
91-059

BASIC EQUATIONS AND ELEMENTS OF THE DISPERSION RELATION

FOR A FOUR-FLUID FORMALISM OF MAGNETO-PLASMADYNAMICS
WITH NON-EQUILIBRIUM IONIZATION

H. J. Kaeppelcr

Institut fr Plasmraforhschung der Universitit Stuttgart, F. R. Germany

Abstract. brium 2 . Two essential instabilities were found, the macroscopic

In order to establish a macroscopic dispersion relation electrostatic electron acoustic wave instability' and a gradient
with the aid of a computer algebra code (e.g. MAPLE or modified space charge instabili. The latter can possbly lead
REDUCE) for a magnetoplasma consisting of neutral. single. The latter can possibly lead
and double charged ions and electrons, as it appears in MPD to current chopping in its nonlinear development which might
thruster flows, the equations of conservation of mass, mo- explain the "onset" phenomena in MPD thrusters.
mentum and energy, as well as the necessary electromagnetic
e(nLations are established from fundamental considerations. The research program is continued in two branches. First,

Momentum and energy exchange between the species, visco- the calculation of the linear dispersion relation is to be exten-
sity, thermal conduction and radiation are considered. Fur- dd to a four-fluid formalism. The reasons for this lie in the
thermore, the reaction rates for nonequilibrium ionization
with two levels are given. The equations are then linearized appearance of impurities on the one hand, and the detection of

and Fourier transformed, thus providing all necessary ele- double ionized Argon on the other. Second, the nonlinear de-
ments to form the linear macroscopic dispersion relation. elopment of the instabilities is being studied using
Problems appearing in nonlinear development using QAM, velopment of the instabilitie is being studied using QA
such as equilibrium solutions and linearization, are also dis- It would of course be desirable to treat both double ionized

cussed. Argon and impurities simultaneously. However, computer cal-

culation speed and storage space requirements for solving the

1. Introduction, dispersion relation would be formidable and it is questionable

if it ever can be managed. Already the three-fluid formalism

Since some time, particular interest is given to the study requires the inversion of a 21,21 matrix and the solution of the

of instabilities in MPD thruster flows (cf. Refs. inl'2 ). Other determinant leading to an algebraic equation of 21st degree.

than the work at the Institut fur Raumfahrtsysteme (IRS) and by This task is just barely manageable with the present methods

the authorl, 2 , mainly microinstabilities were treated. It seems available. In order to extend these possibilities, a detailed stu-

justified to make a few principal remarks on this subject. Con- dy of methods of solution is under way. However, unless there

sidered are only the performance of stationary MPD thrusters is a decisive breakthrough in methods of solution, a four-fluid

operated at the IRS. The pertaining physical parameters are formalism is the present limit.

given, e.g., in the paper by Wagner et al. 2 . As Te=Ti, the ion The equations of the four-fluid theory are developed from

acoustic instability can be disregarded as the condition for its basic laws of monofluid and two-fluid description of a magne-

appearance T, . Ti is not fulfilled. As electron current drift tized plasma. The components are a neutral gas, the single and

velocity over ion thermal velocity ude/Our=0.2 5 , the modified double charged ions therefrom and the electrons. Instead of

Buneman instability with uth, a Ode < Uthe also does not appear. the double charged ions, a non-reacting neutral or multiple

However, the lower hybrid drift (LHD) instability with its condi- charged ionic impurity component can be selected. The reac-

tion of ude in the order of uth i could appear if it were not for tions in the continuity equations are considered as reversible

collisional damping. This occurs if the collision frequency is collisional reactions, assuming nonequilibrium but requiring a

greater than the lower hybrid frequency, vepi, h. For the above tendency towards equilibrium. This permits the three-body re-

mentiuned type of thrusters wlh/i
), 3-10 - 4 , thus the LHD insta- combination reaction velocity to be expressed by the collisional

bility is collisionally damped out. ionization reaction velocity and the equilibrium constant. The

Work at the IRS is concentrated on current driven insta- possibility of using a collisional-radiative (CR) model is shortly

bilities in order to try an explanation for the "onset" pheno- mentioned. The equations of motion contain the viscosity terms

mena. These instabilities can he described with appropriate (Newtonian fluid approximation) and the momentum exchange

systems of macroscopic equations leading to a macroscopic terms. The four equations of motion are not added to form a

dispersion relation, single common equation of motion in order to avoid additional

In an earlier paper 3 , the author presented a four-fluid theory equations such as Ohm's law and the mass flow equations (first

particularly for the case of turbulent fully ionized plasmas con- order moments). The electric current density in the Maxwell

sisting of Maxwellian ions and electrons as well as accelerated equations is expressed by its definition, the velocities of elec-

(fast) ions and electrons. It served for studying phenomena in trons and ionic species to be calculated from the appropriate

the pinch phase of the plasma focus experiment and was also equations of motion. The energy equations describe the varia-

used in connection with QAM 4, a quasi-analytical method for tion of thermodynamic internal energy density and contain the

solving systems of nonlinear partial differential equations. dissipation function, thermal conduction, thermal energy ex-

In a modified and reduced form, this four-fluid formalism change between species and the contribution of ionization ener-

was used to establish a three-fluid theory with one ionization gy (nonequilibrium). For electronic energy levels it is assumed

reaction in order to study instabilities in MPD thruster flows, that either there is no excitation or the population of the levels

first without considering gradients of the dynamic variables l  corresponds to equilibrium. The various transport coefficients.

and assuming frozen ionization equilibrium, and then including reaction rates and radiation emission equations are also dis-

temperature and density gradients but still with frozen equili- cussed.
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In order to connect this formalism to the requirements of In order to free the above expression from its dependence on
QAM, the questions of equilibrium solutions and linearization the velocity, the hypothetical relation
are discussed in some detail. x = 

Finally, the linearized and Fourier-transformed equations is frequently used. According to the kinetic theory of gases, it
are presented as a basis for establishing the macroscopic linear accurately holds for monatomic gases only.
dispersion relation of this four-fluid theory. 2

x -r ,

2. The Monofluid Equations5 - 7. where f is the number of degrees of freedom.
Considering the relation

Starting point of the following presentation of a four-fluid V-(def ) = ( V72 + V(V.5))
formalism are the theorems of conservation of mass, momen- there follows for the tensor divergence of the pressure tensor
tum and energy of the total dynamical system. p shall be the Div P = V.P in the equation of motion
total mass density and 0 the flow velocity (mean mass veloci- Div P = V. = Vp - 7 V2 

- /
ty). The conservation of mass is descibed by the continuity - 2(def). 7  + (V.-)Vx
equation which is obtained by inserting the mass density p for or, taking the relation x=r into considerationO,
the general dynamical variable G in the kinematic conservation
theorem -V. = Vp - - r V(V.-) + j T-2V-)r - 2 (def ).V 77 .

