the gradient of the magnetic pressure,

Vpm = 0pm/ 0x; = 2—:‘—(682/ax,~) = V(B%/2y) .
o

Neglecting the anisotropic part in the pressure tensor P;; which
must vanish in the transition to equilibrium anyway, there fol-
lows P;; = pé;j and 0P;;/0x; = 0p/dx; . Hence,

f[ Ez—jpu,-uj + ]dr

= I[ouiuldfj +(p+ 82/2(10) df,'l =0

To arrive at expressions for equilibrium from the stationary
equations, let the surface integrals degenerate!3. This means the
placing of the variations of the dynamical variables in a closely
limited spatial zone which is consecutively degenerated intoa -
discontinuity (jump). The integration is extended from x;— - =
to x;— + o (where the gradients automatically vanish), thus
connecting two equilibrium states over one jump discontinuity.

Performing the integration thus yields for the equations of
continuity and motion of a one-dimensional flow

=4

E
ou = const,

guzo p+ Bz/2uo= const. o X

B
z

Furthermore, there follows for the energy equation and Max-
well’s equations including Ohm’s law in the above coordinates.

(dov? + oh)u + EB/2u,= 0,
E = const ,
uB = const ,

(7=0,VxB =0, VxE = 0'in equilibrium). The above equations
constitute the general form of an equilibrium solution in mono-
fluid theory. They can be extended to multi-fluid systems with-
out difficulty. The two-fluid case is treated in the report by
Kaeppeler et al.%.

4, The Fully Ionized Plasma as a Two-Fluid System.

As there are no reactions in a fully ionized plasma of not too
high temperature (a possible non-equilibrium population of elec-
tronic levels shall be disregarded), the form of the monofluid
continuity equation can directly be applied to the particle den-
sities ny (mass density oy = myny) of the two components ions
(i) and electrons (e),

a

n; =
St V-(ni3)

"

0 ’

an =

E"* V-(neu,) =0,

of a fully ionized plasma. Multiplication of the equations with
the respective masses m; and m, yields the continuity equation
for the mass of the total system,

9 | v.(op) =
e V-(pb) =

from which follows, simultaneously, the definition of the mean
mass velocity U,

U = Toutx/ Zew -
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As mass as well as total momentum of the electrons can be
neglected against that of the ions, frequently single equations of
continuity and motion are used in two-fluid theory. Only the
energy equations are separately treated for electrons and ions.

Establishing ‘the two equations of motion for electrons and
ions proceeds directly from the expressions given for the mono-
fluid system. Now, it is permissible to use the expressions for
the external electromagnetic forces for each individual compo-
nent separately. Furthermore, a member describing the momen-
tum exchange between the species must be added. Thus follow
the equations of motion for ions

m‘[a;;'ui’ V-n,—ﬁ,-ﬁ,—] = n,-eZ,»(E"o UiXE) = \‘(n,-kT,-)

+ 0720 + k0, V(V-5;) + 2def§;-Tn; - §(V-5,)V

- ning (0 - Ue) ,
and for electrons

an,o it S ”
me[ a.:Ue* \'-neue-ue] = - nge(E + Upx Bl - V{nkT,)

+ ,72\7252; 377ev(\_"ae)'

NN € o (Ge - Uy} .
Here, the pressure pj is expressed by the densities ny and the
temperatures T with the aid of the thermal equation of state

Pk = nkkT,‘ ) P = Zk Pr = ZA’ nkka s p/e=kT/m,

&y is the momentum exchange factor [m? kg/s] which is con-
nected with the collision frequency (for momentum exchange),

The above expressions actually are a simplification. In dis-
cussing velocities, it is to be taken into consideration individual
velocity Vofa particle is the sum of the thermal velocity U and
a mean drift velocity U,, hence, for the component v,

Vy = By, + By,

yielding for the continuity equation of the v-th component!4

30, /3t + ¥-(p,B, *‘fv) )

This expression contains the mass flow density j which sums to
zero in the total equation of continuity.
dp/dt + V-(ply) = 0.
Correspondingly, the equation of motion for an individual com-
ponent!4 becomes
Ay + eybo)/at + V'Usv = Do'JTv i R'Go + oyl ]
o Qevg * jev"E +C,.
Here, p, is the charge density, j, the electrical current density,
e marks the dyadic product Ueu = u;u; and C is an abbreviation
for the collision terms.

Generally, the contribution of the mass flow density is sub-
tracted from the equations and, if necessary, described by an
appropriate phenomenological diffusion term. Principally, a sepa-
rate equation (for the first order moment)8 similarly as in the
case of the pressure tensor is required. In the equation for the
electrons, the terms with ¥y are neglected. In general, the en-
tire trace-less pressure tensor for the electron gas is neglected
because of its smallness. The reason for this is that the collision
times between electrons are exceedingly small as compared to
that of the heavier particles. This is easily seen by writing the
viscosity coefficient as n = pr and considering that 7,,/7;; =
Yme/m; . In the addition of the two equations of motion, only
the viscosity of the ions is taken. In calculating the viscosity
coefficient, however, the total pressure is taken as the sum of
ion and electron pressure, thus,

N = Pl (p=pi+pe,
as an expression for viscosity in the total equation of motion
02 e[S+ 6905 ] = [24eD) + ¥-(oDei ]

=jxB - V(gﬁTT) + 1775 + §nT(V-D)

In this equation it is taken into account that
ZkemZy =0 and, thus, (mZ;- nyeE =0,
and that the electrical current density is definded by
j=Zyemz,0,

(Z, = -1 for electrons). This requires an additional equation.
namely Ohm’s law. It is derived by multiplying the individual
equations of motion by eZ,/m; and -e/m, , respectively, and
neglecting members in the order of my/m; , neglecting viscosity
and then adding the two resulting equations,

