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AN EFFICIENT NUMERICAL ANALYSIS

1 OF FULLY IONIZED PLASMA FLOWS

IN A SELF-FIELD MPD THRUSTER

Takeshi MIYASAKA and Toshi FUJIWARA t

SAbstract
Study of MHD supersonic flows is important to evaluate thrust performance. In

our laboratory a two-dimensional code taking into account of sonic-point conditions has
been developed. The flow was treated by a one-fluid model and the conditions of one-
dimensional flow given by Lawless et al.

By calculating a two-dimensional flow satisfying the inlet conditions, oblique shock
waves were observed in the flowfield. First, the calculation was done assuming a constant
electrical conductivity fixed at the inlet value. Then, the calculation was extended to allow
the electrical conductivity as a function of local temperature. As a result, it was found out
that the electromagnetic field played a significant role in determining the configuration of
shock wave, and therefore the thrust performance was strongly influenced.

1 Introduction

The MPD thruster is promising as a future propulsion system from the viewpoint of
high specific impulse. The experiments on MPD thrusters have been performed by numerous
workers where the results concerning thrust performance have been obtained [1-3]. However,
visualization of the flows in an MPD thruster is also important in the detailed study of thrust
performance; numerical studies have been performed using various methods [4-6]. In our labo-
ratory numerical analyses have been performed for more than 10 years, where the plasma gas
enters the thruster with supersonic speeds [7,8].

In a thruster geometry containing an oblique cathode, a supersonic flow before discharge
causes oblique shock waves to form. If this type of shock wave remains even during discharge,
the thrust performance is strongly influenced. In order to accurately understand such phe-nomena in the flowfield, it is necessary to solve the entire flowfield satisfying the sonic-point
conditions.

The main goals in this study are to develop a numerical code and to examine the shock
wave phenomena during discharge. In this study, the plasma gas was treated by one-fluid
model. The plasma flows into a thruster with a uniform sonic-speed across the cross section
where the sonic-point conditions are applied: As the sonic-point conditions, one-dimensionalSanalysis by Lawless et al.[9] is used. First, the analysis is based on a simple model about MHD
flows. After having developed a basic two-dimensional code, a more complicated model on
electric conductivity is introduced, in order to realize more realistic flows.
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2 Assumptions

For simplification, the following assumptions are introduced into the present analysis:
1) The propellant gas is Argon, which is fully ionized at the inlet of a thruster (ioniza-
tion/recombination processes are not considered).
2) The plasma is a perfect gas having constant specific heats.
3) The magnetic field is entirely self-induced.
4) The Hall effect and ion slip are not considered.

3 Fundamental Equations

The calculation of flowfield is performed using 3-dimensional axi-symmetric compressible 1
Euler equations, which are written in a conservative form as

U 8F 9G
S + - + + =0, .(1)

U= F , F= , (2)

G= I * H= ! I (3) 3puv +,3
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These are written also in a general coordinate system as

+ + -+ = 0, (5)

where

S= J- U, = ,F -i,G, (6)

G = -F + ,G, H = J-'H . (7)
The equations to calculate the electromagnetic fields are written as

nx = (V x B - (8)2(Re)), (8

E = -v4 , (9) I
= 2(Re),(E + Vx f) , (10)

S= 2VxB. (11)
(Re), is the magnetic Reynolds number

(Re) = ;aoL,.U,, (12)

where Lc is the cathode length inside the thruster. The characteristic magnetic velocity U, is
defined as
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where the electrical conductivity and the thermal conductivity are given by Spitzer's formula
[10]. The fundamental equations are non-dimensionalized by the characteristic parameters L,
and U,.

* 4 Numerical Analysis

Figure 1 shows the schematic picture of utilized grid. In the general coordinate system
(, 17), the grid points are 161 x 61, where the cells are concentrated along the electrode surfaces
and near the downstream end of the cathode where a high current density is expected.

It should be pointed out most importantly that in this code the calculations of flowfield andI electromagnetic field are performed independently. In the flowfield calculation, the non-steady
Euler equations are solved using a 2nd-order-accurate explicit TVD-upwind scheme [11], where
the time increment is determined by the CFL condition. On the other hand, the corresponding3 electromagnetic field is obtained by acquiring steady electromagnetic field solutions of Eqs.(8)-
(12).