G V-(G) = Q(G) This yields for the equation of motion

thus, P- [- (U V) - ) _

dp -. ) pV.= P  
L (u . O - Vp + r7V2 + j7 r(V.0) - (V-.i)V + 2 (defi).V77 .

dt - ( "V) V = - V ( ) 
=  
0 . -

To complete the equation of motion, the external forces
Derivation of the momentum conservation theorem (eqation of must be defined. Gravitational contribution pF s ) is generally
motion) follows by inserting G = pU into the kinematic conser- neglected. In the case of a conducting fluid there appear elec-
vation theorem, the resulting equation being known as Navier- tromagnetic forces. For this case
Stokes' Equation. It reads in Eulerian form - eZ eZ -

F 6- iU B

P - p [ (.- V)U] pF - V. . (e = elementary charge, Z = charge multiplicity), thus,
pF = pE jexB ,

Here, F is the vector of the external forces per unit mass and if the charge density can be defined by Pe = p(eZ/m) and the

V.P = DivP P the tensor divergence of the pressure current density by Je = (eZ/m)p~. This, however, applies only
d x j to a single conducting body (fluid) and not to a plasma (multi-

tensor P = {P, } , Pj = P . fluid). The correct expression for the external forces of a two-

Adding the continuity equation multiplied by 0 to the above or more-component plasma can only be derived from two- or
equation of motion and considering that more-fluid equations. Especially pe=O as a consequennce of

quasi-neutrality and thus the external forces for the plasma as
dp = p[ +1 (G-V)J u0 * V.(pg)]  a quasi-neutral monofluid

.a = 8F = j, B
d (PO)* p(C.V)o UV.(pG) = (po) VF VM , L

? 
ii

at at cannot be derived from monofluid formalism.
there follows the equation of motion in its Maxwellian form, The energy conservation theorem can be derived as follows.

q According to the first law of thermodynamics Q is the total
at oI e F ' amount of heat and q the heat per unit mass to be imparted to

where the system in order to increase the internal energy U or the
/pu2 puu puu specific internal energy u and to perform compression (expan-

P = puu pu
2  puw , U = u, , w , sion work) fpd(l/p), thus,

puu puw pUw2  
q = u fpd(l/p) = u p/p- = h - f .

is the momentum flux tensor. Here, p/p is the pressure energy per unit mass, fdp/p volume
Instead of calculating the pressure tensor from a moment work and h = u p/p the specific enthalpy. Writing this with

equation8 , Newton's approximation9 may be used, total differentials, there follows
S= (p x V.)1 - 2 rdefC , dq = du * pd(l/p) = cdT + pd(l/p)

where I is the unit tensor and = dh - dp/p c-pdT - dp/p ,
/ u fOu( u) lO iw au  where T is the absolute temperature and cy, Cp the specific

ax 2\ax ay E'x -- heats for constant volume and pressure. Thus, the heat imparted
S u Qu\ au /. u! to the system per unit volume and time is

P - w 
8 Pt 9dt pdt t .

\ z x) 2 z ay) z with the equation of continuity employed in the derivation.
the deformator of the velocity 0 . Its main value (trace) is On the other hand, this amount of heat is equal to that impar-

Idefl = V-. = +i* , ted from the outside plus the frictional work V converted into
heat. The latter is shortly designated as frictional heat or energy

the divergence of 0. The trace if the pressure tensor P equals of dissipation. This yields
the sum of the normal stresses (normal pressures) dq dqo

IPI = Px, Pyy Pzz = 3(p + x V.-) - 2 r7 ldef i I dt =  dr I

= 3p -(2 r7 - 3 x)V . External energy is imparted to the system by thermal conduc-
tion. If A is the heat conduction coefficient, the expression for

2
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thermal conduction is The second member may be expressed with the aid of the Max-

dq, well equations as

tjk B , A B
--
-1

- 
Ba

Introducing the trace-less pressure tensor jk i r, i 'x, / xi

p = P - Pj , P, = Pi)= - Pi , If B is perpendicular to the normal vector i of the surface over
there follows for the dissipation energy which is integrated (nlldT), the second member in the abo\e

(I = - :def = - :def pVi = 2 r (def,' - r V.u , expression becomes zero. Therefore it will be disregarded. The

where I is always real and 0 It. This yields for the heat first member is the gradient of the magnetic pressure,

transport equation, Vp = aOp/dx, = - (aB2/ax,) = V(B
2 /
.'2,

dq du dh dp
Pdt =  

-t p.
u = Pdt dt Neglecting the anisotropic part in the pressure tensor P,i which

= V. VT) - 2 7 (defi )2 - V 7 2 must vanish in the transition to equilibrium anyway, there fo!-

lows P,j = pS,j and aP,j/axj = ap/ax, . Hence,
- W + 2 Y7 (defu- 7 (V.r ';- ,3 

-R Udef-piuj * -a (p + B
2
/2,,) I dr

where the heat flow due to thermal conduction is designated L I

by qA. = J'pu,ujdf * (p + B/2) df, I= 0

The external forces F can be expressed by their potential V,
To arrive at expressions for equilibrium from the stationary

thu - = - VV . equations, let the surface integrals degenerate
13

. This means the
ar

To add the kinetic energy, the equation of motion is is added placing of the variations of the dynamical variables in a closely

after scalar multiplication with 0, limited spatial zone which is consecutively degenerated into a -

discontinuity (jump). The integration is extended from x, - -

_d3 d /2) .V. to x,- +m (where the gradients automatically vanish), thu-
d t  

d
r  connecting two equilibrium states over one jump discontinuity.