QU o R e
i [3' (U-V)j] = - j({V-0)-(G-Vo

o
£, 3 et n.e- = sl liss
* g Pe ~ <81 - moL%) - E <8 |,
where
-1

h = (-me/nee2)l’e, 3 o=

is the specific electrical resistance (resistivity) and o the elec-
trical conductivity.
Establishing the two energy equations for ions and electrons

proceeds from the already derived monofluid heat transport
equation

du - = o ;

Cugr* PuV Oy = = V-G, + 2, (def i, )° - n, (V5,0
where G, was written for the heat flow vector of the u-th com-
ponent instead of ¢ . To this the equation of motion is added
after scalar multiplication by U, first neglecting the momentum
exchange terms,

dw} /2) e o o . = -
Q“+= Ou Uy-Fy -0,-V-P, = en,Z,5,-E -5,-V-F, ,
thus,

dluy, + v2/2) i =
O"_-L—Ldt + PNy + 5, Tpy + v-g,

= en,Z,0y-E -5,-V-p, + 2, (def §,)% - §n, (T-5,)2.
Because of i
p-q—(u + v2/2) = i( + 2) NG 2
= a1 (eu %pu )+ V-(Olou + %pu D
follgws for the Maxwellian form of the energy equation

3¢ ‘utty +Youud) + V- Aouuy + Yo,u215, + 3,) + A

= enyZ,0y-E - 5,-V-F, +2n,(def5,)? - 30, (V5,02

The momentum exchange terms, neglected at first, yield an
exchange of translational energy. Discrete excitation energy
can be exchanged by collisions among the various components,
requiring a summation over all possible energy levels. Rigorous-
ly, a separate energy equation should be written for each indivi-
dual level. This, however, would lead to an excessive number of
equations. Hence, simplified assumptions will be made which
are discussed after treating the radiation terms.

Now the energy loss due to radiation shall be discussed. Con-
sidering bound-bound transitions, they constitute a loss of inter-
nal energy of the respective atom or ion component. As the plas-
mas under consideration are optically transparent, an energy
gain due to absorption is neglected. However, the population of
the internal energy levels is maintained by inelastic collisions
of electrons with the atoms or ions, so that the loss balance goes
to the account of the electron energy. As free-bound emission
(recombination radiation) becomes dominant only beyond appro-
ximately 80 000 K and should be taken into consideration at
plasma temperatures greater than 60 000 K, it will suffice to
consider bound-bound radiation in an MPD thruster with its
maximum temperatures well below this value.

If the radiation loss per unit volume and time due to bound-
bound radiaiton is S,,,, the energy equation of the ions reads

a
5;(91' Y + %9(’“12) + v'([?,’ u; + %p,-v,z]ﬁ,- +gi) - piv-b;
=en; Z;5;-E - 0;-T-F+2n(def5)? - 25 (V.5)2 - (Qig 7

ie/ s



and for the electrons
.621‘(92“2 > speuez) + V-(loeue + %(’euez}ae + Ge) * Pe\ U
o e"eae'g = San - Qo * Lei) »
where the expressions for the C,y = Qyy + I,y are given below.

Now the energy exchange terms shall be derived. As was
mentioned above, the consideration of individual levels would
lead to an excessive number of equations. A justifiable simplifi-
cation is the assumption that the population of the excitation
levels is in equilibrium and non-equilibrium exists for ionization
reactions only. This shall be considered in the following.

u;' shall be the translational part of the specific internal
energy, uﬁ the contribution from the excited electron levels
and «'”" that of the ionization energy. Furthermore, it shall be
assumed that the ionization energy x, is expended by the elec-
trons only and is returned to them in recombination.

The connection between the specific internal energy u and
the thermodynamic variables temperature T and density o or
pressure p, respectively, is expressed by the caloric equation of
state. The translational part of u is (f = number of degrees of
freedom)

+

e .. 4
ot = il_.l(p/p) with F ‘
the ratio of the specific heats. The contribution from electronic
levels including ionization follows from the electronic partition
function!S for the case of thermodynamic equilibrium

-E,/kT
Z¢ Zn e =L

E, is counted from the series limit. If &, is the excitation ener-
gy of the n-th level counted from the ground state, g, the sta-
tistical weight of this state and y; the ionization energy of the
i-th component, there follows

Z: R ex,-/I(T,Zﬂgnie-fni/kT,z h

™

X = (:,,/Cu =

Here, it is considered that the population of the electronic ener-
gy levels is essentially determined by the electron temperature.
This actually is a violation of the conditions for thermodynamic
equilibrium in its rigorous concept, however, it is considered
justified here. The total internal energy
U = puV = NkT*(alnZ/3T)

(V = total volume) is expressed with the aid of the partition
function, where N is to total particle number. For the part of the
excitation energy in the specific internal energy pi(ui(i)- u;%),
relative to the zero point energy w;° (at T = 0 K), there follows
with the above expression for the partition function

(&) £ ~€n. /kT, ~Ep./kT g\
oilu "~ u®) = n,-kT,(Znﬁ;g,,e ety ann,e g

= oiuf = nkT %,
This yields for the specific internal energy of the ions for one
ionization step
oitj = nkT;i/(x-1) + mkT,Z,; ,
so that the energy equations for the ions and the electrons be-
come, if the ionization energy density n,x; (zero point energy)
is allotted to the electron component,

a 3\ . - ¥ — o
E(n,-kﬂ/(x—l)*&p,-u,-z} + Vo([nkT/(x-1) + %p,utzm, +G;)
+ piV-0;

= en; 2,5, -E - 5;-V-F +2n (def5)? - 35 (V-5)? - Cie

6% (_nekTe/(x-l) + X+ %peue"’;’ + V- ([nkTo/ (x-1) + ngx;
*doeud e + o) + PV e
= - eneﬁe~f = ot = S -
It is to be noted that, using the continuity equation,
x,-[ane/at + T-(nef:e)] = ¥ilg=
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T is the net rate per unit volume, the ionization energy x, must
be expended by the electron component. The member ¥,T', can
now be included into the energy exchange term Q,;. Thus the
two energy equations become

