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Abstract o =electrical conductivity
: ¢ =B,/B.
Thrust formula for an applied-field MPD thruster has v =5B i
been derived from the energy conservation equation for ll,c w,, =electron Iall parameter
propellant plasma flow; the work done by electromagnetic {}  =representative value

forces is assumed to be converted into the kinetic energy of :
the exhaust plasma. Three acceleration mechanisms, i.e. gen-  Subscripts

eralized Hall acceleration, swirl acceleration and self-magnetic a  =anode

acceleration are taken into account. This formula enables one ¢ =cathode, critical

to theoretically obtain the thrust by an applied-field MPD e  =electron

thruster from controllable thruster operation parameters. and el =ecffective

to estimate the contributions of the respective acceleration ex =exhaust

mechanisms. hall =Hall effect, generalized Hall acceleration

selfl  =sell-magnetic acceleration
Nomenclature swirl  =swirl acceleration
1. Introduction

a =constant
o =1/n i b
B =magnetic field n order to rcah.ze large-sized, long-'telzm space missions
b :—constant sncl.1 as a space station and a L'Iars mission, for example,
¢ =constant a high-powered, high-I,, pro;?ulsxon device needs to be dt?~
B =slectnie dield veloped. For the‘ above rf:qmren'lents_, an MPD thrus‘tclr is
E' =effective electric field thought to 'be s?n.table owing to its -hlgh-power potentiality,
E'wan  =effective Hall electric field structural simplicity and high-I,, (higher than 1000 sec) op-
e =charge of electron eration ability. Since electrode erosion is essential to the life

time of the thruster, steady-state operation is thought favor-
able in order to increase the input power to the thruster. In
the input power range of tens kilowatts, the discharge cur-
rent is usually smaller than 1 kA - the effect of self-induced
B8 im0 magnetic- field on thrust production is not high enoug}m. In
rh‘ B tate order to increase the performance of an M!’D thruster in the
n, - walbciton immber density above operation range, an external magnetic field needs to be

j  =current density

J  =total discharge current

I =length of acceleration region

M, =ratio of exhaust velocity to Alfvén velocity

pu. . nleciron presure applied in the acceleration region.
Ry,  =magnetic Reynolds number Sasoh and Arakawalll found that when the thruster
r,8,z =cylindrical coordinate operates under a high applied-ficld strength and low mass
T  =thrust ) flow rate condition, the effect of azimuthal induced current
u  =fluid velocity ] on thrust production becomes dominant. They obtained the
u;  =exhaust velocity thrust formula for this acceleration mechanisms and found
v ="°]§'"“e that the specific impulse is characterized by a characteristic
Vo =mrgl parameter B? /.
a  =constant
B =1/(n.e) The interaction between the applied magnetic field
fo  =permeability in vacuumn and the discharge current results in azimuthal electromag-
£ =y/y. netic force, which causes the swirl motion of the propellant
p  =density plasma. The swirl kinetic energy can be converted into the ax-
*Associate Professor, 2-1-1 Katahira, Aoba-kn, Sendai 950, Japan. Mem- I(T]IIl(:l::l::lltiier:el’?)}bﬂth.thI'Ollbgchlihe solid n(?ZZIe of the t.hr"s"ef
Bos ATA RS gal force is to alanced with the static pres
Professor, 7-3-1 Hongo, Bunkyo-ku, Tokyo 113, Japan. Member ATAA sure gradient), and the magnetic nozzle formed by the applied
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magnetic field. Fradkin et al.[%] gives the thrust formula for
this acceleration mechanism. The formula is based on the
conservation of the angular momentum and that of the ki-
netic energy of the propellant plasma flow.

When the discharge current becomes larger than 1 kA,
the interaction force between the self-induced magnetic field
and the discharge current cannot be neglected. The thrust
formula is algebraically obtained by Jahn.B! The formula is
obtained by integrating the electromagnetic interaction force
over the interclectrode region. An MPD thruster can ob-
tain high thrust performance by increasing the discharge cur-
rent through quasi-steady operation etc. (self-field MPD
thruster). Moreover, Tahara et al.l4] experimentally found
that an applied magnetic field at an appropriate strength en-
hances the thrust performance of the self-field MPD thruster.