or, Performing the integration thus yields for the e(uaition, ;

ap--[ V = e - - P continuity and motion of a one-dimensional flow

to the heat transport equation E

p jh - q a tVp + , pu = const,

resulting in the energy equation of monofluid theory o
d v2. p + B V /2o v const . x

at t B

With the expression for q, there follows, finally,

pe-lU2 + h V] -_ + 0-V.p , p Vp/e) . Furthermore, there follows for the energy equation and M,-
d t  

well's equations including Ohm's law in the above coordinmec

Concluding, a few remarks on the electromagnetic part of (u2 . (h)u + EB/2po = 0,
the energy equation must be made. In the equation of motion,

the expression E = const

pF = p, * JexB uB =const,

with j' = pe, appeared and it was pointed out that j was not

to be identified with the current density in a plasma. This holds 0, B = 0, = 0 in equilibrium). The above equaon
constitute the general form of an equilibrium solution in mono-

similarly for the energy equation. Scalar multiplication of the constitute the general form of an equilibrium solution in mono-

above equation by and considering that i. [ix n = 0, there fluid theory. They can be extended to multi-fluid systems with
above eqation by out difficulty. The two-fluid case is treated in the report b\

follows the expression Kaeppeler et al. .

pF. = PeU.E = jeKE ,

the similarity to the expression for a plasma being purely formal. 4. The Fully Ionized Plasma as a Two-Fluid System.

3. Equilibrium Solutions. As there are no reactions in a fully ionized plasma of not too

high temperature (a possible non-equilibrium population of elec-

In order to arrive at a desciption of equilibrium states of a tronic levels shall be disregarded), the form of the monofluid

dynamical system, the differential conservation theorems for continuity equation can directly be applied to the particle den-

mass density p, mass flow density (momentum density) p5 and sities nk (mass density pk = mknk) of the two components .n-<

energy density Jpu
2 

* pu (cf. the preceeding section) are em- (i) and electrons (e),

ployed in their Maxwellian formi. In the following, this proce- an
dure is shown for the equations of continuity and motion only. - - .(ni,) = 0

For further details, the reader is referred to literature
1 2

.

The equation of continuity is at

p a . of a fully ionized plasma. Multiplication of the equations with
at axi the respective masses m, and me yields the continuity equation

In the stationary case ap/at = 0 and integration yields for the mass of the total system,

Sa (pu,) dr = pu, df, . .- ,i ,
Vax, s at

For the equation of motion the procedure is similar. G is pu, from which follows, simultaneously, the definition of the mean

and a mass velocity 5,
Q(G) = - jax, * ,ikjBu . 0 = zp /Zpk .

3
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As mass as well as total momentum of the electrons can he In this equation it is taken Iflu, account that
neglected against that of the ions, frequently single equations Ut - .enZA = 0 and. thus. , Z - nt eE = 0
continuity and motion are used in two-fluid theory. Only the and that the electrical current density is definded by
energy equations are separately treated for electrons and ions. j = - en Zk u4

Establishing the two equations of motion for electrons and (Z, - 1 for electrons). This requires an additional equation.
ions proceeds directly from the expressions given for the mono n;imely Ohm's law. It i., derived hy multiplying the individu:
fluid system. Now. it is permissible to use the expression lior equations of motion by eZ, in, and -e mn, , respectively. and
the external electromagnetic forces for each individual compo- neglecting members in the order of ne, nim neglecting viscosity
nent separately. Furthermore, a member describing the momen- and then adding the two resulting equations.
turn exchange between the species must be added. Thus follow di -

the equations of motion for ions '=
o = - j V- - j

- - . .F5 - Ve , ;n- s, E e- n
r i * ),V V-, 2def ,.'Vr, - V), '- r, where

- nrnei 'u -, i , ii.. = ."n, e.i',P ., c = 

and for electrons is the specific electrical resistance (resistivity) and c the elec-
r n e - . .. trical conductivity.m +- - V en".,".!; ] = - ne E + y- B. - Vn kT

"at Establishing the two energy equations for ions and electrons+ 
r o, +  I ,,-.ue -"ne, - , . proceeds from the already derived monofluid heat transport

Here, the pres.ure pA is expressed by the densitie.- ni and the equation

temperatures TA with the aid of the thermal equation of state duo .
P -dt-+ P ''v - V- . " - ' defto,- -_ ,g. ,.- ,

pa 
= 

nkTA, P = - p4 = 
5 A tT , pp A kT or. where q was written for the heat flow vector of the gz-th com-

(A, is the momentum exchange factor [m
3 

kg/s] which is con- ponent instead of j, . To this the equation of motion is added
nected with the collision frequency (for momentum exchange), after scalar multiplication by f. first neglecting the momentum

,, i mAmni exchange terms,

' in, m + m du /2 -1o d, , O .F - ,, . -P = en, ZMI -,,. . ,
The above expressions actually are a simplification. In di- dt

cussing velocities, it is to be taken into consideration individual thus.

velocity V of a particle is the sum of the thermal velocity u and d 2)

a mean drift velocity 5o, hence, for the component v, d P 5  * P

v = o, + en Z O'E - ; ip + 2 , def 5" - 2; (.

yielding for the continuity equation of the v-th component 3

ap, /at +(po + ) - Because of
e/d + L, ) = d 

+

This expression contains the mass flow density jwhich sums to pdt( u .'
2 )  

_ at (" + I
P

u2) + ~ 9[p, . pu2)

zero in the total equation of continuity, follows for the Maxwellian form of the energy equation
a/at + o0) = 0 . ( - u) p([u. u . . .