3 ‘ 2. . =
é_i(".‘kTi/(x-U v?-‘%") ¢ Ve(nkT;/ Ge-1) + giof 7205; + §; )
+ n,kT,V-G,-
= en; Z;5;-E - §;-V-F+ 20 (def5)? - 39 (V-5)? - Cie

3 2\ L
a(nekTe/(x—l) oQQ%Q) « T ([ngkT o/ (x-1) + o2 7215, + To)
+ NkT V-0,

<= ongiaE ~ Cog = 8pg o

where inthe Cijo = Qo + I;jo , Coi = Qg + Ig;

( tr r\ /-
Qie = (nymuw,” - ngmeu, )/r,»,, b
tr tr -
Qi = ("emeug - npmu, )/'ei +xile
are the energy exchange terms. The energy exchange contribu-
tions arising from the momentum exchange terms I,, follow
from

A 5 - 50D = 2 5.5
Tyy = My Oy - 0)-0y = mpvypryy Uy - By-0y)
Uy = mymy /(my +m,) ,

with the collision frequency for momentum exchange v,,. Thus
there follows

Tie = nviemoi? - 5;-00) . loi = NoveimelUe? - Ue-0y) ,

under consideration of m, « m;.

In a fully ionized plasma I', = 0 and thus the second member
in the expression for Q,; is zero. 7, is the mean energy equili-
bration time which can be replaced with the aid of the collision
frequency for energy exchange v§,. Some authors add the term
for ohmic heating j2/ o to the energy exchange term Q,;. This
constitutes a very rough approximation as it requires that j=cE
and considers heating of the electrons only (no direct heating of
the ions by the electric field). Here, ohmic heating is written
explicitely as individual terms eZ,n, Bu[_-f .

S. The Basic Equations for a Four-Fluid System
with Two Ionization Levels.

Assuming the case of a medium with at least two possible
ionization steps, e.g. with the reaction equations

X+res=X'+e +e;, X' +es=X"+e + e,
designating the single charged ions with the subscript i and the
doubly charged ions with j, and further considering that the sys-
tem shall not be too far removed from equilibrium, showing a
tendency towards reaching equilibrium, the back reaction rates
R; and R, respectively, can be expressed by the forward reac-
tion rates S; and S, and the equilibrium constants K; and K je
respectively, according to

nan3S; = in’R; — Ry/S; = (ng/mn,)’ = V/K; ,
(the supercript ° indicating equilibrium). The continuity equa-
tions then become

an, =
ata + V-lnglg) = Ty = - ngneS; + ninR;
- ity .
" - n,,n,.s,-[l-—;l—i/lx,] i
a
on

L i)Y 2 2 2
el (ni0;) = T; = + ngn,S; - inR; - nineS; + Nz R;

=+ nanQS,lrl -nT‘rlg'/K‘J - H"nesl'l-l-ﬂ'{ln—e/K)“I ’
a = 1 %

on -
# + Velngdig) = T,

= "u"esi[l'ﬂrfg‘/l(l] + "'"GSI'I 1-”1':;."—9/Kij )
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on; = 2
(B—tl + Vo(n;5;) = Tj = + nin,S; - njniR;

: n,neSi[l-ﬁ”;-:k/Kj] :

Summing over all ny, there follows the total density n = an.
As easily seen,
I‘e=-I'c,¢I‘)- and I',=-I'a—l"j
thus,
Zrk_ = Tg¢T+TgsTj = Toe(-TqTj)e(-TqeT;) = -TgeTj = T,.

With ‘this there follows for the continuity equation of the total
particle density n

on

ot
a result equivalent to the three-fluid theory with -T',=T;=T,
(which is immediately obvious from simple considerations). For
the four-fluid theory there also follows ) my Ty = 0, if the con-
tinuity equation for the total mass density p is derived from
multiplication of the individual continuity equations for the ny
by the respective masses my and consecutive summation. With
the above expressions for I', and T},

+ V-(YID) = l‘e ’

kark = mglgemTi+melgem;T ;
= mglg+m;(-T4-T j)+me(-T y+T j)+m;T ;
= [mg-(m;+m) 1T, - [mi—(m]-+me)]l'j = 0.
This yields the equation of continuity for the entire plasma
2. V(e = 0.
Generally, there holds the condition of quasi-neutrality,

Z"ka =0 = ng-0 + n-(+1) + N;Z; + nyl-1)
—_— Ng = n; + n]ZI .
This is important especially in the case of an impurity as a
fourth component. In this case follows I'; = 0, necessarily.

The equations of motion for the four-fluid system follow di-
rectly from the two-fluid equations, if the respective new mo-
mentum exchange terms for the mutual interaction of atoms,
single and double charged ions and electrons are added,

angv o A
m,,[—gtqggo V-n,u,ou,] = - V(ngkT,)
+ navzﬁa + &nnV(V-Ua)*Zdefﬁa-Vna e %(v'aa)vﬂa

- Ngi€qi(Tg - ;) - Ngngkoe(Dg - Te) - na"jzai(aﬂ 'Ui) ’

’""[ag;ui’ V-n;Dieb,; | = nieZy(E + 5;xB) - V(nkT,)
+ MV« §niV(V-B;) + 2def §;-Vn; - 3(V-5,)¥n;

- ningE;q(0; -Ug) - ninef,ve(i},- ‘Ue) - n,-njE,-j(U,- —Uj) »

me[aLgtue, v.neaeoae] = - nee(E¢ Bex E) - v(nekre)
+ y,evzﬁe + %neV(\'ﬁ,)

- nennfga(ag'ﬁa) = "e"lfei(ae‘ai) - "e"jfej(ae'ﬁj) ’

mj[—l—-’a:;;u 4% D05 | = njeZ;(E + §;xB) - T(njkT;)
+ 7)]-‘7251- + %njV(T-DI') + 2defﬁj-vni - g(VE,)Vr;I

- n,-nafj,,(ﬁj -Og) - ”jnifju('-’.j -0;) - "j"efje(ai - Ug)

Here, as before,
< V,\u mAm"
nu my + mu

E/\u

with v, again being the collision frequency for momentum ex-

change. In the above equations, the pressure is again replaced

by temperature and density through the thermal equation of state
Pi = mkTy | P=Zipx, p=nkT,

kT =3, nkka/ank = 2y cxkTy , Cx =m/n.

