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ESTIMATE OF THE OPTIMAL MERCURY-RENDEZVOUS LOW-
THRUST TRAJECTORY WITH VENUS SWINGBY

M.S. KONSTANTINOV*

Nuclear electric propulsion missions to Mercury with Venus swingby are analysed. It is
considered a possibility to use Russian launcher “Proton”, Russian liquid-propellant upperstage
“Block D" and the electric propulsion stage with the nuclear power plant “Topaz™[2,3,4]. The
main problems of this paper are:

the esumation of the spacecraft useful mass, which can de delivered to Mercury rendezvous:

¢ the investigation of this mass as a function of the transfer duration:

the investigation of the optimal dates of the missions beginning;

* the investigation of the solution uniqueness (the multiextremal solution )

Having in mind this conference direction we spare the main attention the first two problems.

Nomenclature

LEO =low Earth orbit

NEP =nuclear electric propulsion

a =semi-major axis of the spacecraft orbit after Venus swingby
840 =Xe-tank specific mass

Mo, = spacecraft mass after the chemical upperstage separation

m, = Xe mass
m, = Xe-tank mass
m, = useful mass

Venus radius vector

7 = perthelion radius of the spacecraft orbit after Venus swingby

Txmn = mummal perigee radius of Venus swingby hyperbola trajectory

t; = mussion beginning date (launch date)

19! = Venus swingby date

= transfer duration

tal = Earth - Venus transfer duration

a2 = Venus - Mercury transfer duration

V. = Venus velocity vector at the moment of Venus swingby

e = magnitude of the spacecraft heliocentric velocity after Venus swingby

Vo' = asymptotic hyperbolic spacecrafl velocity relatively Venus

By = swingby parameters :

Bmu: = maximal angle of the turning of the asymptotic venuscentric velocity vector due to
Venus swingby

Baa: (Vz)=angle of the turning of the asymptouc venuscentric velocity vector when the pengee
radius of Venus swingby hyperbola trajectory is equal 1o Iy,

Bos: =cpumal angle of the turning of the asvmptotic venuscent - velocity vector due to
Lanasswinghy
u =Venus gravity parameter
Al =veloaity impulse
Ou =square vector of Mercury orh:r
Introducuon

Mereury rendezvous is a very difficult technical problem. Basing oniv on a chemical rocker
eugiue it 1s pracucally umpossible to carry out this rendezvous even if the swingbies are used. The
use of a nuclear electnic propulsion stage as the second stage of the two-stage booster [2,5] allows
10 carry out Mercurv rendezvous. All the components of that project are based on current
technolegies. The invesugations show that if the launcher “Proton”. chemical upperstage “Block



D” and a nuclear electric propulsion upperstage are used ;hen it all_ows to insert 300 - 400 kg
useful mass for Mercury rendezvous for about 4.5 years. [tisa very interesting question how to
allow to improve these characteristics using Venus swingby. This question is the main for this

paper.

Problem formulation assumptions:

1. Itis considered the special (narrow) class of the transfer scenario:

* The chemical upperstage is used. This upperstage ensures the spacecraft transfer to Venus
vicinity for a swingby. The parameters of the chemical upperstage (its propellant mass) are

defined from the condition to ensure the spacecraft transfer to Venus vicinity for a swingby.
The low-thruster switches off for the spacecraft transfer to Venus.

The spacecraft arrives at Venus vicinity then when Venus is located to Mercury orbit plane

(to the ascending or descending node of Venus and Mercury orbits).
¢ The Venus swingby ensures

- the spacecraft heliocentric velocity belongs to Mercury orbit plane. So the low-thrust
trajectory (from Venus to Mercury) belongs to Mercury ort}ntplane.
- the energy constant of the heliocentric trajectory is minimized.

* The electric propulsion thrust ensures Venus - Mercury transfer and Mercury rendezvous.

2. It1s supposed the mathematical model of the electric propulsion is the power-limited model. In
power-limited model, the power limit, constant, imposes an upper bound on the product of the
thrust magnitude and the specific impulse, which otherwise are free to vary.

3. The nucleus power plant parameters as well as the launcher, and the chemical upperstage
parameters are known and fixed.

Method assumptions

1. It's used the method of zero length gravisphere.

2. The spacecraft velocity increases due to the chemical upstage is estimated as a velocity
impulse.

Mass model of the spacecraft

It is supposed that the launcher “Proton” inserts into the

200 km) the space system (its mass is equal to 21 1).This space system consists of the two-

upperstage booster and the useful mass for Mercury rendezvous. The booster includes the
chemical upperstage “Block D” and NEP upperstage.

circular LEO (its altitude is equal to

NEP upperstage includes:

* the nuclear power plant. Its mass s equal to 2.5 1, the electrical

* the upperstage orbital block. [t wcludes the electric propulsion with the converter and
propellant supply system, structure, and other elements (on-board control system, thermal

conditions supply system. radio svstem. telemetrv system, etc.). The total mass of the
upperstage orbital block is assumed to be equalto | t.

