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ENGINEERING METHCUS CF HOLLOW
CATHODE CALCULATION

VAULIN E.PT. KIRUSHKINA M.Uf. LATYSHEY L.A7,
TIKHONOU U.B%, FILATOUA E.A.~

Abstract
Engineering wmethods of local and integral
hollow cathode parameters and erosion calculations

based on the developed mathematically closed model
of hollow cathodes are proposed.

A mathematical model of hollow cathodes is
presented in the form of a system of differential
and integral equations and relationships describing
physical processes occuring in the plasma in the
active zone of hollow cathodes, on the
plasma-cathode boundary and on the cathode surface.
Tne model permits calculations of the main
local and integral parameters of hollow cathodes
civen the discharge current, plasea-generating
fas flow rate, cathode channel geometry, heat
temoval condibiong, physical propertles ol a
plasma- generaling gas and cathode malerial.
Kathemalical wmodel of hollow cathode erosion
is organized together with the node! of
calculation of plassa parameters and hollow
cathode walls heating in modes when products of
erosion make a small admixture to the primary
gas. Hollow cathode erosion was defined by
the processes of sputtering, evaporation,
sticking and reflection of cathode aaterial
atoss and ions,
vhich are in good agreement
data, are described.

with experimental

I. Hollou cathode mathematical model in the arc
regiee.

Let us consider the hollow cathode (HC) as a
cylinder channel with the length L and wall
thickness h = =i .
vherepandrare external and internal radii of the
cathode channel, respectively. The inlet section
of the cathode channel is connected with the system
of working gas supply. The rest part of the channel
is in a vacuum chamber. R so-called active zone
(Al) appears inside HC in which an efficient
generation of a gas discharge plasma occurs due to
collision-radiation processes and electron emission
from the walls. In this zone, close to the
internal surface of the HC channel. a cathode
potential drop, being a powerful source for heating
of the cathode walls and electrons, occurs. Another
source of electron energy in AZ iz Joule heating.
Intensive generation of a lowu-tesperature plassa in
HC is determined by an effective supply of energy
into electron gas at optimal pressure. In case of
@ hollow cathode with a low emission capacity it
is often necessary to heat the cathod using
an external source in order to wmaintain the
electron emission on a proper level. For a long
channel ( r, << L : h« e ) the initial two-
dimensional differential equations describing the
balance of discharge, mass, impulse and energy are
presented by way of their integration over the
channel cross section as a quaziunidimensional
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Results of calculation experiments,
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The detersining ;arameters in the HC model under
consideration in the arc regise are ;. discharge
current, i; rate, Gg : cathode radjus, r ;
HC wall tesmperature, T ; cathode potential drop,
Ux . degree of plasma ionization, Xi ; electron
temperature, Te ; pressure of the plasma-generating
gas including RZ, Pg : ionic current density on
the cathode, f;, : total electron current density
on the cathode surface, jox: AZ length, Lp .

The initial system of equations for
determining cathode temperature and potential drop
includes the equation of heat conductivity with
Joule heating of walls and with superficial energy
sources and the integral lav of electric current

continuity for HC channel walls and as a quaziuni-
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dimensional approximation it can be expressed as
follows:;

K g dT 2
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uhere q - the density of energy flow to the
? cathode surface due to the energy
exchange with ions and electrons:
q i: q , - the density of heat flow on the
internal and external cathode surfaces,
respectively, due to the heat exchange
vith atoms;
the density of radiation flow from the

el
'

=% cathode walls;
- the longitudinal current density in the
~2
HC channel walls,
b 1
an=----fjndz: 2)
h 7
% - the current density normally to the

cathode surface,

j‘ :j"‘ + Jex : 3)
B Kn - specific resistance and tersal
conductivity of the cathode matherial.
The coordinate axis z is directed along the
flow with a starting point in the inlet section at
=27k and O vic i .
Given the current I, fros equation (2) and the
boundary condition by 02 =17 Sy there follous
the integral law of furrent continuity

1 L Jr
i (g T T . =AY

S R T
vhere Sy 1s a cross-sectional area of HC channei
valls. "

Integral equation (4) determines the
relationship between the discharge current and
local values of charge flous to the cathode wall.

The specific contens of the guantities
included in equation ({-4) can be found in B
It should be noted that in the calculations given
below the electron current on the cathode was
determined by thermoemtssion and the reverse
electron current, and the current of secondary
esission vere not taken {into account. However,
electron emission from external surface of the HKC
channel vas taken into consideration.

For the equation of heat conductivity in
the HC channel the following boundary conditions
are given :

at the inlet of the chapne! -

T=Ty st l1:0; (5
at the outlet of the channel :
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where T(L ) - channel wall teaperature at the
outlet:
Ts - inlet temperature;
3¢y - surface blackness coefficient:
qpt - the density of energy flow at the

end of the channel due to the energ.
exchange with plasma.