Also the energy equations for the four-fluid system can be
written directly from those of the two-fluid formalism. The sub-
scipts a, i, e and j again designate the neutral atoms, the ions
resulting from the first ionization of these atoms, the electrons.
and either the ions from a second ionization step, or the impurity
component (the latter is non-reacting),

a Uz \ iy | oy
% (nakTa/(x-l) + 905‘1 )+ ¥ ([ngkT 4 /(x-1) + i-pau;,‘Z 15, + Ga)
* MgkTo¥-Bq = - 5g-V-Fy + 2y (defBy)? - 21, (V-5,)?

- (Cqi + Cae + Caj) ’

) 7 - i i
3¢ (kT / Ge-1) +0r5 ) + V- (InkTi/(x-1)+ Yo I5; + 1)
* nikTiV-ﬁi =en,~Z, D,‘ E— — 5" V‘P‘, * 2”1‘ (defai)z

“&n (V-5 - (Cig + Cio + Cyj)

2
g(n.kr,/(x—i) *065 ) + VollnekT o/ (x-1)+ 02 /215, + G)
+ NkTV-Tp = - eng5, -E - (Coq + Coi + Coj) - 8

nn’ >
a;‘t(nikr,/(x-l).gigf) + ©-UnkT;/ (e-1) + 003 /215; + §)
*MKTV-0; = en;Z;5; E - 5;-V-F; +2n; (def))?
“ (V3 - Cja+ Cji+ Ci) .
The energy exchange terms Quy in the Cy,y are given by
Qqi = ("amn“: = "imiu,‘tr)/?ai )
QiaTia = - QaiTy; ,
Qe = (namqug - ngmeul)/7ae
Qealea = - Qaelae
Qqj = (n,,m,u;' - njml-u;')/r‘,,j s
QjaTja = - QqjTqj ,
Qe = (”imiu.- - Nemeu, )/7—ic )
Q;j = (n,-m,-u:’ - njmju;’)/r‘,-j .
@ity = = Aty
"fmiuf')/'fei * xila ,

Qej = ("emeug - mymu; )/T_ei siixity,

Qei = ("cmeu:r #

Qje = (njm,-u;’ - n,,meu?)/?je
The energy equilibration times can be replaced by the collision
frequencies for energy exchange according to
Tyv = 170§, .
The I, in the expressions Cyy were already given in general
form in the preceeding section. Further transport coefficients
will be given in Sec. 8 of this report.

Maxwell’s equations are given in their Galilei-invariant form
with the charge and current densities inserted by the defining

relations,
VxB = po(eniz,-ﬁi +en;Z;i; - en,ﬁ,) <

vB-=0,



= 3B
sl
eN-E = en;Z; + enjZ;j - en, .

If wave propagation is considered, however, the Lorentz-
invariant form of the Maxwell equations must be used, particu-
larly in the case of electron oscillations, thus, instead of the
first equation above,

- & _ e OE
VxB = po[(en,z,-v,» +en;Zjvj - eneue) + cua—] i
though, for the dynamical equations the Galilei-invariant form

is retained. This is somewhat inconsequent but in the considered
range of application justifiable.

6. Fundamental Remarks on Linearization.

The approach again starts with the kinematic conservation
theorem in differential form,

2.6+ (G = QO)
If the dynamical variable G can be expanded as
G=G"+G'+ G+

and if this expansion is inserted into the above equation, there
follows with 8G%/at = 0, v.(G°G% = 0, terminating with the
first order member (G'),

) 3
&-Gl + 6_)(:(‘U'OG1 + U.-lGo + Uilgl) = Qo + Q‘ .
This yields for the continuity equation
de! YL BT
Eet—\‘( +pu+gu,-)-mr
with mT'? = 0. The latter is often disregarded if the equations
are written for particle densities instead of the mass density.
IfT,, I'; and Ty are the reaction rates based on particle densi-
ties n, then for ionization in equilibrium I'° = I'° l'° Writing
the continuity equation for mass density g, there follows

mr? = m,r2 +mI?+ m,,I'g = T(mgrm;-my) = 0

At this point it could be argued that for linearization the
quantity G! must be smaller than GY, at least G must be neg-
lectable against G + G!. This would mean that v!G! is small
of second order and in the continuity equation p'u;! can be neg-
lected. Doing this, there follows

1 1
%;L + V'(Q vl + oly; 0) = % T+ 0! = mr!,

a form which is known from QAM# and which considers that p°
and u,—° are equilibrium values and therefore can be drawn before
the Nabla operator.

On the other hand it is possible to mtroduce an ordering
parameter €" (just as in QAM),

G= ZE"G(")

so that for 91 this ordering parameter would be €2 and this
member would be contributing to the development in second
order. Anyway, this member does not belong to a first order
(linear) development.

In the theory of waves and instabilities, the dynamical vari-
ables are expressed as the sum of unperturbed and perturbed
quantities,

v=yo+y, with § « g .
In order to introduce this into the above development, it is re-
quired that
Gt=GM+G"¥, Gy=6"+GY, G=G's.

Substituting this into the kinematic conservation theorem, there
follows

6 o/ = - -
5‘0 E(uioG . U,’Go) = Q .
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The neglection of fJ,C is now fully consistent. The question of
whether to neglect u,—"l GHt does not arise, as

3Gy
o ax ( Go) Q
holds rigorously and is deducted from 8(G%+ GH.Glsizae = -
On the other hand,

26y, 9, LG 8.0 )
ot ‘ax,-(“'oG") at ax( o
a6 3¢ w1
ar ax( bl
and thus, neglecting v; Ligit,

U,oGl'l) - QO ¥ Ql,l

aGH!
ot

= GOv_Bl,I 2 (GO-V)GL[ - Ql,l -

which clearly shows that also in the linear approximation gra-
dients appear.