Correspondingly, the equation of motion for an individual coin-

ponentl4 becomes = enZ,.E - i-V.P, . 2- (def.,)2  
2

(jv, + Ov)/ar + V.[P, * Uo"ij * Jv' 0o * Pvuo*0 o] The momentum exchange terms, neglected at first, yield an

= Pe E + jev B C, . exchange of translational energy. Discrete excitation energy

Here, Pe is the charge density, je the electrical current density, 
c a n b e 

exchanged by collisions among the various components,
Smarks the dyadic product 0 . = uoui and C is an abbreviation requiring a summation over all possible energy levels. Rigorous-
or the collision terms. ly, a separate energy equation should be written for each indivi-

Generally, the contribution of the mass ow density is sub- dual level. This, however, would lead to an excessive number ofGenerally, the contribution of the mass flow density is sub- e Hence, simplified assumptions will be made which
tracted from the equations and, if necessary, described by an eqais Hence, simplified assumptions will be made whichare discussed after treating the radiation terms.
appropriate phenomenological diffusion term. Principally, a sepa- Now the eery ls de th radiation sessse

rate equation (for the first order moment)
8 similarly as in the N o w t h e e n e r g y l o ss d u e t o r a d i a t i o n s h a

l e discussed. Con-

case of the pressure tensor is required. In the equation for the sidering bound-bound transitions, they constitute a loss of inter-
electrons, the terms with Vr are neglected. In general, the en- nal energy of the respective atom or ion component. As the plas-

tire trace-less pressure tensor for the electron gas is neglected mas under consideration are optically transparent, an energy

because of its smallness. The reason for this is that the collision gain due to absorption is neglected. However, the population of

times between electrons are exceedingly small as compared to the internal energy levels is maintained by inelastic collisions

that of the heavier particles. This is easily seen by writing the electrons with the atoms or ions, so that the loss balance goes

viscosity coefficient as 7r = pr and considering that r/r,, to the account of the electron energy. As free-bound emission

/m/mi . In the addition of the two equations of motion, only (rcombination radiation) becomes dominant only beyond appro-

the viscosity of the ions is taken. In calculating the viscosity ximately 80 000 K and should he taken into consideration at

coefficient, however, the total pressure is taken as the sum of plasma temperatures greater than 60 000 K, it will suffice to

ion and electron pressure, thus, consider bound-bound radiation in an MPD thruster with its

7 = pr, P = P * Pe) , maximum temperatures well below this value.

as an expression for viscosity in the total equation of motion If the radiation loss per unit volume and time due to bound-

d C) - -bound radiaiton is Sn,,,* the energy equation of the ions reads

T3 -7PF0
p  df i 'Po , u, , * 0,0,'. * -([p, u .p,u,2],,, + , ,- p,V.,

S] - V p- - . ) en, Z, , -i - u .- P 2 r7 idef ;2 - F * ,2 - , Ie,,,.

4
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F, is the net rate per unit volume, the ionization energy y, must
and for the electrons he expended by the electron compnent. The member X, , can

-. peue " oe e  * - [,e - lce '.- , - . " *,\ . now be included into the energy exchange term 0,,. Thus the

-en - S,, - ), I, two energy equations becun:e

where the expressions for the C,. =I I v are gi en ibelow. -1 -p - , *
) ? kT'. -I uF i- * V IkT - '

Now the energy exchange term- sha!l be derived. As was rr

mentioned above, the consideration of individual leIels would * nkT, -

lead to an excessive number of equations. A justifiable si m plfi- en Z , - C 2 r def - 2 .Z . - C, -

cation is the assumption that the population of the excitation

levels is in equilibrium and non-equilibrium exists for ionization nkT u x- 2 , -

reactions only. This shall be considered in the following.

ur shall be the translational part of the specific internal * nk ,V

energy, u e the contribution from the excited electron levels - en,:c.E - C - . ,

and u'o" that of the ionization energy. Furthermore, it .hal be

assumed that the ionization energy x is expended by Ie elc- where in the C- = * I..e Ce = 0et * ei

trons only and is returned to them in recombination nni.r - neu/r ,

The connection between the specific internal enerLgy i and

the thermodynamic variables temperature T and dcni-:' o or ., 0 "m"'.,t - ni Fe, xrF

pressure p. respectively, is expressed Iv the caloric e'u;trion of are the energy exchange terms. The energy exchange contribu-

state. The translational part of u is (f - number of decrees of tions arising from the momentum exchange terms 1., follow

freedom) from

Urr . (pp) with C - - -.

the ratio of the specific heats. The contribution from electronic

levels including ionization follows from the electronic partition p4 
= 

mm m , * m

function
15 

for the case of thermodynamic equilibrium with the collision frequency for momentum exchange ut,. Thu-

- e-EnkT there follows

E, is counted from the series limit. If ,, is the excittir. ener- Ie = , lem u u, - .i', " , 1. = neve e" ue' - e ) ,)

gy of the n-th level counted from the ground state, K,, the sta- under consideration of m e -: mi.

tistical weight of this state and X, the ionization energy of the In a fully ionized plasma F, = 0 and thus the second member

i-th component, there follows in the expression for e,, is zero. T,, is the mean energy equili-

Z = eXi/kTe gn,e- E,,kT, bration time which can be replaced with the aid of the collision
n ' frequency for energy exchange v. Some authors add the term

Here, it is considered that the population of the electronic ener- for ohmic heating j2/o to the energy exchange term 
0

e1 This

gy levels is essentially determined by the electron temperature. constitutes a very rough approximation as it requires that j oE

This actually is a violation of the conditions for thermodynamic and considers heating of the electrons only (no direct heating of

equilibrium in its rigorous concept, however, it is considered the ions by the electric field). Here. ohmic heating is written

justified here. The total internal energy explicitely as individual terms eZnpE.

U = puV = NkT
2

(alhn Z/aT)

(V = total volume) is expressed with the aid of the partition 5. The Basic Equations for a Four-Fluid System
function, where N is to total particle number. For the part of the with Two Ionization Levels.
excitation energy in the specific internal energy p, (', - u,').

relative to the zero point energy ," (at T= 0 K), there follows Assuming the case of a meJium with at least two possible

with the above expression for the partition function ionization steps, e.g. with the reaction equations

p (u'l)- L°) nkTe( - n ne- /ke  e - ,T
e  e = X -e + ,. X' + e; = X" * e- * e .