The method of determination of the T and V
values consists in searching for a joint solution
of equations (1), (5), (6) and the integral
equation (4) with a specified j;x wvalue.

The j;; value is determined, in its turn,
from a systes of equations describing processes
occurring in the plasma of the internal positive
discharge colusn but already with specified U
and T.

In this work we have restricted ourselves to
the consideration of hollow cathodes with inert
gases as plasma-generating substances. In this case
the ion flow on the cathode surface is practically
completely neutralized.

The state of the plasma in the HC active zone
is determined by the following systee of .udepender:
equations describing the balance of electrons and
ions : ¥
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vhere {, :j;, - the longitudinal components of ti:

electron and ion curren: densitiec
averaged over the HC channel
section;
"e - a resulting rate of ionization anc
volume recombination:
+'S S el e

Since in the HC active zone iz << s et ts
assume that j, = j,7 . It should be noted that it
Is equation (B8) that determines in hollow cathodes
a substantial difference between the degree of
plasma jonization in AZ and its equilibrium value
found at the same Te and Pg on the basis of Sakha
equation,

Estimates show that the rate of triple
recombination in the HC active zone for inert gases
is significantly lower than the rate of
recombination on the HC wall. Therefore in this
vork is assumed to be equal to the recombinatica
rate on the HC channel wall :

As a quaziunidimensional approximation, the
equation of electron energy balance in the Kl
active zone can be presented in the following fora:

g, arr,
see= 2§ B 4 mmmeeee § U - feU- K, : (s
dz (74 s e« ‘

vhere E, is the longitudinal component of the
electric field tension and A is a relative rate of
the loss of electron energy as a result of
collisfon-radiation processes (energy losses upon
elastic collisions in HC AZ are negligibly low).
Further on, the condition of approximate
siwilarity of the density of electron energy flos
and the density of electron current is taken into
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vhere C'= 3.2 .
In agdition, the generalized Oha’s law shoula
be taken into consideration .
In equations (9), (10) the electron current
longitudinal cosponent is determined by the

following integral equation

7,

)H=-L ( ------- jﬂoeﬂe)dz x (11)
o S

at (0) = 0 and jo(1) =175 . Thus, E, is

determined on the basis of equatfons (11) and Oha's

law,

As shoun by the analysis of experimental data
and the equations for the balance of atomic and
ionic energies in the absence of the magnetic
field, 1t can be assumed that Ti~ Ta= T ( 2 ).
On the other hand, experimental investigations
indicate that the temperature of electrons in HC AZ
Te 1is significantly higher than the temperature of
heavy perticles (Te >> T).

In such a case, when introducting the degree
of ionization Xi = Niz(Ni+Na) and the pressure of
ionized gas Pg, the concentration of particles can
be expressed through the determining paraseters as
follous :

Pe Xi Pg 1 - Xi
L e — MR | T S PR 2(12)
kT Te kT Te
I+ —— Xi
T i
vhere Ne and Na are the concentrations of electrons
and atoms.

Taking into account the defenition of an
average-sass rate of ionized gas and the integral
equation of continuity for a stationary flow the
plasma flow rate can be also expressed through the
determining parameters as follows :

RT Te
A cg(u---m). (13)
S Ma Pg T

“where Ma - a molar mass of vorking gas atoss;

R '- a universal gas constant:
€¢ - a mass flow rate of the vorking gas.

The distribution of pressure in the HC channel
is found from the equation of fonized gas moverent.
Rs a quaziunidimensional approximation. it can be
presented for a laminar flow in the following fors:

dPg a’RT? Te
“':C _________ Cq<i+--- xf). (14)
dz LS Zﬁz

vhere 7 - the coefficient of ionized gas
viscosity;
a": 647* - a constant for a laminar flow in the
channel of circular section:
(ERWETES W ) [11
- a coefficient taking into account the
effect of- slipping.
Under conditions of a gas flow into space
vith a sufficfently high vacuum let us take as a
boundary condition at the channel outlet the
condition of equality of the laminar flow and sound
velocities. This makes it possible to determine the
plasma pressure at the channel outlet : l/z

RT(L ) ] Te(L )
Pyt ) | - .- (l €= s EISE WLt 15)
Y Ma S T(L )

vhere )Y - an adiabatic f{ndex:
f - a forsfactor taking intn account the
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equarity of a maximal !low velocity to
sound velocity, [ = 2,

for an average velocity, f = |,

Thus, the integration of equation (14) vith
account for cundition (15) allows, in particuiar,
the inlet pressure to be determined.

