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Abstract

In the first part of this paper a review of the investiga-
tion of instabilities in multicomponent non-equilibrium
MPD thruster flows is given, carried out at IRS and
MAN Technologie AG. Also latest results obtained from
nonlinear development of the space charge instability
are presented showing that the nonlinear development
of the current density actually leads to strong oscil-
latory behaviour depending on the time development
of the linear states, particularly on the local value of
the electric field strength and thus on the values of the
relative gradients. Finally the connection between the
specific impulse and development of the space charge
instability will be discussed.

1. Introduction

New interest in the development of magnetoplasmady-
namic (MPD) thrusters was awakened with the begin-
ning of the 1980’s. Despite presently low overall effi-
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Figure 1: Frequency spectrum of the discharge voltage
oscillations (DT2-IRS)

ciency, their high and widely adjustable specific impulse
allows better payload ratios than in the case of chemi-
cal propulsion systems.

Since the specific impulse is proportional to I2/m, ope-
rating the thruster at a high ratio /2/m will improve
its efficiency. However, as shown by experimental inve-
stigations, oscillations in the discharge voltage (Fig.1)
occur if the thruster is running at a point beyond a cri-
tical value (I?/m).rir.. Simultaneously, the anode fall
increases which leads to a strong decrease of the effi-
ciency.

This unstable behaviour called "onset” is the main bar-
rier in the development of highly efficient MPD thru-
sters and has been object of many studies. A survey of
literature to this subject can be found in Rempfer et
al.3 or Wagner et al.*5.

A systematic investigation of instabilities in multi-
component nonequilibrium MPD thruster flows is in
progress at IRS since 1987. In continuation of this work
a cooperation between IRS and MAN Technologie AG
has been established since 1990. One of the main ob-
jects of study is an explanation for the onset of perfor-
mance limiting instabilities in MPD thrusters. Contrary
to lines of study in the USA!2, research at IRS and
MAN Technologie AG concentrates on macroscopic and
drift instabilities, as only these are considered to be able
to drive such effects as charge carrier depletion and/or
current chopping.

First results obtained by Rempfer et al.® with a sim-
plified three-fluid formalism showed the appearance of
a macroscopic (electrostatic) electron acoustic wave in-
stability.

In continuation of this work, a three-fluid theory inclu-
ding electric and magnetic fields, finite gradients for the
flow variables and dissipative terms was developed3 5.
Two gradient driven instabilities were found from the
solution of the linear dispersion relation of this system
by Wagner et al.® One of these instabilities was ten-
tatively identified as an unstable acoustic wave mode,
whereas the other instability showed properties of the
so-called space charge instability. In a further work,
Wagner et al.’ showed that a space charge instability,
originally defined in a bounded plasma®, can also ap-
pear in unbounded systems.

The space charge instability” (also called Pierce or di-
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ode instability) is of particular interest in discussing
charge carrier deficit and/or arc starvation. The non-
linear development of this instability leads to the ’cur-
rent chopping’ instability which occurs when a critical
current density is exceeded and involves rapid reducti-
ons of the current and sometimes complete disruption.
The appearance of this instability may be an explana-
tion of the onset phenomenon in MPD thruster flow.

In the quasi-linear theory, latest calculations for a two-
fluid model of a (fully ionized) plasma yield appro-
ximate analytical expressions for the unstable roots
of the linear dispersion relation, giving the explicit
dependence of the oscillation frequencies and linear
growth rates on the wave vector and the various plasma
parameters®. According to quasi-linear theory it should
be possible to calculate the electron and ion suscepti-
bilities as well as the anomalous transport rates, using
the expressions for the isolated instabilities.

In the nonlinear theory a first calculation of the nonli-
near evolution of the space charge instability was done
by Maurer et. al.® using the quasi-analytical method
QAM !0 It could be effectively shown that an inter-
ruption of the current density occurs in the nonlinear
development up to fifth order. Thus the space charge in-
stability leads, in its nonlinear development, to unstable
current density oscillations including current interrup-
tion.

In continuation of this work the calculations of the non-
linear development of the space charge were continued
extending the QAM-development to 9th order. Accor-
ding to previous works a reduced three-fluid model of
the plasma flow in the MPD thruster was used with the
components electrons, ions, and neutral particles of the
working gas.

For each component the continuity equation, Navier-
Stokes equations, the energy transport equation,
Maxwell’s equations and the equations of state have
to be formulated yielding a system of 24 nonlinear par-
tial differential equations.

Although some progress was made in diagnostics of
MPD thrusters!?, it is still not possible to define the
distribution of fields exactly. Therefore concept of rela-
tive gradients will be used again to define a local sta-
tionary state which will give rise to the development of
nonlinearities in the system.