® tank mass with the propellant (Xe). The tank structure mass (mr) is equal to the product of
constant a,, = 0.13 and the propellant mass mp (m: = a, mp).

power is equal to 30 kW [2].
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The formulation of the optumal control problem

1.For the fixed epoch of the launch dare and rhe fixed the transfer durarion ir is necessary to define:
the magnitude and the direction of the asymptotic geocentric velocity of the spacecraft;

the transfer duration to Venus;

two parameters of Venus swingby;

the control program of the magnitude and the direction of the electric propulsion upperstage
thrust for Venus - Mercury transfer. : :

It is necessary to satisfy the follow limitations:

* the spacecraft gets to Venus vicinity;

* after (due ) Venus swingby the spacecraft trajectory plane is equal to Mercury orbit plane;

e the spacecraft carries out Mercury rendezvous and its heliocentric velocity is equal to
Mercury velocity when the spacecraft gets to Mercury vicinity.

The oprimizing criterion.
Itis necessary to get the maximum of the spacecraft useful mass.

2. Itis necessary to define the optimal dates of the spacecraft launch and to investigate the
spacecraft useful mass as a function of the transfer duration.

Definition of the rational launch dates and Earth - Venus transfer duration
==iton ol the rational launch dates and Earth - Venus transfer duration

For the chosen transfer scheme Venus is located in Mercury plane when the spacecraft is
carrying out Venus swingby. It happens two times for one Venus revoluton around Sun, that is
each about 112 days. These dates t, were defined with the use of the solution of the equation:

r{t:)* 6a = 0. (1)

The vector of Venus heliocentric position r(t2) of the last equation is defined as a function of the
ume. For each solution t; of the equauon (1) the opumal launch date (from Earth) is defined in
order to minimize the needed veloaity umpulse of the chemical upperstage is minimum.

1s compared with the maximum velocity increase of the chemical upperstage. Then the dates t,

with the mimmum velocity impulse which can be realized with the considered chemical
upperstage are investigated only. These dates are called the permuissible dates.

Some calculation of the permissible dates is given in Table 1.

Table 1.
The permositic daies of the spa ecraft launch and Venus swingby for 1997 - 2006 years.

version | launch date (t;) ; Venus swingby 'r Earth- Venus ! veloaty tmpulse ; imual mass of

- O O B N B B B B e .

N - -

aumber | ,- date (1) ; transfer durauon; AV ‘ the low thrust
' i : spacecrafl m.
. _davmonth vear ! daymenth year day km/s i kg
] 14 09 1997 T [3 03 1998 ° 179.4 L T 4387
R 13 0! 1998 " 04 07 199% T3 4.156 ' R
O THOCNY el T 176 T T D R L
b Lol U TR 6T T e 168.5 : NG S
5 09 02 2001 : ol 08 “ 2001 1739 AR © W T e
6 ;37 8RR TTAY Y citiy 169.0 1 3734 : . IR
;i 05 03 2004 ; 28 08 2004 176.4 | 3.743 i 5036
8 i14 09 2005 : 12 03 2006 | 179.1 3.951 . 4620 |
9 i 17 01 2006 i 03 07 2006 ! 166.8 4.172 i 4204
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In Table | the needed velocity impulse of the chemical upperstage AV, and the spacecraft mass
after the separation of the chemical upperstage mo are shown.

So for the ten year’s period (since 1997 till 2006) nine Earth- Venus transfers can be carried out
according to the chosen transfer scheme. Mass my 1s equal to 4204 - 5054 kg. It is obvious that
the large mass versions are more preferable (versions 1, 4, 5, 6, 7, 8). It’s incorrect to wait for the
good mission design when mass m is only equal to 4100 -4300 kg and the nuclear power plant

mass is equal to 2.5 t, and the upperstage orbital block mass is equal to | t. But all the versions of
Table | are considered below.

Definition of Venus swingby parameters
The conditions of the carrying out of the considering Venus swingby follow from the
requirements:

e after Venus swingby the spacecraft heliocentric velocity belongs to Mercury plane;
¢ the minimum radius of Venus swingby hyperbole is limited below.

These conditions can be written by the following inequalities System:

Cl+c?+clscl

¢ )
-lswm <9<,

where

(e1,62,63) = 05! A;
Co =-0Cq' Vy;

A- some matrix (it’s diminution 3x3). Its elements are function of the asymptotic venuscentrical
velocity vector components at the moment when the spacecraft gets to the Venus vicinity;
N=cc - [(c,1+¢,1)(¢,1-+¢22+c,7.¢02)]lf1/(c,2+c21+c,1);

(3)
M=Coc + [(Cz2+cﬂ)(cl’+czz+cs’~%’)]"‘/(cx2+czl+c31).