As seen from equations (14), (15)., with a
significant rate of plasma ionization and with the
condition that Te >> T, due to a sultiplier
(1 + Xi Te/T ), reflecting the role of plasma
non-isoterwicity, a considerable increase in the
plasma pressure gradient as compared to changes
in the neutral gas pressure is to occur in the HC
active zone [ 2 ],

The construction of a model of the internal
positive discharge column is conpleted by the
deternination of j/x, We and A . The specific

" contens of these ‘quantities ‘can be found in [ (1} 8

The integration of equations (8), (9) and 14)
with specified (found in the first part of the
eodel) T and Ug with account for the foraulated
relations makes it possible to find local values of
Xi, Te and Pg, and therefore to calculate Ne, Na,
vz, i;x and other parameters.

Thus, the formulated equations and relations
pereit all determining HC parameters to be found :

T. Vg . X1, Te and Pe.
2. Hollow cathode erosion theory.

In quaziunidimensional approximation, used in
the present paper, when relative variation of
cathode radius by means of erosion is small we
have :

adaixture fons mass balance equation :

) d

--------- MR R ) =l & W, g +
z g/ e z
Lo dz 7 :
La k S -
€ ) R $ e o e (16)
& NCSRE . * ax
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adaixture fons and atoms mass concervation
laws on the surface :

a +R-. +R =RU A S Ry« R s {

a  Cai aa M ) iq S b

vhere Nax ,N:x - admixture atoms and ijons

concentrations;

. Rx 7 Wax - aduixture atoms and jons mass:
ldﬂp Migp - :as: sputtering rate by atoms and
) ; ons;

ey By - :ass evaporation rate by atoss and
7 ’ ons;

Bar % - M3ss flow densities of adaixture

atoss and fons to the cathode
surface from plassa:
3, 8, - sticking coefficients of adaixture
atoss and fons ;
ReRyeRyRyq - reflection coefficients of atoms
and fons;
Wex - admixture fonization rate,

Therefore, in the discussed theory of HC
erosion recycling of the cathode materfal was
taking into account. Further, we consider regimes

-i'€N aO0cixiure daloms anc 10ns  concentrations are
Lucn 1ess Lnan propellant atoms and fons
concentrations. As calculations showed this is true
tor most of HC working in thermoemission regime.
In this case plassa ionization degree Xi
<nproxisately defined by expression :
Ne

Ne + Na
and relative component concentrations are
correspondingly :
Na Nak Nik

L D £ D S R

Ne + Na Ne + Na Ne + Na

In the discussed approximation plasma velocity
Js determined by equation (13).

In equations (16) and (17) values of i,, and

3 B3y be represented in the following form (3):

eV
e ¥ 4

Bip = 1044107 RpeVipe | ke/(ndes) :

; 14 ;

By =T exp(-eE,, /kT) . kg/(w™5) ,

vhere R, - admixture atom mass ;
Cev - empiric constant;
Eev - evaporation energy:
- sputtering coefficient.
Output of erosion products wmass by plassa
flow is carried out due to convectional transfere
along the channel with rate :

Nz m, GeUXik + Xak)/m; | CAaw

Specific HC erosion (mass loss coefficient) by
definition is equal to

€ = My Ge(Xik + Xak)/wp 1 - L (20)

In relations (19) and (20) values Xik and Xak are
taking at z = {, Local recycling rate is detersined
by sticking of admixture atoss and fons to the
calhode wall :

N . 4 a n-- ; 1)

Local erosion rate of HC channel wall is
defined by relations :

nass - i i, -(@W W
linear - & ='n / %
where s - cathode material density.

To deteraine i, and a &, a systes of
five-component partly {fonized plasma in
hydrodinanical approximation fn projection to HC
channel radfus-vector was considered o 8
The system of equation was solved in relation of
diffusion velocities of all components.

The solution vas carried out with assumption that
Xik, Xak << Xi . It was supposed, so that
Ta.Ti << Te. Finally, for admixture mass flow
densities folluing relations were found :
8 welpa XK il el k) (22)
uhere proportion coefficients within taking
approximation is undependent on Xik and Xak and are
complex functions of plasma parameters and
effective particle collision cross sections.
Approximate estimation of this values may be done
according to relations :

LEL I O Kak  § .«
Foxi =T ik
where §; - lon current density at the cathode;

4



Xi - deyree of yiassa 10nization: Mak - adsixture
aiom molar mass, f - Faradey number.

As result of cathode surface bombardaent by
relatively slov fons (with energy less than 100 el
for arcs regimes) a flow of cathode atoms appears.
Alom mass flow density is determined by the
folluing relation :

5 Mak :
., : -;-'Y(E.T) Yix = - (23

Equatfon (23) peraits calculation of local
cathode surface sputtering rate for given local fon
curront donsity, bombarding fons enorgy, vhich say
be assumed equal to the cathode potential drop in
considering of fon charge, and cathode Lemperature.