To calculate the behaviour of the system, the quasi-
analytical procedure QAM !° for the solution of insta-
tionary field equations will be used. The characteristic
feature of this method is that it is based on algebraic
computer codes (e.g. REDUCE). With the aid of such
a code the nonlinear system will be developed in a hier-

archy of linear inhomogeneous equations to be solve
successively.

As already mentioned®, the calculations with QA
show that in the (first order) stationary state of tl
system a linear dependence between the relative grad
ents and the local stationary electric field strength ca
be found. The stationary electric field gives rise to tk
development of instabilities in second order which has
oscillatory behaviour. According to Wagner et. al.® t}
linear dispersion relation yields two instabilities whic
can be interpreted as space charge instabilities. One
these instabilities is found to be relevant for the nor
linear development. The nonlinear development of th
instability is now calculated in dependence on the r
lative gradients. It can be shown that beyond a thre
hold value the current density has oscillatory behaviot
which leads to local time dependent interruptions f
high relative gradients. This event is connected wit
oscillations of the local electric field strength. Furth
calculations show the different behaviour of the field v:
riables between continous and pulsed operation mode

Besides the space charge instability, the electron acon
stic wave instability is found to occur. A possible i
fluence of this instability on the onset phenomenon ca
take place if there is a heat transfer from electrons t
the neutral component. This will give rise to local gr:
dients forcing the space charge instability and its nor
linear development.

2. Basic Equations and
QAM-Development of the System

In a simplified model we consider the plasma flow o
curing at a point in the anode region of the thruste
Since we are only interested in the influence of the ele
tric field, and no external magnetic field is applied,
neglect the effects of the magnetic field and all con
ponents of the flow perpendicular to the electric fiel

thus obtaining a one-dimensional system consisting
three fluids:

(i) ions of the working gas (single charged),
(a) neutral particles of the working gas and
(e) electrons.

For each component, the following equations have to b
considered (a detailed discussion can be found in othe
reports!%13):

— the equations of continuity

Ong

ot

+ V. (net) - T 0,



with the terms for non-equilibrium ionization:

nzn,-
I = 1= =1 = Sea [nane°T]v

— the equations of motion

a7, = = =
"kmk[% + (Uk - V) Ok] + me v T
+Vpe — niZie[E + G x B)
1 = =
—r);,(EV(V - Uk) + ATg)

= B
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LR
+ng ;kamk+m'(vg—vl) =0
with & = a3+
Z.' = —Z¢=1 ’ Z¢=0
v, = collision frequency between
k and ]

and, instead of the energy equations,

— the equations of variation of the temperature

a = =
chk(aTk +0:-VT)+ V-G

+PeV - Ok + XiTkbek — O — i E
—Uk1 Cy P Z(Tk -Ti) = 0,
7

with k,l a,i,e,
Pr = ni m; mass density of k,
§r = heat flow vector,
®, = dissipation function of k'*!3,
Xi = Ionization energy,
U,y = energy equilibration frequency

between particle k and 1,
together with the equations of state :

n = nkpTh.

Since the magnetic field is neglected, only the Poisson
equation is used,

V.-E = E
€o

The current density is defined by

)=

e(n; o; — n. v;).

IEPC-93-069 638

These expressions constitute the set of equations de-
scribing the system.

According to QAM, the dynamical variables are deve-
loped in a ’perturbation’ series of the form

(AL = vo + ) ¥alFit)-€",

where y(7,t) stands for either of the variables and ¥,
represents the equilibrium value which is independent
of t and 7. Inserting this series in the system of nonli-
near equations and ordering with respect to powers of
€, there results in a hierarchic system of inhomogeneous
linear differential equations. This linear system now can
be solved successively.

4. Initia] State and

Linear Dispersion Relation

According to the QAM-method the first order part of
the variables defines the initial distribution of plasma
flow parameters. In our case we assume first that si-
multaneously the first order will be the stationary state
of the system, that means the first order variables are
assumed to be time independent. In a second conside-
ration we assume that the first order variables are con-
stant during a time interval, short in comparision to the
inverse growth rate of the instability, and equal to zero
for longer times. This case represents a pulsed opera-
tion mode. To describe the influence of gradients in first
order in both cases the concept of ”relative gradients”
already mentioned in **? is used which is equivalent to
the inverse scaling length.

According to the QAM-method the linear dispersion
relation gives the range of instable behaviour of the sy-
stem for times near the starting time of the calculation.
In establishing this linear dispersion relation, the ex-
pressions for the neutral component can be decoupled
due to the smallness of the interaction terms

e 3 Vil (T — 1)

for the collisions of neutrals and charged particles.
Hence, there follow two separate dispersion relations,
one for the charged particles electrons and ions, and
one for the neutrals. The latter is already discussed in
Maurer et. al.?, so that only the calculations for the
charged particles are considered here.