It is essential not to draw Gy or v, before the differential
operator as they do not constitute equilibrium values. Perfor-
ming the differentiation there appear those expressions which
are designated as "relative gradients” here and thus appear as
parameters in the linear dispersion relation. For the continuity
equation follows, thus,

%* Vi (90‘71' * 5“:’0)

AN e e
= 5% + UiV + @oVitU; + 0V gy + vy Vo = T,
or, introducing the so-called "relative gradients"

& 1
€, =—Vy . =V X
lp ’ x ’
there follows i &
20, ooy + @0V -5 + 800 Eg + B0 VB =T,
where of course, e.g., Vog = V(% o) = volt. v, is an alter-
native way for writing 8/0x;.

In the first order of the QAM hierarchy the inhomogeneous
part is of zero order. As the linearized equations contain also the
first order inhomogeneus part, the second order in QAM is requi-
red to describe instabilities contained in the linear dispersion
relation. In the latter, for the unperturbed quantities

1 dy, 10y _ 2 x
Po Ot < w and Yo OF = E!Po « k
must be satisfied, where w and k are characteristic values for

the perturbations.

7. Linearization of the Basic Equations and
Fourier Transformation as a Basis for the
Dispersion Equation.

Introducing the perturbation ansatz and wave ansatz for
linearization and Fourier transformation

i(k-F - wt)

Y=y,+ 9, p=0e

for the various dynamical variables Wy, there follow the contri-

butions from the continuity equations to the linear dispersion
relation

- u.ma + "af* + Mg, Ga o€

Vi€,

%

& iwﬁ, + "ec' + "Uo(ae o€
- “""l + n,c— +n)0(u) £

with the perturbations of the reaction rate coefficients

A S,-[n,o'ﬁe + Ng Mg - (n‘,zQ n; + 2n¢°n,-o'r'l¢)/K,'] P
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T; = Si["aoﬁe % neo;'u = ("ezo;'a > 2"%":0;‘9),//1\,1]

= Sj[nio;l‘_, & neoﬁi = (n;:’oﬁj + Zn%njoﬁe)/ K]] 5
[ofs S,[naoﬁe + g g - ("'20 o+ 2ne0n,-0ﬁe),’l\’l]
+ S}-[n,-oﬁe + neoﬁ,- - (ngoﬁl- + 2neon}-°ﬁe)/h’j] .

Tj= 5;["io7le + Ng Ny - (ng’nﬁj + 2neonjoﬁe}/1\'}-] :
In principle, only f'a and f',- must be calculated. The other two
expressions follow from

fe=-f-a*f-j, l:i=-f-a'l:jy
where in the above expressions no perturbations for S; and §,
as well as K; and K; were considered. This has the following

reason.
The §, are nothing but the product of reaction cross section

q and impact velocity U integrated over the velocity distribution,
Sy = <quyBy , XTY = 4 [XWB Fwidv,

with f(u) being the probability density (density function) of the
velocity distribution. Now, the time between two collisions is
long compared to the oscillation time so that many oscillations
occur without a change due to collisions (requirement for the
absence of collisional damping). On the other hand, the mean is
taken over the distribution, so that the use of the unperturbed
values for the “collision frequencies” seems permissible. This is
considered for all collisional processes, not only for collisional
ionization and three-body recombination. Analogously, this also
applies to equilibrium constants.

The above arguments also hold for the momentum exchange
terms &, depending on collision frequency and reduced mass
uy1- There follows

Vi my-m N
Eut = #ﬁfrm,“ $qriv? vt -

The total contribution from the momentum exchange term in the
equation of motion with U = U,+0, etc., is given by

e &g (Op = O7) = myegmp €t Oy, - Og,)

+ Moo Ext(Op = 0p) + Dy + oy JE 40 (B, - By ) -

Before proceeding to the linearized and Fourier transformed
equations of motion, the left hand side of the equation of motion
shall be separated into perturbed and unperturbed quantities,

o A
3r0ki) + V-(orUyety)
= 000y /3t + o3 (V) -V)Uy + Dk[apk/at + V-(pkﬁk)]
= op 00 /0t + o3 (0)- V)0 + U ymy Ty ,
thus,
a = o] =
mk[a(nkuk) + V-mkukouk)]
= nkomk[aﬁko/at + (Uko'vh_}ko] + my Oy Ty,
+ mknko[aik /ot + (Uko‘V)ﬁk + (3k-v\ak0]
+ my] 80y, /0t + @ry SV, | + mydy T + My, .
yielding for the perturbed part of the equation of motion
Mgy o 30y /38 + (B ¥ + (By- T, |
+ mkﬁk[ﬂﬁko/at *(ﬁko-V)ﬁko] - mkﬁkof-k + mkﬁkrko
=-Vpk ¢§nkV(\_-3k) + M5 +2(def 3,()-\'771( —%(T-ﬁkﬂ'r)k

= = ~ ~ - -y
+ Z,nkonlosz(vk -up) + Zl[”ko"l + iyeny JE i (O, + Oy,,)

Thus, perturbed parts from the equations of motion of atoms,
single and double charged ions and electrons become

Mg Mgy 884 /8t + By~ V)Bg + (Bg-T)54, |
4m,,71c,[65n0 /8t +(Dg, -\")‘Da,,] + maf}auf'a +myg 5,,!',,“
= = Vhg + dngV(V-5,) + n,9%0,
+ 2(def Tg)- Y g - §(V-5)¥ g + 3 Magniofat(By - B1)