The calculations show that all nine versions of Table 1 satisfy the condition (2) and what’s more

the swingby parameters range is large enough. Let's B is the angle of the turning of the

asvmptouc venuscentric velocity vector due to Venus swingby. The range of the permissible
angle B has the following bounds:

Bar = arc cos na: (4)

Puaz = min { arc cosn | B, (o) (5)
where
Bamaz (Vo) =180° -2 arccos (1 + Fymm Va2 / ).

For each permissible angle B two values of the second swin,

that the second parameter is the angle y, which defines the
two values of that angle are equal to

gby parameter exist. If it’s supposed
plane of the swingby trajectory, then

Y = sgn(cs) arc cos cy( c224¢32) + arc cos {(co - sinB) /[sinp( c22+¢32)177))

In this paper the angles B and y are defined so that the spacecraft heliocentric velocity after Venus
swingby 1s minimized. This minimum 1s defined numerically as a minimum of the one-parameter
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funcuon. The calculated charactensucs of Venus swingbies for the nvestigated 9 versions are
given in Table 2.

Table 2.
Venus swingby characteristics
number Ve [ L RN Bost I 2 fa
Version
| km/s | km/s rad rad a.u. a.u.
1 484 | 31.79 | 2 2.31 0.614 0.496
2 9.40 25.84 2.02 1.61 0.499 0.272
3 4.95 32.26 2.30 2.30 0.631 0.631
4 jo RI0F 1 D669 2.06 1.70 0.509 0.296
5 | 6.74 28.66 2.18 1.89 0.546 0.367
6 6.03 29°57 2.22 2.06 0.561 0.400
7 4.91] 30.78 2.31 2.31 0.591 0.459
8 |  4.82 31.69 2.31 231 0.611 0.492
9 | ..9.850" ] T25.7) 2.02 1.60 0.497 0.270

In Table 2 the velocity V* is the magnitude of the spacecraft heliocentric velocity after Venus
swingby. The range of the velocity V* is from 25.7 km/s to 31.8 km/s. The semi-major axis of the
spacecraft orbit after Venus swingby determines the heliocentric trajectory energy and is equal to
0.50 - 0.61 a.u. But 1t’s incorrect to believe that the semi-major axis is smaller, the better. In
particular for version 2 and 9 the S€mI-major axis is very small (it's equal to 0.5 a. u.), but the
Udjeciory cccentnelty 1s very big (it's equal to 0.45-0.46). In these cases the spacecraft orbit
perthelion (it's equal to 0.27 a. u.) is smaller than the Sun - Mercury distance. That is why it

needs the energy expenditure for increase of the spacecraft orbit perthelion. Due to this
expenditure these versions are irrationai.

The opumal spacecraft trajectory for the low-transfer Venus - Mercury

algonthm of the two point boundary value problem solving.

This software proves to be very efficient in the considening difficult problem.

The thrust acceleration of the interplanetary spacecraft with electric propulsion is not the small

one in companson with the solar gravity acceleration. Therefore mostly the heliocentnic

iow-thrust trajectories are not mulurevolutional trajectories if their purposes are Venus, Mars
and more remote celestial bodies. Those trajectories contain onlv two-three revolutions even

{21 Tie swingby using. This statement causes the low-thrust heliocentrc trajectones are different

irom the low-thrust geocentnic opes. The statement changes when we invesugate the low-

‘arusl tanslers to Mercurv or to the sun vianity. These heliocentne trajectories  are

muttirevajutional ones essenuallv even if the transfer ume 1s 3 relanvely httle one. In this casc

e 'rutectory optimizauon problem has the additional essenual difficulties:

i. The unstability of the soluuow of the dufferenual equauons systems of the inual conditions,
sotiie perturbauons. The solutuon sensibihity 15 verv large when the trajectory passes in the
viamity af the gravitauonal podies. | his AUty for e consizenna Mercurv-rendesve ys

aradiem ts the principal difficuity becsuse the trajectory uses \ enus swingbv and can pass i
he sun v

<. ror the invesugaton of the mulures oluuon transfer it's Decessary to analyze the soluuon of
the ditlerenual equatons systems w1th the rotauonal phase. 5o the addiuonal problems
connect wath not cnlv the solution sensibility but also wiih the calculauon procedure
2ccuracy wath the slow and fast vanables existence.
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At first having in mind these difficulties we thought to use the asymptotic method of the low-
thrust transfer optimizatuon (averaging method). But the great eﬁim_ency qf the soﬁwa_re ITCAD
2.0 changed our plans. The multirevolutional trajectory has been investigated by this software
pracucally without any difficulties. 12 revolutions heliocentric trajectory of Venus - M :

low-transfer is shown on Fig 1. This trajectory has been got for version 6 ( the launch datg 15
August 27, 2002, Venus swingby date is February 12, 2003). Venus - Mercury transfer duration
15 1400 days. Venus radius-vector is shown on Fig.1 for the moment of Venus swingby. Mert_:ury
radius-vector is shown on Fig.] for the moment of Mercury rendezvous. This 12 revolutions
heliocentric trajectory with the decreasing spacecraft radius-vector magnitude and the large

transfer duration was investigated by the software ITCAT 2.0 easy enough. The description of
the this software method has been made in the paper [1].

trajectory

Mercury

Venus

08

08 0

8
Fig. 1. Venus - Mercury low

~transfer heliocentric Irajectory (version 6, transfer duration is | 400
days ).