With the following parameter set of variables defining
stationary state, selected as typical for thrusters opera-
ted at IRS, all examples in this paper were calculated.
6.631-10"%  (Argon)

9.109 - 10~

m;

m,



639 |EPC-93-069

n; = 2.650.10" = ng

n. = 2.650-10% = ng

v = -2.823-10° %, = v + v,
ve = 17.550-10% %, = vo + Vi,
T; = 1.267-10* = 'To

T, = 1.267-10* =To

31 B 0

vo = -—2.813-10° 7,

i1 -3.217 - 10® ¥,

This gives the following results for the transport coef-
ficients,

o = 3.342-10°
m = 0559.10~%, 5. = 0.21-1077
A = 0.108-107*, A, = 0.392

Solution of first order gives a connection between re-
lative gradients, electron velocity, and the electric field
strength. Using the above parameter set, there follows

Eni = —Epne = Eyge
ETe = —ETi = Eve
€ui = “Cul

5, = 10878E.
Ey, = -1.046-10"¢,,

For the scaling of frequency and growth rate with elec-
tron plasma-frequency, and for wave number and rela-
tive gradients with the inverse Debye length was selec-
ted

w 2.904-102& |, 4 2.904-10'%
B It R, .= 3832-10°E,

Temperature is given in K, all other values are given in
MKSA units.

The dispersion relation was solved numerically for va-
rious values of £, .. From these results, the normalized
growth rates of the two relevant instabilities as functi-
ons of the normalized wave number k for various rela-
tive gradients are presented in Figs. 2, 3 and 4 below.

The figures show a rapid increase of the maximum of
the first growth rate (solid lines) with increasing rela-
tive gradient and a slower increase of the second (das-
hed lines). Thus only the nonlinear behaviour of the
first instability is of interest in the range of relative gra-
dients considered here (see also sec. 6). Fig. 5 shows the
development of the maxima of the growth rates with in-
creasing relative gradients. It can be seen that the first
growth rate is negative until the relative gradient rea-
ches a threshold value at about £, =2-107%. Then a
rapid increase of this rate occurs and beyond

Figure 2: Normalized Growth Rate ¥ as a Function o
kforé,.=5-10"5.
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Figure 3: Normalized Growth Rate ¥ as a Function o
kfor &, =2-10"%,
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Figure 4: Normalized Growth Rate ¥ as a Function of
kford,;=5-10"%



Eve = 3-107% the first growth rate dominates the
instable behaviour. Fig. 5 shows the values of wave
numbers correlated to the maxima of the growth rates.
It is interesting to note, that the wave number of the
first maximum increases to a factor 10 in the region of
the threshold value.

As was pointed out in previous publications®® these in-
stabilities found here can be interpreted as space charge
instabilities.
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Figure 5: Maximum of the Normalized Growth Rate ¥
as a Function of ¢, ..
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Figure 6: Normalized Wave Number k at Maximal
Growth Rate as a Function of £, ..

5. Nonlinear Development

The nonlinear calculations follows the method QAM
described in detail in an earlier publication '°. The
development, already presented in Maurer et. al.® was
carried out up to 9th order. Excluding extreme cases,
QAM-solutions already show convergent behaviour up
to this order. Thus there is no need to an extension of
calculation order.
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Figure 7: Normalized Current Density as a Function of
Time for &, = 5-1075.
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Figure 8: Normalized Current Density as a Function of
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Figure 9: Normalized Current Density as a Function of
Time for &, = 5-10~%.
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Figure 10: Electric Field Strength as a Function of Time
forr &y, = 51074,

In the first calculation it was assumed that the first or-
der part in QAM defines simultaneously a stationary
state of the system where the relative gradients and
thus the electric field strenght remain time indepen-
dent. This model is equivalent to continuous operation
of the thruster. The excitation of the nonlinear parts
will include a time independent term. Thus the system
reaches a new stationary state superposed by time de-
pendent perturbations. Since the initial states are not
exactly known, the nonlinear solutions are chosen so
that for all gradients the final stationary state of par-
ticle density and velocity are equal, and the particle
density is always greater than 10 % of the stationary
value.

The results of the calculations of the local current den-
sity for three relative gradients are presented in Figs.7
to 9, where the current density is normalized to the
Langmuir current density en.v /4 . For weak gradi-
ents (Fig.7), the current density shows oscillatory be-
haviour in the nonlinear development where for short
times the influence of the higher harmonics of the QAM
development can be recognized. With increasing rela-
tive gradients (Fig.8) the ground wave of the develop-
ment dominates the time evolution superposed by a
quasiperiodic excitation and damping of the instabi-
lity. Finally, Fig.9 shows the case where the local cur-
rent density goes to nearly zero at certain times. Thus
in these time regions local current interruption occurs.
This is connected with fluctuations of the local electric
field strength (Fig.10), which varies between 30 and 90
V/em. For stronger gradients the current density ex-
ceeds zero and becomes positive, as already shown °.
However, the local electric field strenght then will in-
crease to values greater than 100 V/cm which is hardly
expected in MPD devices.