+ 2 Mgy + gy, e o1 (B, - 51,)
with ! = i, e and j,
m,vn,-o[aﬁ,-/an(ﬁ,-o-V)ﬁ,- + (E,T)D‘o]
o miy[00;, /0 + (B - 05, | + miBi, T+ miTy,

n"uez,'(EO Diu"g + 5,'!50) Jr,ez, (E‘, * l.;(-ux E.)) & Vﬁi

+ Ani V(Y5 + 0%+ 20defB;)-Tn, - 375U,

oD i Ea @i -5y o 3 Ln iy + oy, JE Bi, - 1)
with I = a, e and j,

Meg,| 3o/t + (Bgy-¥)Be + (B T, |
+ Mglig| 80g, /3t + (Boy-T)Ty, | + MelgsTe+ Mobiel e,
BN & Pesia o, kP
= = nqoe(E +UgxB + Ue"Bo) - r:,‘,e'(E0 +Ugyx By |
- VPe+ &”ev(v'ge) * ’levzse

+ Zlneo"lofel(f’e -5 + Z,[neoﬁt + Pgny JE o1(Dey - Byy)
with I = a, i and j,
min;o[85/0t + @, 9)8; + (- 9155, ]
o mifi{ 805 /0t + 5,908, ] o mySso o miET,
= nier,-(l_::‘ Ujoxg* 3;”‘50) + ﬁjeZi(l—::o + 5,-0*50) SV
* A V(Y0 + 0;9%8;  + 2def 5))- T, - 3(v-5,)n,
Do i3 -0 3 g + Fym Y g - 51,)
withl = aq, i, and e.

With the wave ansatz there follow then the linearized and
Fourier transformed equations of motion. For the electromagne-
tic members in these equations, a transformation with the aid
of Maxwells’ equations shall be given. From

VxE = - aB/ar

follows with the perturbation ansatz and the wave ansatz

B = [ExE_:]/w ;

ikxE = iwB —
thus,
Do« B = E-[By ok - kel ) /0o .
Introducing the gyro frequency vector @, = eZ;B/m;, |, there
follows
nkoez,‘(i:: + Uk°x§ + 3[,250)

e = = e oHl i L N
= \nkoezk/w)E-[lw + (Uko°k - k-uko)] * myny Uy,



In the above equation, 1 again is the unit tensor which -also

appears in the Fourier transformation of the members with Up,

1y Bu; au 8n 5 du, dn
¢ e = ~ ==+ i
2(def 8)-Vn - 2(V-0)¥p (axl ar,lax, ox; 0x;
% ‘.[(G‘E' Yon) = %(_1}‘.5_;1].(_2"“. ETU‘}n .

VU is expressed by Vipr,;) = 1,V (nkT) and after partial dif-
ferentiation, the relative gradients £, = Viny are introduced.
With this, there follow the contributions of the equations of
motion to the linear dispersion relation,

mang[ B + i(Ba, K)bg + Ba- ¥y, |
+ mgiig| 80y, /0t + By V)Bg, | + Muiia,Ta + MaTala
- T,,(l'l-(-bf
v ing Byek + Kebg) - 3&-5o)1 ] (2
- Y agugEit®a = B0 - 2 agf = Rantg)EatTag - B1,)

withl=i,eand ],

Bl
Ng,, Tao)

minio[-ima, * l’(l—),“_,-l-(‘)g,‘ + (3,\")5,0J
+ miﬁ‘[aﬁ‘-o/at + (D,—(,V)U‘vu:‘ + m,ﬁi“f] + mlﬁ,r,”
= (nigeZi/WIE-[ 1w + Biyek - Kody,) |
+ min,oﬁixﬁc‘. + ﬁ,-eZ,-I-::o * ﬁ,m,-D,-onu'c
3 B o A ~ .7 = 3 2= =S
B Ti(tk + cnl_o)n,-O - n,-(lk + €Tio)Ti” - nik?5; - nkik-o;
4 '“[(34"7‘.‘ ko) - %(E'Ui)l]‘(gmo - ET«'O)
= ZlnionloEiI(EI ¥ 51) L3 Zl(ninﬁl 3d ﬁl"ln)El'l(Blo ™ a[o)
withl=a,eandj,
Mgy -iwde + iey-K)e + (Be- Vg, |
+ mig] 80/3t + (Bey-T)e, | + MBeyle + Mebel ey
= - (Ngge/W)E-[10 + (Boyok - KeDgg) | + Mo Biexde,
- PigeE, + figMgbgyx ace
neo)"ﬂo % ﬁe(ik # ET,O)TEQ

- Z,neonlofaz(ﬁe =)t Zl("eo;'l - Figny, )€ ot (Ue, - Ti,)

- ?,(U-c.o E

mitl =a,i undj,
mjn [ -iwB; + i@;,-K05; + ;95

+ m]‘"j[aujo/at + (Ujo-\-)ajo] + minori + ijjl"jo

(niuezj/w)g-[lw + (Diool_(.-ic-ﬁio):l s min;, ,chl
+ ﬁjezjfo + ﬁjmj ch)
n, - ni(ik+ &
. =
in[ Bjek + KaB)) - 3D

-'T‘"(ikxi To n]k u, %n,l_c‘l-(.ﬁ

O
)1]( ; *ET

- Zl ,o"lofjl(sj - u1) - Zl(njom - njn[o)f,'lwl«o - Tp,)

+

with l = @, e and i.

In the above equations - as in the following - the Boltzmann
constant k = k Boltzmann Was integrated into the temperature sym-
bol T in order to avoid confusion with the wave number k. Thus

Ty = kgottzmann Tu and Pu=muTy .

The temperature T is thus given in energy units.

3 = (e 2% s
na(,)"ao'"a(\‘k "T‘,D)Tuu"?ul‘ Ua'%"uk\k'vu) :
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For the presentation of the lincarized energy equations, the
term with the pressure tensor

[\-“.'u'Pu] 3
V. (p“uu) - ‘.r]"\defu"; + jny\\_ u") = ”Mi.'o'l'vzau
- &n“u“-\'(Vm“,- - 2uy-defu‘,-Vn“ + %(V-Uu)ﬁu-Vn“
is linearized first (the unperturbed terms were dropped),
[v-5.F]in - v U-8p,) + Bor VB + Bio-Eg,
- 2n(def D,): (2def T) + n(V-T)2V-T) - nb-V3D,
- 186925 - §nB-V(V-B) - §nTy-T(V-B) - 25-(def 5,)- T
- 205+ (def B)-¥n + 3(V-5,)5-Tn + 3(V-3)5,-T7 .