Sn -nT -n designating the single charged ions with the subscript i and the

= Piul = nkTe . doubly charged ions with j, and further considering that the sys-
tem shall not be too far removed from equilibrium, showing a

This yields for the specific internal energy of the ions for one
tendency towards reaching equilibrium, the back reaction rates

ionization step
R,T and Rj, respectively, can he expressed by the forward reac-

pu, i n,kT, 'x -; * n,kTe, ,

so that the energy equations for the ions and the electrons be-rates S and S and the equilirium constants and
respectively, according to

come. if the ionization energy density n,., (zero point energy) , a

is allotted to the electron component, nn S, I n, '
n  R , 'i nn K,

au (the supercript 
' 

indicating equilibrium). The continuity equn-

a n,kT,'-l , - T-. Ii nA, * - o,u , -, tion: then become

P a * L .n o = , = -F non.' n,n
2

R,an
en,Z, , V. E - 2 de - "n

L 
de I , n I

n,

'nekTe x-l,. n, * ou [ ,. I .x, at .in,ij = , = . n,,n,S, - n,n'R, - nn, S + n,n R,

- eneueE - C, - , ,. .. (n, = f e

It is to be noted that. using the contiiitv equation, n n .

xI I * - n S, l e,'K, i n,n 5 Sl I- ', , '
Lt " n,
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" + I. lV ) =  = - nineS - njnlRj Here, as before,

VA n AM m

Sn,n/ J 1 - " /' . n, m ,

Summing over all n, there follows the total density n = nk . with 
v
A, again being the collision frequency for momentum ex-

A\t- eiaily seen, change. In the above equations, the pressure is again replaced
= - F, * I and I-, = - F - Fj by temperature and density through the thermal equation of state

thu-, Pk = nkkTA , P = Pk , p = nkT,

[ = faF,*Fe* = -ar (-F)(a ) = -F j = F kT = k nkkTk,,/zknk = - ckkT , ck = nkn .

With this there follows for the continuity equation of the total
particle density n Also the energy equations for the four-fluid system can be

an written directly from those of the two-fluid formalism. The sub-
t * (n) = , scipts a, i, e and j again designate the neutral atoms, the ions

a result equivalent to the three-fluid theory with -F=FT,=F e  resulting from the first ionization of these atoms, the electrons.
(which is immediately obvious from simple considerations). For and either the ions from a second ionization step, or the impurity
the four-fluid theory there also follows mTkFA = 0, if the con- component (the latter is non-reacting),
tinuity equation for the total mass density p is derived from u
multiplication of the individual continuity equations for the nk t 2 

n
T '(x-1) Pa ) '([nakTa/(x-l) 2paol a  qa

by the respective masses mk and consecutive summation. With nakT V'a = - .'P + 2 (def a) - 17 ( 'a
the above expressions for F, and F,, - (C Cae  Ca

)
-. <i * a ,a j)i, +

'mkFk = mia+mhfmele mjTFj

( nikT, /(x-1) +p + ([nkTi/(x-1)* ]i 
+  )SmaFnmi(- ,-j)+mie(-F+Fj)mjFj at ' * , n2 ki/x-l) ^eiuj J ,

= [m,-nmme)j]F - [mr-(m+me)]Fj = 0. + nkT,7--i =en, Z, Di f - u, .V.P, 2 ri (defi,)2

This yields the equation of continuity for the entire plasma - 3
i 
(V',)2 - Cia Cie Cj)

t V.() 0 n. (kT/(x-l) + o ) + V ([nikTe/(x-l) 2 /2]5
Generally, there holds the condition of quasi-neutrality, * nekTeV'.e = - en,.ff - (Cea CeCe) Snn'

_n _r . = - en e.E - (Cea * C,, + Cej) - S,,

nkZk = 0 n= na- + n,.(1) + njZ + n,(-1)
S ne = ni + njZ . nkT /x- * ) . -.T([n/kT/!x-l; pu /2 ,. )

This is important especially in the case of an impurity as a * n"kTj V~j = enjZj~ .ff - j- .V. + 2r j (def j)2

fourth component. In this case follows Fr = 0, necessarily. - J,7j(Vi)
2
- (Cj C, Cie)

The equations of motion for the four-fluid system follow di- The energy exchange terms in the C are given by
rectly from the two-fluid equations, if the respective new mo- e n e r g y e x c h a n e t e r m  

the C are given by
mentum exchange terms for the mutual interaction of atoms, Qai = (namau - n^ur /T,
single and double charged ions and electrons are added, Qi = - ,

m - n -,.V V(n,,kT,,) = (nmiau - nemeu r)/7

+ ao7,V2a *+ r7aV(V 5a) 2def , fV0a' - (V. a)V7a QeaFea 
= 

- Oaae ,

- nniai( a - ,) - nne ( - e) - nanjaj(a - ) , 
a  ( n a m a ua 

- njm
u
'r)/ a

Qjo ja = - Oajfaj ,

m n, +V-ni-i, ] = nieZi(f OB) - V(n,kT,) (i m r, - n
aOi= (nimiu - nmju r)/i,

* iV7
2
0i ,* riV(V.i) +2def ~i.Vri - §(V..)Vi 0j,, = - ,

- n a( i - ) - nine 'ie( -e) nnjj(i-, - j) , ei = nemeue" - nmur)/ i , Xi

Qej = (nemeu - nmiui )/ei Xjj ,

me.n e e  . ) - n ) Oje = ( mnjmu - n m

t The energy equilibration times can be replaced by the collision
Se2 * le Oe) frequencies for energy exchange according to

3v V 1, r v -

-nnae(e - ") - nnfeie- ) - n (- , The I,, in the expressions C,, were already given in general- nenaea(e-a) - nen (-i) - nejej(e -Fj form in the preceeding section. Further transport coefficients
will be given in Sec. 8 of this report.

m _ -^
n @* u  

= njeZ (E* u xi ) - C(nkT,:S nJ]
t  

=Maxwell's equations are given in their Galilei-invariant form

with the charge and current densities inserted by the definingS'2i VV j) + 2defOJ V - (' . ')V I relations,
VB = p,(eniZ,6

i + enjZj ee -en, )
nn a -3) - njni ,( j - ,) - nnee(i- e) .