In [3] ve formulated half-empirical methode of
calculation of sputtering and fon kinetic energy

accoeodation coefficients for given values of ion
energy and surface temperature. In the same place
values of sputtering and ion kinetic energy
accomodation coefficients for argon ions are
presented.

Take the following relation for admixture
atoms jonization rate [4]):

: (24)
Hu ,(“Nak N = 24

Including Xak into equation (24) one can
found ;

Wox = oqXak Ne(Na + Ne)

Thus, admixture atoas ionization rate is
proportional to its concentration.

Taking that at the beginning of the HC active
zone adeixture component concentrations are equal
to zero

Xak(0) = Xik(0) = 0 . (25)

Thus, by means of solution of linear
differential equation system (16) and (17) with
boundary condition (25) and with given reflection
and sticking coefficients of cathode material jons
and atoss for determining parameters of HC regime,
one can define admixture atoms and ions
concentrations (Xak,Xik), which permits calculation
of HC specific erosion, local mass and 1inear
cathode erosion rates,

3. Results of fnvestigations by the method
of mathematical modelling of HC parameters.

On the basis of the developed mathematical HC
sodel several calculation experiments have been
carried out for tantajum cylinder catg?des with
Lk = 01w, h=2407 a, r =2.8.10" & and
vithout a magnetic field. The working gas - argon,

These parameters meet the conditions of
experimental studies described in [5]. A specific
feature of this work {s that using the probe
technique the authors have managed to deteraine,
although nrot 1in the whole HC active zone, the
concentration of electrons,their temperature and
plasma potertial relative to the cathode fros which
it is possible to judge about the extent of a
cathode potential drop. The calculations vere
carried out at a discharge cur:ent 10, 15 and 20 A
and in argon flov rate 1.2:10°° kg/s and
3.5-10~¢ kgrs.

Fig. 1 presents the calculated local values
of plassa pressure and wall temperature for two
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dax cresswe fur these {iuw rales ond curieuwts
sere given. It is seen that the deviation of the
caicciated data from the measured ones does not
excez2 20 Z. The cathode temperature agrees
sal.ileclorily with the experiment both by the
cherazter of distribution and by its value.

“ig. 2 shows the values of electron
conczatration in the active zone, electron
tempzrature and potential drop. It should be noted
that Fig. 2 contains the values of plasma potential
whicz differs from the cathode potential drop.
These parameters are close only at the beginning of
the active zone. A satisfactory agreement is
observed between the values of electron temperature
and the values of their concentration. In a region
with z > 0.65 the probe caused noticeable
disturbances.

Fig. 3 presents wvolt-amperic characteristics
and the discharge flow rate. Our HC model makes it
possible to calculate the power supplied to the
cathodi 4

uK’f kv kb +’.¢)dz

e
This parameter and the cathode potential drop at
the outlet are given in Fig. 3.

Fig.4. and Fig.5. show results of erosion
paraseters calculation for cylindrical (r = 2.8 am)
thin-valled (h = 0.2 sm) tantalum hollow cathode.

Fig.4. shous the relations of specific
erosion, cathode material atoms and fons
concentrations at HC exit and characteristic time,
necessary for forming of cavern with depth equal
to half of the wall width of HC channel

t(h/2) = h/2h

The influence of cathode material atoas and
ions sticking, as can be seen, on HC erosion
pareszters is insignificant. This in turn allows to
judgz about possible values of sticking coefficient
for given case by wmeans of comparision with
corresponding experimental data not only for
specific erosion, but for erosion products
concentrations also. Specific erosion for indicated
HC eeonetry and regime with ar= 3, 0.25 - 0.95 is
about 10 k’/c. vhich does not conflict with
experimental data for discussed HC type.

7ig.5 shous local HC erosion for given reginme.
®hilz considering erosion before, one should pay
attension to significantly increased scale of
surface thickness in respect of longitudinal scale.
Corresponding distributions of wall temperature,
non-cimensional ion current density T = fi¢ /ico .
0 = 2.65-10' /et and non-dimensional cathode
otertial drop U¢ = Ug /Ui , Ul = 15.758 along HC
channel are given on the same figure.

Cavern formation, its depth, evidently, define
cathode life-time. Besides that, wvariation of
channel wall thickness and, possible, its physical
properties may lead to HC erosion acceleration. He
tink that a special attention should be payed to
the research of caverns formation on the cathode
surface in connection with the problem of MWPD
thrusters life-time.

in conclusion we shall note that the
foraulated mathematical HC model makes it possible
to study the influence of different factors on HC
paraseters by the method of calculation experiment
and after experimental substantfation of the
reliasility of calculation experiments to carry out
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prognostication of working parameters of real
cathodes.
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