Replacing the pressure p by particle density n and temperature
T and considering that the Fourier transform of def b is

def & = i(keD + Dak),
there follows
= =4 N -
[V‘”u'Pu] = MyoTuo kT + e ‘Tuo)]
v (A Ty, + "UOTH)[ik'BUo * Guo'EfJqu
- 21, (def Byy):i (koD + Byok) o 3nuiK-0,(V -y,
- MOy V20y, + $nu ﬁ“-V(Y"Duo)

+ A0y (k-B,)(K-5y) - 25, (def §,,)-Vny,

di
Nuk“Tyg Uy -

- iy, (KeDy + Byek)-Tn,
+ 3By )0y Ty + 3ik-5,)(Byg- V) -

This yields, finally, for the energy equations of the four com-
ponents, atoms,

- i(w - &840 4(RaTag * MayTa)
B im,(ﬁ,,u,,,zodnuoaao-ﬁ )]oi(i-ﬁ,)[;‘q n,,oT‘,ooﬁm,n,ou,,zn]

o il

+ (igTaq * NagTa) iK-Bgq + Dag- ‘ﬁao]

+ i(k-gg) + Nggy “[xk g+ b (

- 2nq(def Dgg):i(Kketg + Ugek) + %rrail?-ﬁa(Viao)

- NaBa- Vg + Nekgy-Ba

- $naBa V(Y Bgy) + §na(k-Tg )(K-T) - 25, (def Tg,)- Vg
- iDgq-(RoBg + 5qok)-Tng + 3(V-Bag)Bq- V1,

9 §i(;~3a)(ﬁao-Vna) s = (C~ai * 6«0 4 éaj) i

single charged ions,
N T - (= T

=1 (u - (k~u,—o))[;;l_1\"47io . "ioTl)

Am(und + I 3] 1 E STy dmen ]

+ ilk-qy) » my Ty | ik-5, 'ai'(E"io’ ET,,,)]

L g (;li-rio"”loi-i)[“—(" Dlo ’ﬁio'gaio] - 2n; (def ﬁ'o):‘-(l_(-”':)i N 5“.2)
4 T e - = o2 it

¢ il k-0 (V-0 ) - 00725, + ’h’kzuio'”t

= Ami B V(T By, + AmiE-Bip)R-B) - 25 (def Biy)- Ty

. iB,’o'(E°5g’3(‘i‘.)‘v’7i ,g(v.aio)ﬁi."m .%i(F.ﬁi)(Eio.Vni)

2 - (Ciq + Cig+ Cij)+ ezi[("i(,gi + ﬁiaio)'go * niuai()'g] '
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electrons,

-i (w - (E-er))[ﬁ(ﬁereo + "eoi-e)

+ sme(ﬁeuez‘)* 2neoﬁe°-3¢)]+i(l?~5e)[;‘;] 7. T # %meneoue-;',]
v ilk-gy) + n,oTeo[ik-ﬁe‘ 53'(2"20 + ETeo )]

+ (eTpy + Mg To) iR -Doy + Doy Is,. ]

- 2n(def Tgy):i(Keig + Deok) + 31 ik-Bo(V Bgy) - nobe-T2B,,
+ 1ek2Bgy B - AneBe V(¥ -Bag) + hne(R-Bog)(E-5o)

=~ (Cea + Cai + Cej) - (MagDe* ey Eo* MegBey E | - Sum'
and double charged ions (or impurities),

- i (@ - @5, [4(7;Tjo + mjoT)

o dmj(juid« 2n5655,5;) ]+ £ B[k njoT s+ bmynsn 2 ]
* iK-G;) + ny Ty ik-5j+ 5 (2 1o ETiO)]

+ (AT, "/oT )['k Ujo+ Ujor u]n]

- 2n;(def G;,):i (koD + 5 jok) +

u|a

ES = 8. gis.
k £9) uio) = "l"’l"7 Yjo

* Mo - kny;V(V-Tjo) o hn;(E-5;,)(k-5;)

- 20 (def Bj,)- V- i U - (Kol + Bjok)- T +3(V-5 )5;-Tn;
+ ii(i-ﬁj)(ﬁj°~vnj)
== Cja+Cji+Cjo) + eZj[ (njoB; + #jijo)-Eo + mjgijo-E] .
In the Fourier transforms of the energy exchange terms, above,
E:uv = Quy + Iyy , the Q,, are given by

5uv & i‘q("uoi-u * ATy, - "\'oiv = ﬁvTVo)/’—uv

with the exception of ¢ = e and v = i, j, which are

601 - i‘l.'l("oo?c 4 ;'ereo G "eo‘i.e < ﬁerno)/f-ci * xi¥a s
5.,‘ - ;‘_—l(n.oi} + 'ﬁ,T,o - n,-oi',- = ﬁl-Tjo)/Tej * x,»I‘j ’
The fuv are given by

Iyy = ntlonuofu"[(uuo = uVo)'

UV)'UHo]

r (ﬁu"\'o " ”uo"V)qu(Uuo a 6\'o)""uo .
For the perturbed value of the radiation term it is again consi-
dered that radiation comes from very fast transitions or scatter-

ing processes. Thus, the specific emission per unit time s = S/p
is considered unperturbed. This leads to

M (”u .

§nn‘ & (ﬁe/neo)snn'

for the Fourier transform of the radiation loss.

For the heat flow vector g, it is assumed that the electrons
behave adiabatically in the magnetic field and the ions non-
adiabatically. Hence, there follows for the electrons,

-8 vr, - Ay,

7. - )T - AVT &, 1,
-
87 1B’

and for all other components,

‘_in - Agvr}'
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The Fourier transform follow as

[V QR] “kqe (kz'ik-EAS

« ANT[ (k.52

Nt

- i (k-8 )(E 3 -8)] - AT 2 20 - [RxEp)
and

[V Qn] = ik-q, Qn .
The individual heat transport coefficients (thermal conductivi-
ties) A#) are discussed in Sec. 8.