3 4.1 Calculation of electromagnetic field

First, the potential 0 is obtained from Poisson Eq.(10) using a finite element method;
i.e. the matrix is given by the Galerkin method with 1st-order triangular element where the

* inverse matrix is given by Gaussian elimination. Here, B", the value of magnetic flux density
at i = i", is substituted into B on the right hand side. The electric field distribution is obtained
by substituting 0 into Eq.(9). Then the current density j is determined from E and b" using
Eq.(10). Last, the magnetic flux density can be obtained by integrating the current density
using Eq.(ll) as follows:

From Eq.(11),

B(z, y) = B~, + ),(x',y)dz' . (14)

This equation is written in a general coordinate system as

B(, ) = B + ( ) - , . (15)

Because we place the downstream boundary of calculation domain far enough to set the mag-
netic flux density 0, B = 0 is given at i = oo( = oo). By integrating the current density from
downstream, the distribution of magnetic flux density B is obtained up to the inlet. However,

, E,j and B obtained in this way are not the values at i= i"+t , +L, E",j"+1 and B"+L in
a strict sense; because B", the value at i = i", is used as the magnetic flux density in Eqs.(8)
and (10). Thus, to obtain the accurate values at i = i""+ , the repetitive calculation about B is
needed. The following is a concrete way; a steady-state plasma flow satisfying the sonic-point
condition at the inlet of thruster is calculated (Fig.2).

4.2 Determination of physical values at inlet

First, the physical values at inlet are determined. The plasma is assumed to flow into
the thruster with the sonic speed, where the sonic-point condition is applied to the flow. The
results of one-dimensional analyses by Lawless et al.[9] is used for this sonic-point condition,
the details of which are given below.
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1) The electric field is given by the choking condition of a steady-state MHD flow as

E" = a'B . (16)

2) The magnetic force number S" at the sonic point is one of the dimensionless values that
represent the plasma state; it is the ratio between the magnetic pressure and the dynamic
pressure as

Ba-

S .= - (17)

According to the one-dimensional analyses, the value of this magnetic force number is restricted
by the following limits:

6.4 < S' < 8.52 . (18)
Namely, if S" is less than 6.4, the flow cannot become supersonic. If in contrast S' is

greater than 8.52, the regions where \El < jujIBI are generated, and the current flows backward
in these regions.
At the sonic point,

a = (-RT') , (19)
where R is the gas constant of Argon. I

Using these equations, the physical values at the inlet are determined. These values are
necessary to calculate the ensuing flowfield and electromagnetic field. The values required
for flowfield calculation are the velocity a', temperature T* and mass density p'. For the
electromagnetic field, the voltage difference V" between electrodes and the electric field E* are
needed. (i) First, we set the mass flow rate ri and the magnetic force number S' satisfying
Eq.(18), and assume the temperature T'. Then, a' is determined by Eq.(19), and p' is obtained
using a" and ri. (ii) Next, with the number S', the magnetic flux density B" is determined
by Eq.(17). Then, E" is obtained from Eq.(16) with B' and a'. (iii) As E' is obtained, the
voltage difference V between electrodes is obtained using the distance between electrodes:

V = E'H. (20)

4.3 Boundary conditions

The boundary conditions are given as follows:
1) At the inlet of thruster, each physical property other than temperature remains unchanged

from its initial value (obtained by the sonic condition). The process of obtaining the tempera-
ture at inlet is outlined in Section 4.4.

2) On the electrode surface,

af
u, Et = 0, and = 0 ; f = p, u,, T, p, E , (21)

where the subscript t represents the component tangential to the electrode surface, n the normal
component and n the outward normal unit vector to the electrode.

3) On the insulator surface,

n, En,= 0, and = 0; f = p, u, T, p, E,. (22)

4) At the downstream boundary, each property of flowfield is extrapolated from the value at
the inner point, due to its supersonic character.
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4.4 Numerical procedure

The time-integration of flowfield proceeds by using a 2nd-order-accurate explicit TVD-
upwind scheme. For the flowfield calculation, the electromagnetic field is given by the steady
electromagnetic field equation. The time-integration proceeds until this time-denpendent flow-
field calculation converges to a steady solution, since we are interested in a steady solution.

In this way, a steady-state MHD flow is obtained where T' still is an assumed temperature
at the inlet. Thus we cannnot contend that a correct steady-state IMHD flowfield satisfying
the sonic-point conditions is obtained. In other words, in the field calculated in this way, the
magnetic flux density B,, at the inlet is not always equal to B' which satisfies the sonic-point
conditions for the specified magnetic force number: The required MHD flow must satisfy that
B,n is equal to B'. In order to obtain this flow, therefore, it is necessary to change T' and
to repeat the flowfield calculation until B;, agrees with B'. The final steady-state MHD flow
satisfies the sonic-point conditions, for the mass flow rate m, magnetic force number S' and
thruster geometry set in the beginning.