From the above descriptions, there may seem to exist
three different acceleration mechanisms which are related to
electromagnetic forces. In order to design the performance
of an applied-field MPD thruster, however, one needs to esti-
mate the thrust in a wide operation range of such control-
lable operation parameters as applied-field strength, mass
flow rate, discharge current and thruster dimensions. The
purpose of this study is to obtain a general formula of the
thrust produced by an applied-field MPD thruster and to
make clear the interrelationships among the above acceler-
ation mechanisms.

2. Gencration of Electromagnetic Thrust in an
Applied-Field MPD Thruster

Before categorizing the thrust production mechanisms,
let one define the terminologies used in this paper and state
the assumptions made in this study. In this paper, cylin-
drical coordinates, r,f,z are used. An applied-field MPD
thruster is assumed to have an axisymmetric structure. The
flowfield of the acceleration region is also assumed axisym-
metric. An external magnetic field is applied in the axial and
radial direction (*applied magnetic field’). The radial compo-
nent of the applied field is assumed much smaller than the
axial one - a slowly diverging magnetic nozzle configuration
is assumed. Moreover, axisymmetric discharge current in the
interelectrode region induces azimuthal magnetic field, which
will hereafter be referred to as ’self-induced magnetic field.’

Generally speaking, the total discharge current for an
applied-field MPD thruster is a controilable parameter; inte-
grating the current density over the whole electrode (anode
or cathode) surface yields a controllable constant discharge
current. If one set a semi-infinite-long cylindrical control sur-
face in the interelectrode region, the integration of j, over
the control surface equals the total discharge current. For

this reason, j, is, in this paper, referred to as ’supplied dis- .

charge current.” When a magnetic field is applied in the axial
direction, azimuthal current is induced by the interaction be-
tween the applied magnetic field and the supplied discharge
current (discussed in detail later). Thercfore, jp is, in this
paper, referred to as ’induced current.’ In the absence of the
applied magnetic field, the azimuthal current is not induced.

In an applied-field MPD thruster, an electromagnetic
thrust is generated through the interactions between a sup-
plied or induced current component and an applied or self-
induced magnetic field component. Generally speaking, the

following three components are dominant in the interaction
forces:

(1) Generalized Hall acceleration.  An axial electro-
magnetic force is produced by the interaction between the
azimuthal induced current and the radial applied magnetic
fiell (joB;). As the azimuthal current is induced not only
duc to the Hall effect but also due to the diamagnetic effect,!!]
this clectromagnetic acceleration will hereafter be referred to
as "gencralized Hall acceleration.’

(2) Swirl acceleration.  An azimuthal electromagnetic
force is produced by the radial supplied discharge current
and the axial applied magnetic field (5, B,). This azimuthal
force causes the swirl motion of the propellant plasma flow,
resulting in swirl kinetic energy input to it. Although some
of the swirl kinetic encrgy is once be converted into the static
enthalpy of the plasma flow, it can finally be converted into
an axial kinetic energy.

(3) Self-magnetic acceleration. The interaction between
the radial supplied discharge current and the azimuthal self-
induced magnetic field produces an axial electromagnetic
force (j, By). The strength of the self-induced magnetic field
increases proportionally to the supplied discharge current.
Therefore, this electromagnetic force scales with the square
of the discharge current. When the discharge current is at
low levels (smaller than ~ 1 kA) this component is usually
ncgligible.m

In experiments, the reaction forces of electromagnetic
forces on the propellant plasma flow are exerted both on the
magnetic devices (clectromagnets or permanent magnets or
both) which produce the applied magnetic ficld, and on the
discharge current circuit. Also, the hydrodynamic pressure
excrted on the solid surfaces of the thruster contributes a
thrust component; not only the static enthalpy but also the
swirl kinetic energy of the propellant plasma flow can be con-
verted into an axial kinetic energy through the solid nozzle.