Numerical results of the investigation

The mass and duration characteristics of the spacecraft and its traj

ectory are given 1n Table 3 for
all 9 version. These chara

cterisucs can be considered as the total ones.

Table 3.
Optimal transfer characteristics
number | Earth- Mercury transfer duranon Earth- Mercury transfer | useful mass (my) for
version 1 (ty) form, = 0 duration (t,) for m, = 300kg | t.=1600 days
i days ; days kgt

1 i 810 . 960 X 605

2 i no s no | -400

3 | 1600 i no | 50

4 | BONNL TR R no :‘ 200

. . 1200 1600 | 324

6 ! 620 { 780 ! 1024

= ! 1025 ‘7 1280 ! 546

8 | 760 | 980 | 643

9 ; no i no ] -390
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The Earth - Mercurv transfer durauon 1n the case the useful mass is equal to zero is shown in the
second column of Table 3. It characterizes the minimum of the Earth - Mercury transfer
durauon. One can see that Earth - Mercury transfer duration can be very short (620 days), that is
umpossible without Venus swingby. On the other hand, one can see that for the two versions we
could not get even the zero useful mass for considering transfer duration (less 1600 days). For
these cases “no"” is printed in Table 3.

The Earth - Mercury transfer duration in the case the useful mass is equal to 300 kg is shown in
the third column of Table 3. This Earth - Mercury transfer duration is minimum for version 6. It
1s equal to 780 days (170 days for Earth - Venus transfer and 610 days for Venus - Mercury
transfer). For versions | and 8 the Earth - Mercury transfer duration are small enough (960 days
and 980 days accordingly).

In the last column of Table 3 the useful mass, which get to Mercury vicinity, is shown. In this
case Earth - Mercury transfer duration is 1600 days. The best version is the version 6 again. For
this version the useful mass, can be delivered to Mercury vicinity, is equal to It. For versions |,
7, 8 the useful masses are big enough. These useful masses are bigger than the useful mass
vicuuty without Venus swingby. For the analogous characteristics of space and rocket systems
and the direct Earth - Mercury transfer the useful mass 300 kg can be delivered to Mercury
rendezvous when the transfer duration is 1600 days.

For two version (2 and 9) we can't get any useful mass to Mercury when the transfer duratica is
1600 days.. For these versions the negative useful masses are pninted in Table 3. It is necessary to
note that such result is caused by the chosen scenaric of Venus swingby and the total transfer. It
is obvious that for these versions the spacecraft orbit perihelion decrease 1s too great and the
considening scenanio of Venus swingby is not optimal. The change of Venus swingby scenario

can allow to improve the charactenistics of the rendezvous mission for the launch dates of the
version 2 and Y.

The useful mass as a function of the Earth - Mercury transfer duration for two considered
versions (version 6 - the launch date is August 2002 and version 8 - the launch date is September
2005) are given on Fig. 2. One can see that the useful mass increases monotonically when the
Earth - Mercury transfer duration increases. This state is not obvious for the considering transfer
scenario, parucularly for the small transfer duration.
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Fig. 2. Useful mass as a function Venus - mercury transfer duration - - versiun 6, the Launch: Sess

s August 2002; + - version 8. the launch date is Seprember 2005 ;.



The investigated function has the inflection points and the brea_k points. The u_xﬂecuon points are
connected with the successful or unsuccessful Mercury positions In its orbits at the Mercury
rendezvous moment . The break points are the points of the intersect;on of the extremals. These
extremals belong to the different classes. Many extremals classes exist. These extremals classes

differ in the various angle distance of the heliocentric trajectory (the revolutions number around
sun)in particular.

When the Venus - Mercury low-transfer duration increases from 600 days to 14SQ days the useful
mass increases from 76 kg to 645 kg (version 8) and from 280 kg to 1002 kg (version 6).

Conclusion

Obtained results allow to state that principle possibility to realize the research mission to

Mercury basing to the modern technology and the projected nuclear power plant and electric
propulsion engines exists.

When the spacecraft manoeuvres in the Mercury vicinity and the scientific investigations can be
carried out with the smaller useful mass then to decrease the total transfer duration _is possible.
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