Considering now the frequencies in Figs.7-10, oscillati-

ons in a wide range between 0.05 MHz and 20 MHz ca
occur depending on the value of the relative gradient
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Figure 11: Normalized Current Density as a Functiol
of Time &, =5-10~* (Pulse).
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Figure 12: Electric Field Strength as a Function of Tim
€v,e =5-10"* (Pulse)

or the local electric field strength, respectively, whicl
will be in accordance with experimental values (see e.g
Fig.1).

As mentioned above a second case is considered where
the first order variables are constant during a time in.
terval, short in comparision to the inverse growth rate
of the instability, and equal zero for longer times. Thi
model is equivalent to pulsed operation of the thruster
The results for the current density and the electric fielc
strength are shown in Figs. 11 and 12. Using the samq
initial states as defined in the continuous mode ther:
are only fluctuations in the electric field strength bu
no relevant fluctuations in the current density. Thu:
the current interruptions disappear even for high rela
tive gradients.

With these calculations the two extreme cases of the
behaviour of the first order states are treated. The rea



behaviour of these states should be a mixture of the two
cases. However, to calculate this, more information on
the behaviour of the field variables in the quasi-linear
approximation is necessary which actually is not avai-
lable. One possible solution of this problem is to cal-
culate the field distribution in the quasi-statinary case
by appropiate numerical methods like FCT-procedures
which are under development at IRS'.

6. Calculations of the Second Instability

In completion the nonlinear behaviour of the second in-
stability (dashed lines in Figs.2,3,4) was calculated. As
expected, the contribution of this instability is at least
two magnitudes weaker for all gradients compared to
the results of the first instability. Thus this contribu-
tion can be neglected and is therefore not presented
here.

The reason for this behaviour can be given as follows:
The growth rate of the second instability is connected
to a negative frequency whereas that of the first insta-
bility has a positive frequency. Without relative gra-
dients the plasma is a homogeneous medium with no
preferred direction. By introducing a relative gradient
(equivalent to the electric field), the plasma becomes
inhomogenous and thus polarizable. In the quasi-linear
theory the field variables which are plane waves in our
model are decomposed in two circular polarized waves.
In the region of interest, the dispersion relation shows
that the right-hand polarized part of the variables have
stronger growth rates than the left-hand polarized part.
This means that in the nonlinear development e.g. for
the electric field the right-hand polarized part domina-
tes the behaviour of the system. The left-hand polari-
zed part is excitated only weakly, and is negligible in
the calculations done here.

7. Neutral Component

Some rough calculations of the influence of neutral
component on the nonlinear development of the space
charge instability do not show a relevant change in the
results obtained here. However, the influence of the elec-
tron acoustic wave instability is not implemented yet.
Including this instability it is expected that the nonli-
near development should be enhanced leading to cur-
rent interruption already for lower gradients. This work
is under way and will be presented in the future.

8. Connection of the Space Charge Instability
to Specific Impulse

The dependence of the development of the space charge
instability on the specific impulse can be seen from
Sec.4. Since there is an interdependence between rela-
tive gradients and the stationary current density, which
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again is connected to the total current in the system,
every increase of total current results in an increase of
the stationary current density and the relative gradi-
ents which can drive the instability. On the other side
the specific impulse is proportional to /2. Thus a clear
dependence between the specific impulse and the local
gradients is given.

To get an exact connection the calculation model has to
be expanded to a three dimensional model where also
the influence of the magnetic field can be taken into
consideration. This expansion of the model is planned
for the near future.

9. Conclusions

It was shown that the time development of local insta-
bilities can be calculated with the QAM-method. These
calculations are possible for every available set of pa-
rameters which are defining an initial state. Some data
sets can be found for which the local current density
will disappear. Thus it could be shown that the space
charge instability leads, in its nonlinear development, to
unstable current density oscillations including current
interruption. This behaviour, known since some time as
diode or Pierce instability, is believed to explain what
is generally termed ’onset’ in MPD thrusters.

To determine the parameters governing onset is, howe-
ver, rather difficult at present. Since for the nonlinear
calculation the knowledge of the k-spectrum of the sy-
stem is important, the concept of relative gradients is
not exact enough for the modelling of the local varia-
tion of the initial state in a thruster. Thus the coupling
of nonlinear QAM-calculations to appropiate numerical
codes working in the quasi-linear regime seems neces-
sary. This will be carried out in the near future. Some
further work will also have to be done in connection
with the instability appearing for the neutral compo-
nent.
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