3. Derivation of Thrust Formula

The energy conversion systems are, as described above, so
complicated that one cannot separate a thrust component of
the total thrust. Instead of calculating the respective thrust
components separately, the total thrust is obtained from the
energy conservation equation.

Here, the work done by electromagnetic forces is assumed
to be converted into the axial kinetic energy of the propellant
plasma flow both through the magnetic nozzle and the solid
nozzle. Neglecting the static enthalpy of the exhanst plasma,
the energy conservation equation is

/(j x B)-udV = %muz, (1)

The current density is related to electric field, magnetic
field, fluid velocity etc. by the generalized Ohm’s law;

J=0[E+pyp.+uxB-pfjx B (2)

Here, one assumes that j./js < 1. By the order estimation of
the axial component of Eq. (2), j./s is found of the order of
03B, which, therefore, is assumed much smaller than unity
here. In this case, the azimuthal component of the current
density is related to the axial one by,



jo = a(BB.j, + u.B, + cBBus). 3)

The electromagnetic force considered here is composed
of the following three components; 1. je B, (generalized Hall
acceleration), 2. j,B. (swirl acceleration), 3. j,Bs (sell-
magnetic acceleration).

Therefore, the left side of Eq. (1) is expressed by
/ (jx B)-udV =

/(‘joBm,)dV + /(—j,B:uo)d\v’+ /j,Bou,d\" (4)

In the above equation, -’ signs are needed for the electromag-
netic forces to be in the axially downstream direction.

The first term of Eq. (4) is expressed such astl]
/(—jﬂBru:)dv = _.;DBrﬁ:”hall“) (5)

Vo = xrll (6)

In Eq. (5), the value of ap,u, which is the ratio of the equiv-
alent volume for the generalized Hall acceleration to 15, is of
the order of 0.1 to 1.

Neglecting the radial and azimuthal velocity components
of the exhaust plasma, the representative value of the axial
fluid velocity in Eq. (5) is assumed to be

Uy = 0| Uex (T)

Here, ; is a constant, the value of which will be determined
later.

The second term of the right side of Eq. (4) is calculated
under the assumption that the plasma rotates as a rigid rotor.

/(-ijxuv)dV= [:a[—j,B,ﬁq(r)]Q:rrldr (8)

The representative value of the azimuthal fluid velocity is
assumed, such that,

axJB.r 1 —(r/ra)?

L e VN
_ JB.r
O (9)
Therefore, Eq. (8) is transformed into
” 1222
/(“]}B:u,)dv - M i)
v o L= (re/ra) T (11)

= 201+ (rc/r,)3]'Jz
The last term of the right side of Eq. (4) is transformed

into the product of the self-magnetic thrust® and the repre-
sentative value of the exhaust velocity.

72
/ joBou,dV = b“"’r F164 (12)

4
where
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b= In(:—") +¥ (13)
In Eq. (13), b’ varies from 1/4 to 3/4, depending on the
current distribution on the cathode.

_ Here, one changes the notations B. and B, into B and
@B, respectively. Substituting Eqs. (5), (10) and (12) for Eq.
(1) yields the following quadratic equation;

(14 eyb)u, = 2cat) — cap® + c4) e — s J? = 0. (14)
Here,
aB?
Y= = (15)
e1 = 2025 ananVo (16)
o BdanaVe .
s 277l (n
e3 = 33 FanaVo (18)
] a,byo.l
faw 47m ()
2alir?
iy =

Solving Eq. (14), the thrust is calculated by

T = mu,,

_ ¥l +en+ (e — es? + ) + (1+ a)esy]'?
T+ap
(1)

J

Equation (21) is transformed as follows:

7o Dt Loy et Tetie s b (2)
Here, : '

Tu= LMy, (23)

T = [@%;]*T;wirl,mcz (24)

Ty = I&T.ﬂ,ﬂ., (25)

The parameters which appear in the above equations are
given by

1
Ve Zri—g—— 26
2034’ apauVo (26)
' 1 (s
o T s = — 27
b T Ta (27)
Tlgnu.mnx o M = Llnhnu(u':ﬂ)ﬂ:ﬂ, Jf_bBJ“ (28)

a P as
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Tsus.rl,ma: = (2')‘,2,)%.]”,:7‘“ (39)
ﬁ”r/'c 1 ;
B. =(—)3 (30)
a
SR
T!el!,vnaz = 20,6 P ('}])

Eq. (22) along with Eqs. (23), (24) and (25) gives the
general formn of the thrust formula for an applied-field MPD
thruster.