=  Z enZu - en ,

.B = 0 ,

6



91-059

S a The neglection of 6,G is now fully consistent. The question of
SX E = - ~-t ' whether to neglect ui' 1l G 1 does not arise, as

ato =
cVi -= en,Z, * enjZj - en, . at F , - 'uioGo

)  
Qu

If wave propagation is considered, however, the Lorentz- holds rigorously and is deducted from a(GGo'G'G's)/t ...

invariant form of the Maxwell equations must be used, particu- On the other hand,

larly in the case of electron oscillations, thus, instead of the G dG (- G
first equation above, at ax, Go at x,

B = [(en,Zl, + enjZ,5 - ene,) . c, ] ,
1 G o * a0GGtI a0 ' 1.aft -'__ a \u, ... LOG 'I ' = QO Q ,I.

though, for the dynamical equations the Galilei-invariant form and thus, neglecting uv''G 1 ',

is retained. This is somewhat inconsequent but in the considered

range of application justifiable. a Go0 V 1,1' (i 0 'V)GII' Qi,
6t

6. Fundamental Remarks on Linearization. which clearly shows that also in the linear approximation gra-

dients appear.
The approach again starts with the kinematic conservation t is essential not to draw Go or u,' before the differential

theorem in differential form, operator as they do not constitute equilibrium values. Perfor-

G V.(G) Q(G) ming the differentiation there appear those expressions which

at are designated as "relative gradients" here and thus appear as
If the dynamical variable G can be expanded as parameters in the linear dispersion relation. For the continuity

G = GO 
+ G * G2 ... equation follows, thus,

and if this expansion is inserted into the above equation, there a + . (pol * i

follows with aGO/at = 0, V.(Go"°) = 0, terminating with the

first order member (GI), = - 0 .Vip0 * Po-i * i"-i + UtoP =

a . -l oGI f 0G1  G0 + * IG) = Q0 * 0 1  or, introducing the so-called "relative gradients"
at ax, 1 1

This yields for the continuity equation Vy = , = x ',

apt i 0 Po 1 l o i ) nr- there follows

a o "-- C + O -o. * . * o r

with mr 0 = 0. The latter is often disregarded if the equations where of course, e.g., Vpo = t(poq 1 'l) = Vp 1 . V, is an alter-
are written for particle densities instead of the mass density. native way for writing a/ax i .
If Fe , ir and Fa are the reaction rates based on particle densi-

ties n, then for ionization in equilibrium To, = r - r a . Writing In the first order of the QAM hierarchy the inhomogeneous

the continuity equation for mass density p, there follows part is of zero order. As the linearized equations contain also the

Smr mr o first order inhomogeneus part, the second order in QAM is requi-
m= mr* mi+ m, = r,(mem, -m ). red to describe instabilities contained in the linear dispersion

At this point it could be argued that for linearization the relation. In the latter, for the unperturbed quantities

quantity G1 must be smaller than GO, at least G2 must be neg- 1 8L0o and I ao
lectable against Go + GI. This would mean that ui'GI is small w0 at Paoa F = o

of second order and in the continuity equation p uvi can be neg- must be satisfied, where w and k are characteristic values for

lected. Doing this, there follows the perturbations.

at. r (po i pi) -a poS 1 
* oe = mrF, 7. Linearization of the Basic Equations and

a form which is known from QAM 4 and which considers that po Fourier Transformation as a Basis for the
and uvo are equilibrium values and therefore can be drawn before Dispersion Equation.

the Nabla operator.
On the other hand it is possible to introduce an ordering Introducing the perturbation ansatz and wave ansatz for

parameter e" (just as in QAM), linearization and Fourier transformation
G = E"G(n, - - i(F- ot)

so that for p'uil this ordering parameter would be e and this

member would be contributing to the development in second for the various dynamical variables w., there follow the contri-

order. Anyway, this member does not belong to a first order butions from the continuity equations to the linear dispersion

(linear) development, relation

In the theory of waves and instabilities, the dynamical vari- - in + n- , no ) i )n i(. I =

ables are expressed as the sum of unperturbed and perturbed " o o o

quantities, = 0 , with o - , i ni , . io ) * i( ' )n i( i ) i i ',
=tp 0+ , with q; WO UtoI

In order to introduce this into the above development, it is re- - iwe * R e F- + ne.g-Fn ) . i(ke)neo i(k-e,),j e= e

quired that
G' = G1, + Gt,s , Go=Go GO' , 6 = GI.5 - Jl * f% *n.0 (o .?-F ) + i(T.7)n,+ i(.j 0 ), = , ,

Substituting this into the kinematic conservation theorem, there

follows with the perturbations of the reaction rate coefficients

I v aL i 6  + , G o) . Si[na is + ne.a - (n ,i + 2ne ni )/K]

7
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S1 s , , ] Thus, perturbed parts from the equation of motion of atom-,
= , -n j* - i n , ne ,, ". i single and double charged ions and electrons become

- SL I'. n t ", n , " + 2nni 1K:, ' ma u 'o', .'. ,.' -u

fe = * - , ,,n, K, with I 7 i , e and j,

+ + I,, - 2n, 2 i, K 2- l ,

/  L 
s "[ . , -0- ' 

/ 
," ,,'' ] 2.defP,0 ,Vi.. - V. ?,\ + 7/",,,d/i .; "_ - P

In principle, only F, and must be calculated. The other two

expressions follow from " ;ln * nAl,,kl(ta ,- 0/,,.

e = - ^a + 
F) • I , = -1 7, - Fj 'with I = i, e and j,

where in the above expresiouns no perturbations for S, ;and S,

as well as K, and K, were considered. This has the following

reason. ngn, t ,,, L

The S are nothing hbut the product of reaction cross section

q and impact velocity 0 integrated over the velocity distribution, mr nn ,, 't +. ,, ] ,i.i * ni
S, - <q,, II ', u du

-S <q, , ,X x .;duu , n,,,eZE ,o*B .,,B,, Z, i o,.,'-V

with f(u) being the probability density (density function) of the

velocity distribution. Now, the time between two collisions is + li* 1'-'', * 2deft', '- - T.i,'
long compared to the oscillation time so that many oscillations

occur without a change due to collisions (requirement for the _ttno
n /., -L' / * n, i/ ,]' ' ..

absence of collisional damping). On the other hand. the mean is

taken over the distribution, so that the use of the unperturbed ith a, e and j

values for the "collision frequencies" seems permissible. This is nel ,La,,'a t.', ,iU I) ,V ,i
considered for all collisional processes, not only for collisional

ionization and three-body recombination. Analogousl,. this also + neeA o,, , , n'~ . , e n, .
applies to equilibrium constants.