H W Le L Thruster geometry , rh, and S' are given:
1.0 cm 8.4 cm 3.0 cm 4.0cm

rm S* - T' is assumed.

0.625 g/sec 7.0
Table 1. Geometric parameters and a', p', B', E, and V are obtained

inlet parameters fixed using the equations at the sonic point.

through calculations.

Initial conditions are given.

T The time of fowfield is advancedI Anode Insulator from t = t to t = .+*
sonic-infw using explicit TVD-upwind scheme.

r > sonic-inflow ---
Cathole T he electro-magnetic field at = "* is

e obtained by solving the steady equations.

NO Does the flowfield
Anode Insulator depending on time converge ?

-- 
YES

I_ NO Does Bi. from calculation
coincide witl B whiicli satisfythe sonic condition

YES
x 77 (161 x 61) Plasa. flow which, satisfies

the sonic condition is obtained.
Fig. . Thruster geometry and grid

Fig.2. Algorithm of numerical simulation
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5 Results

Concerning the MHD flows, the following two typical cases were calculated to show inter-
esting discrepancy:

Case(l): The electrical conductivity is assumed constant to the value at the inlet, where the
heat flux is not considered.

Case(2): The electrical conductivity is a local function of temperature, where the heat flux
is taken into account.

Identical m and S" are used in both cases. In order to compare with these MHD cal-
culations, the purely gasdynamic flow (with no effects of electromagnetic field) was calculated
for identical mr and T'. These'parameters and the geometric parameters (the interelectrode
distance H, the width of electrode W, the cathode length L,: and the anode length L,) are
given in Table 1. These parameters are chosen from the referred experiment [2].

[Case(l)]: In the case of purely gasdynamic flowfield (before discharge) in a geometry that
contains a sharp-cone cathode, an oblique shock wave extending from the cathode tip is ob-
served, as seen in Figs.3 and 5. It is interesting to study whether such a shock wave remains
intact or not during discharge. Even if a shock wave exists, it would be interesting to examine
how it is altered in MHD flows.

As a result of repeating calculations, the inlet temperature T" =5.5 x 10', discharge
voltage V = 13 V and discharge current J = 16 kA are obtained as the eigen values. Fig.3
shows the velocity vectors, Fig.4 the magnetic flux densities and Fig.5 the pressure contour
lines, respectively. In Fig.4, it is found that the current density is high in the vicinity of
electrode tip and thruster inlet. Around the cathode tip, in particular, the current density
is concentrated into a narrow region. A number of oblique shock waves emerge and interact
each other during discharge, as seen in Fig.7: The incident angle of the first shock is slightly
smaller than the oblique shock before discharge. We can say, however, that there are no distinct
differences on the shock wave intensity between these two results (before and during discharge).
Concerning the total performance, the thrust F = 9.3 N, specific impulse I,, = 1.5 x 103 sec
and thrust efficiency h = 34% are obtained. The calculated thrust gives a good agreement
with the experimental-one [2]. Note, however, that the calculated discharge voltage is less than
20% of the experimental data [2], because no sheath drop is taken into account.

(b) 1.0 (b 1.W - I: -

(b) 1.0 (b) 1.0 X
Fig.3. Velocity distribution in Case(l) Fig.3. Velocity distribution in Case(2)

(a) during discharge (a) during discharge
(b) before discharge (b) before discharge

B,. = -1.2 x 10G, B,, = OG, dB = 24 x 101 G Bm,. = -9 A4 x 10'G,B., = OG, d B = 1.9 x 10iG

1.0 1.0
Fig.-. Magnetic flux density contours Fg.6 Magnetic flu density contrs

for Case(l) for Magnetic (lux densiy contorsSC l for Case(2)
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[Case(2)]: The above calculations were performed using the already-developed code including
sonic-point conditions. Thus, in order to obtain more realistic flows, an analysis is performed
by allowing the electrical conductivity to locally vary and is a function of temperature. And,
in addition, the heat flux was taken into consideration.

Fig.9 shows the pressure contours calculated for Case(2). An oblique shock wave appears
in this case as well before and during discharge. However, it is found out that we can recognize
some differences with regard to the shock wave, when we compare with the purely gasdynamic
calculation and Case(l).