The perturbation part of the magnetic field was expressed by
the perturbed electric field. Hence, the contributions to the dis-
persion relation from the Maxwell equation reduce to those from
the perturbation of the electric ficld vector. This is given by the
vector wave equation

c?UxV<E + 32E/at? + cXydf/ot = 0

(k? - k-2 0 0T,

With the aid of Poisson’s equation,
VxVxE = -V2E + V(V.E) =
-V2E + ¥((e/ed(nZ; + n;Z; - n,))
and, thus,
(czk2 - uz)efo ikce(nZ; » W;Zj - By) - iw f: 0,
Where the current density and its perturbation is given by
7=Zyenzp,,

Thus, all elements for establishing the macroscopic linear
dispersion relation for a four-fluid system are given.

j - Z\aezv(;‘vavo + n\h)uv)

8. Reaction Rates, Transport Coefficients and
Equations for Radiative Emission.

In the continuity equations there appear the reaction rates

u giving the net production of the respective particle density

ny from the ionization reactions. They depend on the forward

and back reaction velocities with the latter being expressed with

the aid of the equilibrium constants. This procedure was exten-
sively discussed in earlier papers by the author16.

To obtain the T, it is necessary to have the reaction veloci-
ties S, for collisional ionization. There exists an approximate
analytlcal solution of the collision integrallé appearing in S, for
the case of Maxwellian velocity distribution. The latest calcula-
tions according to this procedure for Deuterium and Argon as
working fluids were carried out by D. und M. Barth1?. Given are
the equilibrium constants, equilibrium compositions as well as
the values for the reaction velocities in the interesting tempera-
ture and pressure ranges. For hydrogen, the solutions of the col-
lision integrals together with graphs of the reaction cross sec-
tions were given by Kaeppeler!8,

In his MHD computer code, Behler!9 uses the so-called "col-
lisional-radiative (CR) modcl” of Duston und Duderstadt20.
Here, detailed equilibrium between collisional ionization on one
hand and three-body recombination plus photo-recombination on
the other is assumed for the determination of the rate coeffi-
cients. Also in the paper by Schiuma et al.2!, which is essen-
tially based on the MHD code by Trunk22, later extended by
Behler!?, the CR model is used. This certainly is justified for
plasmas of very high temperatures and relatively high densities.
However, whether this model is suitable for temperatures below
30 000 K and relatively low densities as they appear in station-
ary MPD thrusters remains questionable. Here, the method sug-
gested by the author!6 seems to be the most suitable.

In the equation of motion there appears only one transport
coefficient, namely the collision frequency for momentum ex-
change vy;. The viscosity coefficient (dynamic viscosity) n can



be expressed through the pressure p and the collision time 7y,
Nk = PrTul = Pi/ Vit -
Also the momentum exchange coefficients £,; depend on the
collision frequencies vy,
Vg my-m ,
St = -;:‘l—,—,,fm-,‘= <Gtk vkl »

where
"'Ih e m(

my+my

Ukt =

is the reduced mass and gy; the (velocity dependent) collision
cross section for momentum exchange between particles of the
k and ! components.

For collisions between electrons and electrons as well as be-
tween electrons and ions, and ions and electrons, the collision
frequency is given by23

3 N
Vg = Vgt = (a/ani’i&)%’, Vie = (3/3#{#)-2 :
te

15
Uth,k = (3’(7';(/7111() .
with the mean free path length
s el
Uk = (g1 + mp/my + mqu? )

and the collision cross sections g, for electron-ion collisions
and g;; for ion-ion collisions,

Gei = Gie = g(eZZl/clneokT;\)zln Ae )
gii = g(ezzi/tmeok'lj)zln/\,- £
InAyg = ln[(4 nchTk/ezzk)AD] ,

";2) = (eokre/ezzv"vze) ,

where In A is the Coulomb logarithm and A, the Debye length.

For collisions between electrons and neutral particles the
Ramsauer cross section?4 must be used for the calculation of
the collision frequency.

In the energy equations, there appear besides thermal conduc -

tivity either the energy equilibrat'{o? times 7y or the collision
frequencies for energy exchange uk‘; . The latter can be brought
into relation with the collision frequencies for momentum ex-
change vy, so that the Tj; can be expressed by the vy .
For electron-ion collisions

Tor = (mi/mg)/(2u)
for collisions between electrons and neutrals,

Tea = (3mg/8mgvey) ,
and for collisions between ions and neutrals,

Tia = 3mg/2m;vi,) .

The relations for the thermal conduction coefficients 10, Al

and 12 in the expression for the heat flow vector of the elec-
trons g, are

0
Ae=2./(1+82), B = wcTei s we, = eB/m,
A(” = Aeﬁz//(l ” BZ) 3
A2 a8/(148%),
with 5
\ 3
Ae = 5 (nkTe)tei et = V/Vgi =

For the other thermal conductivities, especially those of the
neutral component, reference is made to the report by Kaeppeler
und Krause?5.

There remains the expression for the radiation loss S, due
to bound-bound transitions. A discussion for the case of nitrogen
is found in the report by Zimmermann2é, for the case of deute-
rium in that of Schiuma et al.2! with further literature referen-
ces. The total emitted radiation from a transition from the bound
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quantum state n to state n’ is given by
e = n,z‘;K by-2g chR/n*n> T 2)cxp{::ltR/ nZkTe} y

g by, is a factor for the transition probability. If b, increases less
strongly as with n3, most radiation comes from the transition
from n=2 to n=1. Then,

Sy = 178310718 n,2(gby T3 2 Jexp(0.3954105/T,)  [3/m’s] .

(T, in Kelvin) where, approximately, gh; = L.

Thus, all transport properties appearing in this four-fluid sys-
tem of equations have been discussed.
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