The above arguments also hold for the momentum exchange - ne.e E F o x - e "F, E* ,
terms fkl, depending on collision frequency and reduced mass

'l.. There follows - Vje ,e-(V e * r, '

uK mk'-m
+ 

=
. .. ' lu / k InO -n ne, e in ,, + nZnn - •

The total contribution from the momentum exchange term in the
with I = a, i and j,equation of motion with 0 = 5,,'0. etc., is given by

nknilktl(k - ) nk5n1" lo, l(uk(, - i l ,,)  jnjC//a t  *at .u, j  (j.)5j 0 ]

nko,1"klo ':Uk - 1 ) - [1nkonit , kn (Fl ,- . M [ la (.a 7 5. mmj , ./r. F m

Before proceeding to the linearized and Fourier transformed

equations of motion, the left hand side of the equation of motion = njeZj(E.* "j, * B jeZ j ,, -
shall be separated into perturbed and unperturbed quantities.

a " _ j' 72 s  * 2,dcfb ,.V j -n, V.r,,-,
-t,(kUk) * V. Q(P.kUk)

= pod 5,at + pat kA-V)ui, FUKaO t + . .Ok n j U - I) .i[ni - jnj, ] - 0

= 0k k 'a"t + P( '7)k V) mkFl, ' with I = u, i. and e.

thus W'ith the wave ansatz there follow then the line:rizcd iii
m[L n k ) . kl- n" u 1 Fourier transformed equations of motion. For the electromacLe-

n ,m ka tic members in these equations, a transformation with the a11,
S L a t K ' < )K " l"'. of Maxwells equations shall be given. From

* "nknk',J kl i't * !6',,
" 

/;
" 

* " Iv,,j -54 , - dB.ar

* mhLa Ot - ,. U F+ A p ' T follows with the perturbation ansatz and the wave an:,.itz
yielding for the perturbed part of ihe equation of motion -

mK o, , at 'v ,s .. ,thus.
mknBo /dt= Pkk -kk ,

m LLaP k,,,/r .((k.V)kJ mO K K A,, ,,~k, Introducing the gyro frequency vector 5 = .eZB in . there

I 2;def -,,,Z - B " * +" ,

* ,;"
1

u0 t/K -nK ) l o.[n ,,n * I tny ]Gil - . "keZp iiE-[J< * (u^.k - k.* j ' "May i" K.7
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In the abAe equation, I again is the unit toenor wkhich also For the presentation of the linuearized energy equations. the
appears in the Fourier transformation of the miembers %ith V' term with the pressure tensoC

V7 is exprossed by V pt, r,,V nkT and after pntil dif- -'Pp V up -5 5 def.y , + '5 Th
ferentiation, the relative gradients Vony are introduced.

With this, there follow the contributions of the equations of is linearized first (the unperturbed terms were dropped),

motion to the linear dispersion relation, [ -01ln P P

manUT-iUi i(0a 0 1 - 27(def j,):(2def r 2Y-) -u)

+ meai ,[rdit, r o ] m sJ' me a -)0 1 7i - 0I17(w l - 2i3<defl,).r

-- n ,- iA i FT Tr -n~k 2F -I 0( f

-31 1' 2S0 (defi3-7

r uI k' k1a - 0, ,, TReplacing the pressure p by particle density n and temperature

v,,,,t - a- y *,, -U T and considering that the Fourier transform of def 5 is

def S i ". )

with I i e and j def Utl + ZDm5wer ~ioppzl)

with I , e and ], there follows

* mo ku, *l<, uif- K I n ,Ti. * I'1 mT a m PU 9
*76PTpF =Pnia rp(ik7 + j

-2 3

2 m ngUP 
OP., + 7Pk1O,.-1)Ppm

)T i,, k

- T, ik n , - n-i CT )T, - rl, - . - 73.' * rk
2
5 1  F - l - (

2 i Z.k k.,- 1 s Ti, (kTl +)(kpUP) - 2) -l(defiO,))r V7P

-- in l 0 In a - t- iS *(kS S t*

with I a, e and j ,

m*n -i-kj + ) This yields, finally, for the energy equations of the four com-

ponents, atoms,
mene[aoeo/at * * m,,Ole meFefeo (

eo e + Me% ecs

- (neoe/)E -[1 ( ke,* * ]0) + meneoe uexWce
+ Jm,, ivu20+2nooao* a)]+i(wLia)[1 nGUOfoimneu",,20

- feef * flemne od(c *tk) aazika a(l ? ]h~F ieeeo ~e + = 4) +nkoT oik -i a/E. +E % (

- '(iE+ne )neo - e(i , 1T)Te 5 ([Za
o~ + 5,,oo + 0.0. a o o

U1

- IneonofQ1(Uel - - 1(neot - hle,-)feI( eo 0 d

mit I = a, i und j -q(afa Tka+kaa u

- rla Ta , +o ? .k26ao-t=J

mjnj0 [-uo)j iU+ (v 0  ( - ra a-t(C-o) ' - 2 a.(def Go.Vla

+mjBm
1

jo
1

t (jo-v)D A + m o * m S*o - ii3oo (k*5- 5a W) 7a + i(V.ao)=a V?7

( eZj 1 )E.[j" + PS.-k.)] -nijnju, ,- C0  Ce 0,
= ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ 7, ((fZ/){ ( ~k-kCo yj e (.)go'aat + Ce + C aj)

+neZjE., +n 1 5o, "',

+ - - single charged ions,
-Thi + n - + 

2  
-Till AS,-

kj '1 
- i - (, [ 1]T 

* n, T1+ 
k 

7?) 1 

n1ifk 
+n C 7-1

+ 2

I ll I Ui m -Lan, + , 0,2

-- ,n,ujk , ,,, a,

with I = a, e and i. n, , L 0o
Tndn,[iA 01 -i2.Tdef o):i(1.S , t

In the above equations - as in the following - the Boltzmann

constan k = k the Botzmann -'0 + k

constant Bolznn was integrated into the temperature sym- + k - 0,( ,, 0 5 1.0

bolT in order to avoid confusion with the wave number k. Thus - , o * ) - 25 .dcfl,.

T = k ~ojtinin T, and p =nPTU. k no at', *

0 Boltzmann P PP = ';, . U L) - _17 jm~(n~u~-2,,vo',

The temperature T is thus given in eneruts - (C * C, + eZn[(n,, * ,U En, ,,,E]

9



91-059

electrons, The Fourier transform follow as

- - L - , - ,) [. ] 'Te i = k - iq-F CA Te!