(i) First, the oblique shock wave extending from the cathode tip is clearly curved. Since
the electrical conductivity is a function of temperature, the entire flowfield tends to change
more locally and become more two-dimensional, due to the local change in electromagnetic
field. The flow is accelerated more in the cathode shoulder region, as shown in Fig.10. Fig.15
shows the profiles of the following 4 force terms in the momentum equation, in Case(l), where
(a) gives the distribution along Streamline 19, while (b) gives the one along Streamline 44:
--o/Oa, -8~p/8, (j x B). and (j x 3).

The results in Case(2) is also given in Fig.16. From Fig.16, it is easily found out that
the flow is strongly subjected to the action of pumping force, in comparison with the fictitious
assumption ar = constant given in Fig.15. The difference of pumping force between the two
typical streamlines would give the velocity nonuniformity in y-direction in front of the oblique
shock wave, which would explain the convex oblique shock wave.

(ii) Mach reflection is observed both in Figs.7 and 9. Then the flow becomes locally
subsonic. Therefore, high thrust performance cannot be anticipated in these geometries (Table
2).

J V F I.,, 7

case(l) 16 kA 13 V 9.3 N 1.5 x 10" sec 3.1 %
case(2) 13 kA 6.4 V 3.0 N 4.9 x 102 sec 8.9 %

Table 2. The calculated thrust performance

Pin = 1.2 x 10PaP, P_. = 1.8 x 103Pa, dP = 3.3 x 10'Pa P.,. = 3.0 x 102 Pa, P,.. = 2.3 x 10'Pa, dP = 4.0 x 10tPo

S1(a) (a) 1.0
P,.. = 1.3 x 10Pa, P,.., = 9.8 x lO'Pa, dP = 1.7 x ,10P P,,. = 8.4 x 10 Pa, P... = 6.1 x 10Pa, dP = 1.1 x 10lPa.

(b) 1.0 2 (b) 1.0
Fig.7. Pressure contours in Case(1) Fig.9. Pressure contours in Case(2)

(a) during discharge (a) during discharge
(b) before discharge (b) before discharge

I :

1.0 1 0 X

Fig.8. Distribution of Lorencz force Fig.10. Distribution of Lorentz force
for Case( l ) for Case(2)
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(a) 10 (a) 1.0

(b) 1.0 (b) 1.0 Z

Fig.ll. Streamlines in Case(l) Fig.13. Streamlines in Case(2)
(upper thick line gives (upper thick line gives
Streamline r = 19, Streamline rl = 19,

'lower thick line gives lower thick line gives
Streamline r = 44) Streamline r = 44)

- (n = 19) after didiarge
-- ( = 44) after disdcharge

log3 -- *- = 1t) befor disch e logf
S --- ( = 44) before d,.ch.ar 1

0.3

01 ,

0.04 .I0.08 .. . : , i : '" "

x i

Fig.12. Pressure distribution Fig 14. Pressure distribution
along Streamlines r7 = 19 along Streamlines r = 19
and 44 for Case(1) and 44 for Case(2)

Lorentz force (j x 8),

-- Lorentz force: (j x 8),
--- pressure gridient. -8#/ai 2

2 ---- priesire gradient: -aof8 1.5

2 . .. L. i ... .. "

1- -I
0 , 0 .5

-1 --.-- :.: o
" - .. -0.. -.... .5 .-

S 0.5 1 1.5 2 2.5 0 0.5 1 1.5 2

3

S . (a) 19, (b) 4 4

It

S(b)  0. 5 1 1.5 2 2. 0 0.5 . 2 2.5
(b ) 

,Fig.15. Comparison among force terms in Fig.16. Comparison among force terms in
momentum equation alongig.. Comparison among force terms in
Streamlines for Case(1) momentum equation along

r(a) l = 19, (b) = Streamlines for Case(2)
(a) = 19, (b) 44 (a) r = 19, (b) r1 = 44 -



6 Conclusions

In order to study MHD flows satisfying the sonic-point conditions, a numerical code which
can handle two-dimensional flows entering a thruster at the soriic-speed was developed: The
converged solutions were obtained.

One of the significant findings from the analyses is that an oblique shock wave appears not
only before discharge but also during discharge for a geometry having a sharp-cone cathode.
The oblique shock wave displays a complicated form by the influence of electromagnetic field,
although we find the shock wave is essentially not an MHD shock but a neutral gasdynamic
shock. Naturally, this oblique shock wave plays an important role in evaluating the thrust
performance of an MPD thruster. Thus, accurate analysis of MHD flows is necessary for
thrusters with various geometries and parameters.
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