4. Estimations of the Thrust Components

In the absence of the applied magnetic field, Eq. (22) is
to be the same as the well known self-magnetic thrust formula
given by Jahn.[3l Therefore,

(32)

) =

D] -

When 1 < v/, i.e. at a weak applied magnetic field, Eq.
(21) becomes
T = (2a.’_,’)%JBr, (33)

In order for Eq. (33) to be equal to the Fradkin’s formnla‘rl]
it is needed that

1
TS (34)
From the radial component of Eq. (2),
J :6(E‘,+Bd.')561-5". (35)
r dr 4

Hence, the exhaust velocity calculated from Eq. (28) is ap-
proximately given by

Uhall,mazr =

2IE;M",9'

Thatt,mas _
m 5

(36)

J

E;ull,i = w;r.E, (37)

Eq. (36) implies that the exhaust velocity only due to the

generalized Hall acceleration is twice as high as B xB,
drift velocity.

The dependence of E, on B is determined both by the
impedance of an MPD thruster and by the characteristics of
the power supply for the arc discharge. Generally, an a pplied-
field MPD thruster is connected with a power supply with a
constant-current profile. In this case, E! varies with B. How-
ever, for example, if the power supply has a constant-voltage
profile, the thruster operates as an electrostatic acceleration

thruster, being identical with a *Hall-current accelerator’ or .

a ’closed-drift thruster.’®]

To the generalized Hall acceleration, the exhaust velocity
is an important parameter. As is seen from Eqs. (23) and
(28), it is expressed just by the characteristic parameter 1) =
aB*[m. The ratio /1. can be a criterion whether the effect
of the generalized ITall acceleration is large or not. Under a
typical condition that 9. = 2y, (e.g. from the data of Fig.
1, refra = 0.38, apan = 0.58 and a; = 0.44), Than becomes
maximum at 1 = 0.731,.

5. Operation Regimes

Table 1 shows the typical operation parameters input in
experiments and the respective thrust components which are
calculated by the present theory in the cases of some applied-
field MPD thrusters.

In the thruster operation regime performed by Sasoh and
Arakawa (University of Tokyo),[11M0] it is seen that the effect
of the generalized ITall acceleration is dominant. In this case,
T/, which is equivalent to the average exhaust velocity, is
expressed by the characteristic parameter 1 (sec Fig. 1). In
order to obtain the exhaust velocity as the general function
of the characteristic parameter which is applicable for dif-
ferent kinds of propellant species, B?/m - the characteristic
parameter in Ref. [1] - needs to be multiplied by the electri-
cal conductivity. In the characteristic parameter 9, to what
extent the azimuthal current is induced is estimated by & B,
which scales with the electron Hall parameter. The thruster
operation is made at relatively high-B, low-ri1 levels (compare
the ¥ with the others). The ratio ¥/ is 0.69. The effect of
the swirl acceleration is not large here — about 10 % thrust
increase. The effect of the selfl-magnetic acceleration is almost
negligible.

In the operation regime performed by Fradkin et al.
(Los Alamos Scientific Laboratory),[?] the effect of the swirl
acccleration is found dominant. The maximum value of 1 set
in the experiment is only 4 % of that in the first case. In other
words, the applied magnetic field at the input propellant mass
flow rate is weak in comparison with the former case.