- m - . 11 .ne o T )  euk.e2 mnI(2 B A''' 'e eo eouo 2 , )]iik,'<( )Fr, fl T,)[^ e,,,, B k?'] B ,j - B
andi

* i(k-qe) +* ne,,,Teoik'u,,,ne F  
'k,[ , (k 

- i 
n,

+ (neTeo* n+ ee)+[i'" v eo c eo ] The individual heat transport coefficients (thermal conductivi-
ties) A') are discussed in Sec. 8.

- 2r(def 0eo): i( Te e* . ) -ei k e(Ueo - re
l ; 

7 
;

e o The perturbation part of the magnetic field was expressed by
the perturbed electric field. Hence, the contributions to the dis-

+ 7k2veo. e - le7e'^(V. o) * eie( e ),,'.e; persion relation from the Maxwell equation reduce to those from
the perturbation of the electric field vector. This is given by the

(=- + Cei Ce - el neoe+* Reeo) neoue, .E - 'n, , vector wave equation

and double charged ions (or impurities), c
2

xV f . 82Eff,2 + c
2 p r =

With the aid of Poisson's equation,
- i ( - j);[-L ( . + ,7(,j nl _j-(-(.jVLE= -f VIE + (.E; =

*+  
mj jo +2 nj ,,o -j )] i ( j)[i noTo+ " mnu 2 

] - 2 + * ((e/E(nZ, + njZ - ne

S ) JrJ[ J and, thus.
" i(k-qj ) n njoTio ik-+ i Td

o (c'' - +)e ikc
2

e( iZZ n+ jZ - n - iW j 0 ,

(ijTjo njoTj)ik.j 0  3 where the current density and its perturbation is given by

- 2rj(defjo):i(k0 I + .u.k) + - j to. . - ri ku. Ze V,,, , ,= I ve vo * "

Thus, all elements for establishing the macroscopic linear
* 7jk2 jo.j - rju V(.jo) j/(k" o)(k.u) dispersion relation for a four-fluid system are given.

- 2u-(def io). 'l-iu,. (. i t^.) .V t(V.i; ); .V ,
o 8. Reaction Rates, Transport Coefficients and

* ji(k~.i)(o .r ) Equations for Radiative Emission.

=- (Cja * j Cje) + eZj[(nji * +ijo).o njo) joE]. In the continuity equations there appear the reaction rates
ri giving the net production of the respective particle density

In the Fourier transforms of the energy exchange terms, above, n" from the ionization reactions. They depend on the forward

CZ = Opv + ,v , the ZQ, are given by and back reaction velocities with the latter being expressed with
the aid of the equilibrium constants. This procedure was exten-

v = - o * nTo o- nvo - vTvo)j/', sively discussed in earlier papers by the author1
b.

with the exception of 1 = e and v = i, j, which are To obtain the F, it is necessary to have the reaction veloci-
ties S for collisional ionization. There exists an approximate0

ei= !-(neoe * "eTeo - neoT - eTeo)/ Xa , analytical solution of the collision integral16 appearing in S, for
the case of Maxwellian velocity distribution. The latest calcula-

ei= -L(n"eo"e A eTeo - njoT - ijTo)/ej * X)j, tions according to this procedure for Deuterium and Argon as

The I, are given by working fluids were carried out by D. und M. Barth
17

. Given are
S\the equilibrium constants, equilibrium compositions as well as

IYv = 
nPonvov[(U o - vo' * ," - V)' o0  the values for the reaction velocities in the interesting tempera-

ture and pressure ranges. For hydrogen, the solutions of the col-+ 
(
nv
o * onV"ov)fy(o- V o )' o lision integrals together with graphs of the reaction cross sec-

For the perturbed value of the radiation term it is again consi- tions were given by Kaeppeler 18
.

dered that radiation comes from very fast transitions or scatter- In his MHD computer code, Behler 19 
uses the so-called "col-

ing processes. Thus, the specific emission per unit time s = S,'p lisional-radiative (CR) mod 1" of Duston und Duderstadt 20
.

is considered unperturbed. This leads to Here, detailed equilibrium between collisional ionization on one
Sn' 

= 
(e/eohand and three-body recombination plus photo-recombination on

the other is assumed for the determination of the rate coeffi-
for the Fourier transform of the radiation loss. cients. Also in the paper by Schiuma et al.2 1

, which is essen-
For the heat flow vector q, it is assumed that the electrons tially based on the MHD code by Trunk 2 2

, later extended by
behave adiabatically in the magnetic field and the ions non- Behler 19

, the CR model is used. This certainly is justified for
adiabatically. Hence, there follows for the electrons, plasmas of very high temperatures and relatively high densities.

e - -T ()(YT -e F,)6-B - A(2)V eB I However, whether this model is suitable for temperatures below
S- t - ' 30 000 K and relatively low densities as they appear in station-

B ary MPD thrusters remains questionable. Here, the method sug-
eB I gested by the author 16 

seems to be the most suitable.
and for all other components, In the equation of motion there appears only one transport

,, = - A T,, . coefficient, namely the collision frequency for momentum ex-
change vkl. The viscosity coefficient (dynamic viscosity) r7 can

10
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be expressed through the pressure p and the collision time rTk, quantum state n to state n' is given by

S= P = S,, n Kh, -chR
7 

'nn
1  

" 2  
p chR nprl =

Also the momentum exchange coefficients (At depend on the nn' = e' Kb-gchRR nk

collision frequencies il, g bn is a factor for the transition probability. If b,, increases le-

vu, m -mi strongly as with n
3

, most radiation comes from the tranir'on

where n, m from n= 2 to n= 1. Then,
where

VAI = mt21 = 1.783.10-' ni,2gb2-3 exp 0.395- 10 Te [J m
3

s

is the reduced mass and qi the (velocity dependent) collision (Te in Kelvin) where, approximately, gb 2 = 1.

cross section for momentum exchange between particles of the

k and I components. Thus, all transport properties appearing in this four-fluid sys-

For collisions between electrons and electrons as well as be- tern of equations have been discussed.

tween electrons and ions, and ions and electrons, the collision

frequency is given by
23

'Ic,.e =Ile , (Vi¢ ,  
f8/3

,  
'

2
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