Under the condition that ¢ = &Y. and ¢! = 24, the
ratio of Thau to T is calculated from Eqs. (23) and (24)

as follows:
ey B WO (o
w6 = (Epla- Dot
= B/(u*;:;»)% (40)
R, = Guou,.l (41)

At £ = 0.5, cg(£) is maximum and is of the order of 0.5.
As is seen from Eq. (38), the ratio increases with increasing
exhaust velocity. Moreover, when the propellant mass flow
rate is decrcased, both & and 53’ (= m;/(e*n,) for a fully
ionized plasma) will increase, thereby enhancing the effect of
the generalized Hall acceleration. Also, the axial length of
the acceleration region is to be small so that the contribution
of the generalized Hall acceleration is large.

Tahara et al. (Osaka University)[‘;l combines a sell-field
MPD thruster with an applied magnetic field coil connected
in series with the discharge circuit. In this case, the applied
magnetic field is the function of the discharge current. Since
the external magnetic field is applied so that it becomes as
strong as the sell-induced magnetic field, the Tiery and T, pint
are almost equal. From Eqs. (24) and (25), the ratio of Tty
to Tyuir under the condition that ¥ < 1 is calculated;

7‘;:![ £, BO,'. 9
A e (¥ < 1) (42)



are almost equal. From Egs. (24) and (25), the ratio of Ty
t0 T,uuri under the condition that 1 < ¥, is calculated;

i Bs,
=t ) (42)
swarl B
Koow o (43)
e %nr,
b
EE= 93/24112 ()

The value of ¢7 is of the order of unity. Therefore, it is found
from Eq. (42) that the ratio of these components approxi-
mately equals the ratio of the self-induced to applied mag-
netic fields.

In the last case, the effect of the generalized Hall accel-
eration is negligible; the maximum value of the characteristic
parameter of this case is five orders of magnitude smaller than
that of the first case.

5. Conclusion

The formula which gives the thrust produced by an
applied-field MPD thruster from the controllable thruster op-
eration parameters has theoretically been obtained; the for-
mula is derived from the energy conservation equation of the
propellant plasma flow. Using this formula, the relative con-
tributions of the generalized Hall acceleration, swirl acceler-
ation and sell-magnetic acceleration can be estimated. The
relative contributions of the self-magnetic and swirl accelera-
tions are found to be estimated by the ratio of the self-induced
to applied magnetic field strengths. At a moderate applied-
field strength, i.e. when ¢ is comparable with ¥, a large
effect of the generalized Hall acceleration is obtained under
the conditions that the exhaust velocity is high, the propellant
mass flow rate is low and the axial length of the acceleration
region is small. It follows from these results that the general-
ized Hall acceleration is found to be suitable for small-sized,
high-I,, thruster operations.
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Table 1 Operation conditions and calculated thrust
components of some applied field MPD thrusters.

.

Thruster B m J, P T;
y ) 1 ] hally ’Itnm'v, Tu )
T kg/s A m=3 N N ; N,f
(®/ve)
Univ. Tokyo 0.10 9x1077 200 2.4x10° 44x10°2 1.4x10-2 E
2 : 4x10 1 %10~
(Refs. [1] and [6]) (0.69) :
Los Alamos Sci. Lab. | 0.19 25x 10" 350 97x10° 18x10~' 69x10~! 9x 10-3
(Ref. [2]) (0.31)
Osaka Univ. * 0.075 2.75x 10~* 15000 1.4 x 103 4 x 10° 22x100 22x10!
(Ref. [4]) (0.0005)

* The coil configuration is C1-(3)-type; 5 % of the total input power is assumed to be input to

the electron translational energy.
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Experiment
- ® Ho
TR, Theory
RG-S i T T’Im
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&

T/m
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Fig. 1 T/im—-5B?%/ih relation by the applied-field

MPD thruster of Refs. [1] and [6]. The theoretical lines
are drawn under the following condition: ¥ = 3.5 x 1073

m,rper = 8 X 10‘3111,&.‘,:( =3x10"%m,4=5x10"2 5n =
2 x 10~ ?kg/(Qms), B =5 x 10~2m?/C,1 =2 x 10~%m,j, =

ccJ/(27F1) A/m?,cc = 0.2,J = 200A.





